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Static and Dynamic Control Characteristics 
of Flapper-Nozzle Valves 


A basic study was conducted on a flapper-nozzle hydraulic control valve to explore in 


detail its static and dynamic control characteristics. These static and dynamic control 
characteristics are presented and both the theoretical and experimental results compared. 
Correlation between the theoretical and experimental results were found to be quite good. 


= FLAPPER-NOZZLE valve has been used exten- 
sively as a first-stage valve in many two-stage electrohydraulic 
servo valves. It is comparatively simple in construction and 
relatively reliable in operation. However, this type of valve has 
inherent drawbacks? because of metallurgical properties and flow 
characteristics. These drawbacks are tolerable to most present 
hydraulic servos. As the environmental conditions become in- 
creasingly severe, the effects may cause unacceptable servo per- 
formance. To improve or eliminate, if possible, these draw- 
backs, it is necessary to understand the basic characteristics of 


this type of control valve. With this objective, a basic study was . 


made. This paper presents all important basic characteristics 
which are useful to future design of high-performance hydraulic 
servomechanisms, particularly those under severe environmental 
conditions. 


Statics 


Both the flapper and nozzle were made of cold-rolled steel and 


' Formerly Research Engineer, Aeronautical Division, Minneapolis- 
Honeywell Regulator Company, Minneapolis, Minn. 

? Such as null shift. 

Contributed by the Instruments and Regulators Division and 
presented at the Annual Meeting, New York, N. Y., November 30- 
December 5, 1958, of Tue American Society op Mecuanicat En- 
GINEERS, 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
28, 1958. Paper No. 58—A-160. 


their physical dimensions are shown in Fig. 1. The flapper disk 
has a diameter of 1 in. which is large enough to avoid any edge 
effects on the fluid jet from the nozzle impinging on the flapper. 

Fig. 2 shows the arrangement of the test apparatus. A travel- 
ing microscope is used to register the flapper position by aligning 
two marks—one on the microscope and the other on the flapper. 
The flapper is fastened to the force-sensing rod of a Statham Force 
Transducer (GI-80-1200) which is actuated by a differential 
screw. Three upstream orifice sizes with diameters of 0.0065, 
0.004, and 0.002 in., were tested separately with the different size 
filters. (0.5, 10 microns, and no filter). The supply pressure, rang- 
ing from 1000 to 3000 psig was kept constant by a pressure regu- 
lator for various flow rates under test. 

Discharge Coefficients of Upstream Orifice and Curtain Area (ily r) of 
Flapper-Nozzle Valve. Both coefficients are plotted against their 
related pressure ratio and Reynolds number in Figs. 3, 4, 5, and 6. 
This information suggests that an average value of the discharge 
coefficient could be used for a given operating range of the pressure 
ratio or Reynolds number. The average value of C, is 0.89 and 
C, is 0.63 for all theoretical calculations in this paper. It has 
been found that the experimental result agrees quite well with the 
calculated values by means of this average method. 

An abrupt change of C, occurs at the pressure ratio 0.275 which 
corresponds to a Reynolds number of 2800, Figs. 3 and 4, and 
the variation of C, with respect to RN is large for RN 2800 (dis- 
cussion restricted to Fig. 4 only). Since RN changes as the fluid 
temperature fluctuates, C, becomes very sensitive to tempera- 
ture fluctuation for RN 2800, as shown in Fig. 4. This is likely 


Nomenclature. 
A, = curtain area of flapper-nozzle V. = fluid volume between first 
valve, sq in = hydraulic spring rate, Ib per and second-stage valves 
1, = end area of second-stage n and cu in, 
F = force, oz , 
spool, sq in. : mg = Vinean = mean velocity, ips 
i = initial condition 
A, = nozzle area, sq in. > = flapper displacement, in. 
kp = spring rate of flapper, lb per cam 
A, = upstream orifice area, sq in. in y = position of second stage 
B = viscous damping coefficient k, = spring rate of mechanical spool, a . 
on flapper, lb-see /in p = fluid density, lb-sec?/in.‘ 
spring attached to second- + = 
(. = discharge coefficient of cur- stage spool, lb per in. ‘ . 
A = small increment 
tain area of flapper-nozzle M = mass of flapper, lb-sec?/in. - : 
alve @ = damping ratio 
valve P, = back pressure of exhaust . 
8 = bulk modulus of hydraulic 
C, = discharge coefficient of up- chamber, psig oil, pei 
stream orifice >» = chs ; 
i chamber pressure of nozzle, time constant, sec 
operator d/dt, psig reciprocal of time constant, 
1/sec P, = supply pressure, psig 1/sec 
d = hydraulic diameter, In, Q = volume rate of flow, cu in. w, = frequency of damped oscilla- 
dy = nozzle diameter, in. per sec tion, 1/sec 
d, = diameter of upstream orifice, RN = Reynolds number, Wy = undamped natural frequency, 


in. 
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MATERIAL : COLD ROLLED STEEL 


Nozzle and flapper 
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Fig.3 Discharge coefficient of upstream orifice C, versus pressure 
ratio P./P, 


to cause the null point of the chamber pressure to drift. There- 
fore, it is desirable to have the upstream orifice always operating 
at a Reynolds number less than 2800. 

The discharge coefficient of the curtain area, C,, was deter- 
mined experimentally, only for low pressure ratios, Figs. 5 and 6, 
because it was intended primarily for the stability test. 

Chamber Pressure Versus Flapper Position. The experimental re- 
sults of the chamber pressure versus flapper position, shown non- 
dimensionally in Fig. 7, are favorably compared with the calcu- 
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Fig. 4 Discharge coefficient of upstream orifice C, versus Reynolds num- 
ber, RN 


lated values. A slight discrepancy gradually showing up in the low 
values of z/d,, could be attributed to the irregularity of the noz- 
zle tip or the misalignment between the flapper and the 
nozzle or the combination. 

The favorable design point for maximum pressure sensitivity is 
the point of inflection on this curve. However, the neutral gap at 
this point is exceedingly small. If it is chosen to be the null point, 
then a close machining tolerance on the flapper and nozzle will be 
required and the valve may silt more easily. 

Hydraulic Flow Forces on Flapper Versus Chamber Pressure and Flapper 
Position. The experimental results of flow forces on the flapper 
versus chamber pressure compare well with the calculated data 
in Figs. 8and9. Change in supply pressure, flapper-disk diame- 
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oe Discharge coefficient of curtain area C, versus pressure ratio 
P4/P. 


ter, and upstream orifice indicate no effect on the flow forces. 
Fig. 10 shows the flow forces versus the flapper position. This 
is an inherent pressure feedback which can be used properly to 
stabilize a servo system. 

Hydraulic Spring on Torque-Motor Armature. The hydraulic pres- 
sure acting on the flapper produces a force which varies with the 
flapper position. Its rate is a function of the initial setting of the 
neutral gap. Shown in Fig. 11 are the hydraulic spring charac- 
teristics for a single flapper-nozzle valve and in Fig. 12 for a dual 
nozzle-flapper valve. A linear hydraulic spring can be obtained 
by equating the neutral-gap area to the upstream-orifice area. 

Siting. No significant silting has been obtained at either the 
upstream orifice (diameters 0.004 and 0.0065 in.) or the curtain 
area of the flapper-nozzle valve in the pressure range from 1000 to 
3000 psig. No silting was reported even when the experiment was 
run without filters. Contamination report of the test stand indi- 
cated that the size distribution in a volume of 1 cu mm was as 
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Fig.6 Discharge coefficient of curtain area C. versus Reynolds number, 
RN 


follows: 5-10 micron 3 particles, 2.5-5 micron 5 particles, and 
1-2.5 micron 47 particles. 


Dynamics 


Instrumentation. The test setup of the dynamic system is shown 
schematically in Fig. 13. A 2-gal accumulator located upstream 
helps eliminate all possible disturbances from the hydraulic 
pump. All pressure gages are shut off by means of the needle 
valves during the test. The variation of the chamber pressure 
is kept as small as possible so that the perturbation assumption is 
valid. An audio oscillator was used to provide the linearsyn 
with a carrier frequency of about 1000 eps which enables one to 
count the vibration frequency of the system. 

Theory Versus Experiment. The dynamic equation (see Appendix) 
of the flapper-nozzle valve is: 


Ar =0 (1) 
Mr 


The necessary condition for stability can easily be satisfied be- 
cause all coefficients are positive. The sufficient condition re- 
quires 
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Fig. 7 Nondi ionalized chamber pressure P./P, versus di jonalized flapper position X/dy 
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where B can be determined experimentally (Appendix). By : 
comparing the order of magnitude term by term (Appendix), the Ca 


> 1.0 (2) 


The continuity equation is 


an 1/4 
expression (2) can be simplified as follows: 
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Substitution of (4) into (3) yields 


4 A? Cat P 


The term at the left of the inequality (5) gives the absolute sta- 
bility characteristics of the flapper-nozzle valve. The summa- 
rized result is tabulated in Table 1. 


Conclusion 


The relationships developed among various physical parame- 
ters in this paper can be used to obtain quantitative or qualitative 
design information regarding static and dynamic performance of 
flapper-nozzle valves. The results presented here should be par- 
ticularly useful in predicting the effects of changes in design 
parameters. 
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Fig. 11 Hydraulic-spring characteristics of a single fapper-nozzle valve 
for various neutral gaps 


Journal of Basic Engineering 


FLAPPER F 
Fig. 10 Flapper displacement versus flow force on flapper 


x 
= 35 
z 
< THEORETICAL CURVE FOR 
$ dy = 0. USING: FLAPPER 
3.0+ \ 1 Ps An 
it 
Ce \2, 4 4 
a \ K =) F 
3 \ Cy (3 ) 
\ #063 
° cy+089 | \ 
LJ | Unozze \ 
w \_ UPSTREAM 
N 
SUPPLY PRESSURE + 3000p8! 
15+ FLUID JEMPERATURE « 105¢ 
re NOZZLE DIAMETER «0. 0208in 
aX, FLAPPER DIAMETER 1 00in 
w 
1.0+ - UPSTREAM ORIFICE DIAMETER 0.0066 in 
a © - UPSTREAM ORIFICE DIAMETER 0 004 in 
4 EXPERIMENTAL 
r ~ 
2 
+ + + + 
ie) 2 a 6 8 10 12 14 16 


OUNCES 


| 
| NEUTRAL NEUTRAL 


FORCE -OUNCES 


-3.0 -20 -10 +10 +20 +30 


x FLAPPER DISPLACEMENT (10° x INCH) 


Fig. 12 Hydraulic-spring characteristics of a double nozzle-flapper valve 
for various neutral gaps 


september 1959 / 279 


j 
ve 
1 
5 
16" 
. 
= . 
of of 12 of . 
of © 8] sf af 
10 ° & 
10 
a 
| 
ofs 
6 
6 $ 
4 
4 
2 
2 
on 


OPTIONAL RESTRICTION 
BETWEEN FIRST AND SHEAVITZ LINEAR 
SECOND STAGE VALVES iF FERENTIAL 


TRANSFORMER 


SPOOL 


| 
SPRING ~ OSCILLOSCOPE 


4 
; ACCUMULATOR 
Z 
4 


ADJUSTING AUDIO OSCILLATOR 
SCREW ; _ UPSTREAM AND AMPLIFIER 
ELECTRO “ORIFICE 
MAGNET CHAMBER 

MICRON 


Fig. 13 Schematic drawing of dynamic test setup 
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Fig. 16 Stability ch ing stability Fig. 17 Stability characteristics—increasing stability derived by introducing addi- 
with decreasing d, tional orifice between first and second-stage valves 
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Table 1 


Stability of a fiapper-nozzle valve 


Significant parameters Theory ‘Experiment 
e 
B = viscous damping on flapper Increasing stability with increasing B No test 
M = flapper mass Decreasing stability with increasing M Theory verified by experiment 
but no photographs taken 
ke = mechanical spring rate of flapper Increasing anety with increasing kp if: 
/ 
C8dy' (42+ ve 
() > 10 
P,- Pas Pa / 
Decreasing (A increasing ke if: No test 


(20 ) 


Decreasing stability with decreasing k, 


-< 10 


mechanical spring rate on second- 
stage spool 


A, = end area of second-stage spool Increasing stability with increasing A, No test - 
d, = diameter of upstream orifice Increasing stability with decreasing d, Fig. 16 
P, = supply pressure Increasing stability with decreasing P, Fig. 15 
Introducing additional orifice between first Increasing stability Fig. 17 
and second-stage valves 
P.« = initial chamber pressure Increasing stability with increasing P.; (possi- Fig. 18 
bly due to increasing viscous damping on the 
flapper) 
dy = nozzle diameter Increasing stability with decreasing nozzle No test 
diameter 
V.s = initial chamber volume Increasing stability with increasing V.« No test 


P, * 3000 psig dy * 0.0065in 
ks * 2760 Ibs/in EXHAUST CHAMBER EMPTY 


Fig. 18 Stability ch risti 4 ing stability 
with increasing 


y (Spool 
Displecement) 


Pe 200 psig Pci * 300psig Pej = 500 psig Poi 1000 psig Pci = 2000 psig 


Acknowledgment Table 2 Order of magnitude of physical quantities of @ typical contro! 


The author wishes to express his sincere appreciation to Mr. 0 (102) psi M... _.0 (10~*) Ib-sec?/in 
H. Schuck, Director of Research, Aeronautical Division of (108) psi B.........0 (10~) Ib-see/in 
Minneapolis-Honeywell Regulator Company, for his encourage- dy... .0 (10~*) in. ..0(10~? — 10>*) see 

0 ( 
0 ( 
0 ( 


ment to write this paper. Most of the testing work of the nozzle- . Ib/in. 10 it u in. 
flapper valve was conducted by Mr. D. H. Anderson to whom the kr. ..0 (10) Ib/in. ) 


-3 
author is grateful. 10~*) in. 0 (10 — 10%) Ib/in 


Nore: 0( ) stands for order of GOP 
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APPENDIX 
Analysis of Flapper-Nozzle Valve 


Consider that the spool, Fig. 19, is a spring-loaded bellows. 
The flow and force equations are: 
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P, \? | 
ky = Fig. 14 

(Tine) 

— 

P. P, in 
P dy 

> 

ay | 


d& 
AQ, = A, — (due to spool motion) 


k,Ay = AP.A, 
Ves dAP, 


B dt 


The continuity equation is 


AQ: 


(due to oil compressibility) 


2 
AQin = AQout + + 


k, B 


By linearization theory 


/s 


1 
AQout AP. + Cady ( Ar 
pP p 


Combining (9), (10), and (11), write symbolically: 


1+7D 
Ar = AP, 


2( P, + 2pP 


2P.,\'/2 
‘) 


The force equation on the flapper is 
MD*AX + BDAX + kpAX = AP. A dy? (5) 


Solving simultaneously (12) and (15), the following is obtained: 


M + Br B 
+ ——— + —— 
Mr Mr 


Ds 


kp 


$ - — JAr = 0 


(16) 
Mr 


Equation (16) can be represented by a functional diagram, Fig. 
20, which delineates symbolically the significance of the system 
under study. It is clear from the block diagram that the force 
feedback on the flapper, by virtue of the variation of the chamber 
pressure, plays an important role in system stability. 


Disturbance 
on Flapper 


Fig. 20 
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Determining Viscous Damping Coefficient B on Flapper 


If a third-order system is oscillatory, 
compared with the following: 


(D + + 26w,D + w,2)Ar = 0 


tquation (16) can be 


(17) 
It is obvious: 


M + Br 
2 
Mr 
tk, + B 


kp + |E| dy* 


= rw,? 


20) 
Mr (20) 


For an oscillatory system (@< 1), w, = wy, 7: can be solved by 
Equation (20). Combining (18) and (19) yields 
R= + Mrri* — Mrw,? — 71M 


— 1 


DISCUSSION 


(21) 


S. Y. Lee® 


No explanation was given for the behavior of C, as shown in 
Figs. 3 and 4. The writer suspects that the shape of C,, versus 
Reynolds number curve depends greatly on the geometry of the 
upstream orifice which is not described in the paper. If this 
orifice is essentially a short tube, as suggested by some of the 
schematic drawings in the paper, then the C, versus RN curve 
(Fig. 4) can perhaps be explained as follows: At low velocities 
(small RN), the fluid has the tendency to cling to the tube and the 
coefficient of contraction is close to unity. The velocity coefficient 
is relatively small because of the relatively large frictional effect. 
The discharge coefficient which is the product of coefficient of 
contraction and the velocity coefficient is approximately 0.70. 
As velocity increases, the velocity coefficient improves while the 
coefficient of contraction remains the same, resulting in higher co- 
efficient of discharge. When the RN reaches 3 X 105, C 
reaches a maximum of 0.82. 


As the RN increases further, the 
jet begins to separate from the boundary of the tube and the co- 
efficient of contraction approaches that of a sharp-edged orifice 
(0.62). This explains the sudden drop in C, as shown in Fig 4. 
The author suggests that the RN be kept below 2800. This may 
be difficult in practice since the viscosity of the fluid can easily 
change by a factor of 10 due to temperature variations. The 
best solution seems to control the geometry of the upstream orifice 
(e.g., sharp-edged orifice or very short tube) so that the discharge 
coefficient remains constant over a wider range. 


W. |. Mitchell‘ 


This paper is interesting in that it represents a systematic 
study of flapper-nozzle valves, starting with theoretical and ex- 
perimental descriptions of the characteristics of the basic ele- 
ments of the flapper-nozzle valve. The experimental descrip- 
tions of orifice and nozzle-flapper discharge coefficients are par- 
ticularly interesting in that they present some of the flow charac- 
teristics of these devices which are objectionable when occurring 
during operation of a flapper-nozzle valve. The dynamic 
analysis is enlightening as to the absolute stability of the flapper- 
nozzle valve driving a spring load. 

3 Massachusetts Institute of Technology, Cambridge, Mass. 


*Research Specialist, Applied Physics Staff, Pilotless Aircraft 
Division, Boeing Airplane Company, Seattle, Wash. 
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> 
44 
(7) 
(18) 
(9) 
(19) 
11) 
where 
A 
r = <7, (13) 
ler 
E=-— (14) 
7 
a 


With respect to the static characteristics discussed, there are 
several questions and comments which are pertinent: 

A Do Figs. 3 and 4, upstream orifice coefficients versus pres- 
sure ratio, P./P,, and Reynolds number, RN, respectively, 
represent single parameter relationships? In other words, was 
RN constant during the test giving the data in Fig. 3 and was 
P./P, constant during the test giving the data in Fig. 4? Test 
data taken by both A. G. Gelalles® and by the writer indicate 
that the influence of RN on C, is small compared to the influence 
of P./P,, particularly in the range 0 < P./P, < 0.3. Since 
minute variations in geometry have a strong effect on the rela- 
tionship between C, and P,/P,, it would have been very helpful 
if a geometrical description of the orifice had been given by the 
author. It can only be assumed that the orifices used were of 
the conventional-drilled type which have the characteristics of a 
sharp-edged “short tube.’’ It is of interest that there are two 
types of orifices designed for flapper-nozzle valve use which are 
available commercially,® which minimize the variations in C,, 
and which give better quality control at lower cost than the 
usual drilled orifices. 

B The geometrical design of the nozzle used by the author in 
his tests included a blunt tip such that the flat on the nozzle tip 
was several times larger than the nozzle-flapper clearances of in- 
terest. In the experience of the writer, and several electro- 
hydraulic valve manufacturers, flat tipped nozzles will cause 
static flow discontinuities and dynamic instabilities, particularly 
in ‘‘open-loop”’ valves (no mechanical or electrical feedback from 
second-stage spool to first-stage flapper). Since no nozzle can be 
manufactured consistently with a perfect “sharp” tip and since 
large transients in the error signal to the flapper torquer will cause 
the flapper to strike and flat the nozzle (or indent the flapper), 
care must be taken in the hydraulic design to keep the nozzle pres- 
sure ratio P,/P, > 0.3 to minimize the effect of the nozzle flats. 
In Fig. 5, it would make the data more useful if the value of X 
at which the test was run were known, and if additional data 
showing the influence of X on C, were included. 

In conclusion, on the orifice and flapper-nozzle coefficients, it 
must be stated that they are extremely unpredictable, and any 
valve design which tends to minimize the coefficient variations 
and/or the effect of the variations is to be desired. 

With respect to the dynamic analyses and experimental data 
presented by the author the following comments can be made: 

A Frequency and transient response of valves is of interest 
as well as absolute stability. Presentation of the analytical and 
experimental results by the author in some form such as root loci 
which gives both response and stability information would be 
helpful. Equation (16) in this paper can be written in the trans- 
fer function form (with forcing function AF(t) applied to the flap- 
per by the torquer): 


1 
AX(S) _ BAy 
AF(S) K S? 
EAy \ ,? 
M 2 B T 
where w,? = Ke’ K,’ and Ay = 4 dy? 


S = Laplace operator 


The transfer function for Y, which is the variable studied ex- 
perimentally, can be written 


5A. G. Gelalles, “Coefficients of Discharge of Fuel Injection Noz- 
zles for Compression-Injection Engines,"”’ NACA Report No. 373, 
1931. 

* Information on the designs and sources for these commercially 
available orifices can be obtained from the discusser. 
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Ap_ 
y(s) AyK's 
S S? 
Ke 4 1) (rs +1) +1 
EAy Wy 


Chu’ shows typical root loci for this type of system. 

The transfer function may be “optimized” for transient re- 
sponse with respect to open-loop gain K(= Kg/EAy), T, @,, and 
¢ by the use of the “time-error integral’ method.* 

With respect to the absolute stability characteristics presented 
in the paper, it should be noted that it is possible for Kg < 0 in 
the case where the flapper is driven by an electromagnetic 
torquer. This will occur if the ‘negative’? magnetic spring is 
greater than the “positive” mechanical spring. Thus, by Routh’s 
criterion as used by the author, there is another condition for 
absolute stability which is that: 


+ |E|Ay Ke 
—~> -10 
Mr |E\A N 


The stability trends given in tabular form by the author are not 
consistent. If stability increases with increasing Ap as stated, 
then it also increases, rather than “decreases,” with decreasing 
Kg. Since P,, has no influence on viscous damping, the statement 
as to why increasing P,, increases stability is misleading. 

B_ It may be of some interest in view of simplicity of algebraic 
manipulation to note that equations (10) and (11) may be re- 
written utilizing expansion by Taylor's series: 


AQin = 4 
Q XP, (10a) 
Q; Q, 
AQour = AP —— 
AP, + X, AX (lla) 


This results in equations (13) and (14) being rewritten: 


2PalPs — Pes) ( A? rs) (13a) 
PQ, Ks 
2P.(Ps — Pa) 


C The system analyzed and the system tested were not the 
same in that the load on the flapper-nozzle valve as analyzed was 
considered to be a pure spring-loaded bellows, whereas the load on 
the valve as tested was a ‘“‘spool’’ of undefined mass and damping. 
It is conceivable, in fact probable, that the spool quadratic was 
comparable to the flapper quadratic. If this were true, as it is in 
some commercial valves, the test results would obviously be dif- 
ferent from the theoretical results. 

To summarize comments on this paper, it may be said that: 


A Nonuniform orifice and nozzle-flapper coefficients are pre- 
sented, but their effects on static and dynamic-valve character- 
istics are not discussed; nor are the methods of minimizing these 
effects discussed. 

B The dynamie analysis, in being used only to indicate sta- 
bility, loses much of the effectiveness it might have if used to 
indicate valve transient and frequency response as well as sta- 
bility. Also the comparison between analysis and experiment is 
less convincing than if both had treated the same system. 


7 Yaohan Chu, *‘Notes on Root-Locus Method for Automatic Con- 
trol Systems,"’ Brown Instrument Division, Minneapolis-Honeywell 
Regulator Co., June, 1952 (Fig. 11, p. 17). 

*Greham and Rathrop, “‘The Synthesis of ‘Optimum’ Transient 
Response: Criterion and Standard Forms,"’ AIEE Technical Paper 
53-249, May, 1943. 
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D. E. Turnbull® 


The author is to be congratulated on obtaining such interest- 
ing results since they provide a useful extension of the work by 
Sawaragi and Yonezawa.” It would be of particular interest 
to know if the author has examined the effects of loads on the 
second stage or spool valve and if so what these results have been. 
In addition, since much has been done with this type of valve 
with air or gas, has the author attempted to correlate his 
results with any of the earlier work? 


Author’s Closure 


The author agrees with Prof. 8. Y. Lee that his explanation 
given to the curve of C, versus RN seems reasonable since the up- 
stream orifice is a sharp-edged “short tube’”’ which is about 0.042 
in. long 

Mr. Mitchell’s remarks are very pertinent. The curves of C, 
versus P,/P, and C, versus RN are dependent on each other. The 
values of z and C, are tabulated in Table 3. These values of x are 
not the experimental data'! but are calculated based on a formula 


*The British Hydromechanics Research Association, Harlow, 
Essex, England. Assoc. Mem. ASME. 

” Y. Sawaragi and Y. Yonezawa, ‘‘On the Flapper-Nozzle System 
Used for Pneumatic Controllers and Converters,"’ Proceedings, Sixth 
Japan National Congress of Applied Mechanics, 1956 

1! Experimental data were filed in Aeronautical Division of Min- 
neapolis-Honeywell Regulator Company, Minneapolis, Minnesota. 
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Table 3 
z (108 inch) 


ccoocooco 
on 


previously used for calculation of C,. As a matter of fact, Fig. 5 
has shown the influence of z on C, implicitly since P, is a con- 
stant. 

The natural frequency of the lumped mass (0.07 Ib) consisting 
of spool, spring fixture, and transformer slug and the spring (K, = 
2780 lb/in.) was 624 cps which was well above the flapper quad- 
ratic of 377 cps. For K, = 2781b/in., the spool quadratic dropped 
to 197 cps. In both cases, the spool quadratic was not compara- 
ble to the flapper quadratic. However, the lower value of the 
spool quadratic was found comparable to the system frequency 
This could have caused the system to be unstable and therefore a 
discrepancy in the prediction of K, in Table 1. 

In answer to Dr. Turnbull’s questions, only the effects of the 
two spring loads on the second stage spool had been examined. 
No attempt was made to correlate the work reported in this paper 
with any of the early work in pneumatic flapper-nozzle valves 
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Some Measurements of Boundary-Layer 


J. F. NORBURY 


Lecturer, Department of Fluid 
Mechanics, University of Liverpool, 
liverpool, England 


Growth in a Two-Dimensional Diffuser 


Low-speed experiments were carried out in a two-dimensional diffuser having a square 
throat and an area ratio of two to one. 


Measurements were nade of static pressure 


distribution, velocity contours at throat and outlet, and boundary-layer growth along the 


four wall center lines. 


Visual flow experiments were performed using tufts and smoke 


filaments. Similar experiments were carried out with the throat boundary layers arti- 
ficially thickened by means of round rods placed on the walls upstream. Disparities 
between the measured growth of momentum thickness and that predicted by the simple 
momentum equation are discussed, as well as the effect of the artificial thickening on 


diffuser efficiency. 


Introduction 


Tax flow in a two-dimensional diffuser is not by any 
means two-dimensional, this term referring to the geometry 
rather than the fluid motion. In a diffuser having two plane and 
parallel walls and two divergent walls three-dimensional motion 
may arise in three ways: 


(a) As a result of boundary-layer growth on the parallel walls. 

(b) As a result of secondary flows. 

(c) As an inherent property of an apparently two-dimensional 
boundary layer. (In this category are included turbulent velocity 
components, and the transitory stalls which have been described 
recently by Kline [1].*) 

The detailed nature of such diffuser flows is not by any means 
understood, but some previous work, e.g., Gibson [2], Reid [3], 
has given valuable data on the relation between diffuser form and 
over-all performance characteristics, while other investigators, 
e.g., Nikuradse [4], Vedernikoff [5], have been more exclusively 
concerned with boundary-layer phenomena. This work demon- 
strated the existence of a number of different flow regimes, and 
the relation between flow regime and diffuser geometry has been 
clarified recently by Kline, Moore, and Cochran [6]. 

The present work describes the results of an experimental in- 
vestigation into the flow through a two-dimensional diffuser hav- 
ing a square throat and an area ratio of 2 tol. The experiments 
lay in that flow regime described in reference [6] as “apparently 
well behaved.”’ In particular, measurements were made of the 
growth of the boundary layers on both the divergent and parallel 
walls, and visual flow experiments were carried out to assist in 
the interpretation of results. The initial conditions were varied 
by fixing round rods upstream of the throat, and these were ap- 
plied separately to the two pairs of opposite walls. 


Nomenclature 


x = axial distance along diffuser 
y = distance from wall in plane normal to diffuser axis 
u = velocity component in boundary layer in z-direction 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Annual Meeting, New York, 
N. Y., November 30-December 5, 1958, of Tae AmEeRICAN Society 
or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 8, 1958. Paper No. 58—A-196. 
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U = main-stream velocity at edge of boundary layer 
O = mean velo ity 
p = static pressure at distance z along diffuser 
p,¥ = density, kinematic viscosity 
T, T,. = shear stress, shear stress at wall 
A = area of cross section of diffuser 
W = breadth of diffuser 
d = depth of diffuser 
L = length of diffuser 
6 = thickness of boundary layer 
6, = displacement thickness of boundary layer 
u 
U 
0 
6. = momentum thickness of boundary layer 
u u 
(1 - au 
o U U 
H = boundary-layer form parameter (H = 6,/6:) 
A = area of (three-dimensional) boundary layer 
A; = displacement area of boundary layer 
4 u 
E - (: aa | 
0 0, 
W L 
R = Reynolds number (Rw, =- R= 
C, = static pressure-rise coefficient, |C, = (p, — p.)/4p0 7} 


Cy2z' = local pressure-rise coefficient 


1 

2 
/ 2° 

A,\* 
static pressure efficiency 49, = C,/| 1 — A { 


distance expressing boundary-layer divergence rate 
interference factor, defined in equation (5) 
rate of volume flow 


Con’ = (p — 


=> 

I = 

Q = 
Subscripts 


i = at throat 
e = at outlet section 


Apparatus 


The experimental diffuser had a throat 6 in. square, an area 
ratio of 2 to 1, anda length of 4ft. The roof and floor were plane 
and parallel, and the side walls were flared outward symmetri- 
cally according to the relation: 
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‘ 2 
C, 5 pu, 
= 


W = 6 + 0.018042" (1) 


the breadth, W, and length, z, being given in inches. 

The use of this shape gave a smooth transition from the throat 
to the diverging passage, rapid changes of wall direction and 
curvature being avoided. The parallel throat preceding the 
diffuser was 6 in. long, and the air was brought to this throat from 
a centrifugal blower through a duct having the following com- 
ponents: 


(a) A blower diffuser, 9 ft long, followed by a triple gauze. 

(b) A settling length, 11 ft long, followed by a cloth gauze. 

(c) A three-dimensional contraction, of area ratio 20.4, followed 
by a two-dimensional contraction, of area ratio 4/3. A plan view 
of the latter part of the system is shown in Fig. 1. 


The roof of the diffuser consisted of reinforced strips of perspex, 
each 6 in, wide. A steel strip, carrying a pitot tube, could be 
placed between any pair of perspex strips to allow total pressure 
traverses across sections at 6-in. intervals between the throat and 
outlet planes. Measurements along the vertical center lines were 
made using a straight-stemmed vertical pitot tube. This instru- 
ment caused excessive interference effects when it was traversed 
into the side-wall boundary layers, and for horizontal center line 
traverses a tee-shaped pitot tube was used having a vertical stem 
with measuring heads at the extremities of the horizontal tee, 3 in. 
apart. It was estimated that the maximum error in locating the 
measuring heads was 0.003 in. 

Static pressure holes of 0.032 in. diam were drilled at 6-in. in- 
tervals along the center lines of the side walls. Measurements of 
static pressure also could be made across the roof of the diffuser 
using a hole placed in the steel traversing strip which carried the 
pitot tubes. 

Each pitot tube interfered slightly with the diffuser flow. To 
overcome this difficulty the throat static pressure was held con- 
stant during the taking of pitot-tube readings, and the effect of 
interference on the recorded velocity profiles was then negligible. 

To allow for the influence of velocity gradients in displacing the 


wv 


244 
TEST OIFFUSER 


TWO - OIMENSIONAL 
CONTRACTION 
THREE -OIMENSION AL 


Fig. 1 Plan view of diffuser and part of approach duct 


Table 1 


effective center of the pitot tube a constant correction was applied 
to the readings. No measurements of turbulence were made but 
it was felt that the gauzes preceding the settling duct, and the large 
over-all area ratio (27.2:1) of the contraction would insure a low 
level of main-stream turbulence at the throat. 

Experimental Conditions. Tests were carried out under four dif- 
ferent sets of conditions and these will be referred to as Series A, 
B, C, and D. The conditions were as follows: 


Series A: Clean diffuser 

Series B: Boundary layers on roof and floor artificially thick- 
ened 

Series C: Boundary layers on side walls artificially thickened 

Series D: Boundary layers on all four walls artificially thick- 
ened 


The artificial thickening of each layer was performed by a !/4- 
in-diam round rod placed on the wall 10 in. upstream of the 
throat. 

The Reynolds numbers were substantially the same for each 
series (Table 1). 

In Series D the flow was not examined in much detail, the only 
measurements being of the longitudinal static pressure distribu- 
tion, and of the wall center-line boundary layers at throat and 
outlet. 


Presentation of Results 


Performance Characteristics. Table 1 gives the principal measured 
and derived quantities. In Fig. 2 the longitudinal variation in 
static pressure and main-stream velocity are plotted in nondimen- 
sional terms. The static pressure is expressed in terms of a local 
pressure coefficient, C,,’, such that 


= 


> pu? 


Fig.2 Longitudinal variation of static pressure and main-stream velocity 


Principal measured and derived quantities 


Quantity 


Rwy = 
Reynolds number . AR 
Throat static head 

Throat main-stream total head 
Throat main-stream velocity head . . 


° 


Throat me 
_ 


0.232 
0.986 
0.536 
0.610 
0.814 


Test 
B Cc D 


U.W,/»v 5.35 10° 5.29 105 5.31 108 5.22 x 105 
= O,L/v.. 4.28 X 10° 4.23 10° 4.25 10° 4.18 108 

—0.327 
0.224 0.227 
0.551 
0.0137 


—0.336 —0.327 
0. 237 

0.563 0.564 

0.037 .0305 


—0.335 
0.254 
0.589 
0.068 
(approx) 
0.294 
0.932 
0.511 
0.655 
0.873 


0.242 0.258 
0.963 0.970 
0.522 0.530 
0.643 0.617 
0.857 0.823 


Nore: All pressure heads expressed in feet of water. 
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Fig. 3 Transverse variation of static pressure on roof, Series A 


Fig. 4 Velocity contours in entry plane (upper half), Series A. Curves 
are u/U = 0.98, 0.95, 0.90, 0.85. 


Fig. 5 Velocity contours in entry plane (upper half), Series B. 


Curves 
are v/U = 0.98, 0.95, 0.90, 0.85, 0.80. 


ROOF 


¢ 


Fig. 6 Velocity contours in entry plane (upper half), Series C. Curves 
are u/U = 0.98, 0.95, 0.90, 0.85, 0.80, 0.70. 


FLOOR 


Fig. 7 Velocity contours in outlet plane, Series A. Curves are u/U = 
0.9, 0.8, 0.7, 0.5, 0.4, 0.3. 
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The three curves are quite similar in both cases; in fact the 
curves for Series A and B are indistinguishable. 

Transverse Variation of Static Pressure Across Roof. The results for 
Series A are plotted in Fig. 3, the variation being expressed as a 
percentage of the local main-stream dynamic pressure at the sec- 
tion concerned. The zero lines are mean values of end readings 
of the roof pressure tapping, since these agreed closely with the 
readings taken from pressure tappings on the side-wall center 
lines. The terms “right wall’ and “left wall” refer to the right 
and left side walls as seen when looking downstream from the 
throat. 

The transverse variation was less than 1 per cent of the local 
dynamic pressure, except at the outlet section. Nevertheless, 
systematic variations are clear, and the trend changed from 
higher center-line pressure to lower between z/L = 0.5 and 0.75. 

The results for series B and C were entirely similar in character, 
showing only slight differences in magnitude from those for 
Series A. 


R 


y-Layer G Velocity contours for the upper half 
of the throat plane are shown in Figs. 4 to 6, and for the outlet 
plane in Figs. 7 to 9. 

Figs. 10 to 12 show the variation of displacement thickness, 6), 
momentum thickness, 6:, and form parameter, H, along the center 
lines of the four bounding surfaces in Series A. In Fig. 11 the 
broken lines indicate the growth of momentum thickness obtained 
by introducing experimentally measured values into the simple 
form of the momentum equation, which for two-dimensional 
layers is 


db, dU Te 
— os —(H 2) —— 
pU? 


3) 
dz ( 


A curve of dé,/dz was found for the boundary layers on the 
right side wall by combining measured values of 


dr 


6 
(H 


with values of 7,/pU? obtained from the Squire-Young relation 


Fig. 8 Velocity contours in outlet plane, Series B. Curves are u/U = 
0.9, 0.7, 0.5, 0.4. 


ROOF 


FLOOR 


Fig. 9 Velocity contours in outlet plane, Series C. Curves are v/U = 
0.9, 0.7, 0.5. 
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[7]. The broken curve of Fig. 11 was then obtained by graphical 
integration. 

Similar calculations also were performed using the Ludwieg- 
Tillmann relation [8] for r,/pU*. However, the resulting curves 
are not shown in the figure since their gradients were not ma- 
terially different from those of the curves obtained by use of the 
Squire-Young relation. 


— 


FLOOR 


x/t ‘75 


Fig. 11 Variation of momentum thickness, 5,, Series A. Broken lines 
indicate curves obtained from momentum equation. 


1-2 
x/t “75 to 


Fig. 12 Variation of form parameter, H, Series A 
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It should be remarked that the definitions of 6,, 52, and H given 
in the nomenclature, and therefore the foregoing momentum 
equation, are slightly different from those normally employed, 
though formally the same. This is a consequence of the fact that 
the velocity measurements were made in planes normal to the dif- 
fuser axis, and therefore not normal to the side walls. The co- 
ordinate y used in the definition is thus taken as the distance from 
the wall in a plane norma! to the diffuser axis. 

In considering the diverging layer on the roof, a form of mo- 
mentum equation was used which is strictly applicable only to 
wedge flows, in which the streamlines radiate from a line. Its 
simple form becomes 


6, dU Te 


db, 
—(H + 2) 


where X is the distance from the section considered to the focal 
point of the streamlines, (The quantity X is described in more 
detail in reference [9].) For the outward curving diffuser flow, 
X varies along the diffuser and values of X(x) were deduced from 
the streamline pattern for potential flow through the diffuser. 
The term 6,/X could then be evaluated and the broken curve in 
Fig. 11 was obtained in a similar manner to that for the side-wall 
layer. 

It is interesting to compare the variation of H for one of the 
side-wall layers of Series A with the variation pred cted by 
methods of calculation applicable to two-dimensional flow. Re- 
sults for the right-wall layer are shown in Fig. 13, the calculated 
curves having been obtained by the methods of Rubert and Persh 
{10] and Norbury [9]. The two calculations gave similar results, 
and it appears that over the last quarter of the diffuser the ex- 
perimental value of H was rising more rapidly than would be ex- 
pected in two-dimensional flow. 

Figs. 16 to 21 show the growth of center-line boundary layers 
for Series B and C. Mean values of the principal center-line 
boundary-layer quantities are tabulated in Table 2. 

Interference Factor. The main-stream velocity at any section of 
the diffuser depends on the total displacement area, A;, of the 
boundary layers at the section, and this is different from that 
which would occur if each boundary layer had its center-line dis- 
placement thickness right across the wall. It is convenient to 
define an interference factor, 7, such that 


| 


‘75 
EXPERIMENTAL 


RUBERT & PERSH 
NORBURY 


Fig. 13. Calculations of H for right-wall layer, Series A 
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Table 2 Principal center-line boundary-layer quantities; with inter- 
ference factors at throat and outlet 


Quantity 


Mean values for 
side-wall layers 


Mean values for 
bo, =O. 261 0.140 0.331 


ll 
as 29 .22 34 1.02 
(approx.) 


Norte: All thicknesses expressed in inches. 


+ (W (6) 


where 


6, = displacement thickness of side-wall layer at center line 
5:< = displacement thickness of diverging layer at center line 


Values of A, were obtained using the continuity equation 


Q= udA = U(A — A,) 


the volume flow, Q, being calculated from the throat velocity dis- 
tribution. 

Curves of J versus z/L are shown in Fig. 22. 

Visual Flow Experiments. To visualize the flow, smoke was 
injected through the diffuser roof, using a hole in the steel strip 
normally used to mount the pitot tubes. By traversing the injec- 
tion point tranversely the traces shown in Fig. 14 were obtained for 
Series A. The significance of the traces is better appreciated by 
looking at the figure obliquely rather than normally. 

The flow along the side walls was examined using tufts about 2 
in. long and disposed in vertical rows. The configurations on the 
right wall for Series A are shown in Fig. 15. Unlike the smoke 
traces the tuft directions could not be plotted but had to be esti- 


| x/L + 5/8 


x/L=t/2 


x/L = 3/8 
x/L=1/8 


Fig. 14 Smoke traces on roof, Series A 


Journal of Basic Engineering 


0.759 


0.703 
7/8 10.910 0.844 10.066 —0.243 


0.460 
1 12.000 1.474 10.526 
Nore: Quantities expressed in inches. 


mated by eye. Thus the lines shown in the figure represent 
trends rather than exact locations. 


Discussion of Results 


General Remarks. Some features of the results obtained in Series 
A were reproduced in Series B and C, For example, the momen- 
tum thickness of the center-line boundary layers increased more 
slowly at first than would be expected from the momentum equa- 
tions, Figs. 11, 17, and 20. Farther downstream, however, the 
layers on the side walls grew more rapidly than was expected, 
while the diverging layers thickened at approximately the rate 
suggested by the momentum equation. 

Again, in the early part of the diffuser the static pressure was 
always greater on the vertical center line than at the side walls, 
while a reversal in transverse pressure gradient took place in each 
case just before z/L = 3/4. This reversal was due to the high 
rate of increase, over the last quarter of the diffuser, of the sum of 
the displacement thicknesses of the side-wall layers, which caused 
the initial outward curvature of the main stream to be changed to 
an inward curvature at about z/L = 3/4. This is demonstrated 
for Series A by the figures of (W — 26,.) and their first and 
second differences, given in Table 3. The figures for Series B and 
C gave similar results. 

Another common feature was the asymmetry displayed by the 
side-wall layers. In every case the layer on the left-hand wall 
thickened slightly more rapidly than that on the right. 

The interference factor invariably increased to a maximum at 
some point along the diffuser, and then fell toward the outlet. 

In the next four sections we seek an explanation of the nature of 
these results, and in particular of the disparities between the 
measured values of momentum thickness and the values calcu- 
lated from the simple forms of the momentum equation. The 
problem is the more difficult because of the incompleteness of 
existing knowledge of turbulent boundary layers developing under 


more strictly controlled conditions. However, a qualitative in- 


x/L* O x/L*3/8 x/L*5/8 


Fig.15 Approximate tuft configurations on right wall, Series A 
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flow, Series A 

——Test series——-——— First Second 

A B D z/L w diff. diff. 
bi 0.030 0.027 0.094 0.099 0 6.000 0.060 5.940 

bie 0.73 0.563 0.920 0.933 6.2 157 917 0.252 
Bae 0.355 0.328 0.546 1/4 6.748 0.122 6.626 0.114 
1.31 1.23 1.18 1.20 0.583 
2.05 1.72 1.74 1.71 
bi 0.027 0.098 0.033 0.104 0.670 
1/2 8.120 0.241 7.879 0.055 
0.725 
5/8 8.964 0.360 8.604 0.034 
1.38 1.40 1.35 1.43 3/4 9.900 0.537 9.363 —0.056 
| 
| 
| 


° 


° 


Fig. 16 Variation of displacement thickness, 4), Series B 


Fig. 17 Variation of momentum thickness, 5,, Series B. Broken lines 
indicate curves obtained from momentum equation. 


1-2 


Fig. 18 Variation of form parameter, H, Series B 


terpretation may be attempted, and to serve as a basis for the 
discussion we consider first a more general form of the momentum 
equation applicable to certain three-dimensional flows. 

A More G | Boundary-Layer M tum Equation. We consider 
a boundary-layer flow bounded by the z-z plane, and moving 
generally in the direction of the z-axis. We assume that the 
velocity component, w, in the z-direction is not necessarily zero, 


290 / sepremBER 1959 


75 +o 


x/t 


Fig. 19 Variation of displacement thickness, 5), Series C 


Fig. 20 Variation of momentum thickness, 5,, Series C. Broken lines in- 
dicate curves obtained from te ati 
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WA 
7, 
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Fig.21 Variation of form parameter, H, Series C 


imposing the condition that such lateral flow is symmetrical about 
the z-y plane. We also consider the effect of turbulent stresses, 
and we take into account the possibility that the static pressure 
varies with y across the depth of the layer, having the value P at 
y =6. 


The momentum equation for the flow in the 2-y plane then be- 
comes 
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where u’, w’, are turbulent velocity components in the z,z-direc- 


Uons, respectively. 
ow 
— (U — u) — dy 
U* Jo oz 


The term 
signifies the effect of the lateral flow and, in fact, for ‘wedge’ flows 
it becomes the term 6./X, which appeared in equation (4), Fora 
two-dimensional mean flow in which conditions are independent of 
z, this term becomes zero, as does the term 


1 
‘w'd 


Equation (6) will be used in considering boundary layers on 
both the diverging and the parallel walls 


‘75 


Fig. 22 Variation of interference factor, | 


Boundary-Layer Development—Series A. The results of several in- 
vestigators of two-dimensional turbulent boundary layers in ad- 
verse pressure gradients, e.g., Wieghardt [11], Schubauer and 
Klebanoff [12], have shown discrepancies between measured val- 
ues of momentum thickness and values calculated from equation 
(3). The discrepancies occurred as separation was approached, 
the measured values rising above the calculated values. Such 
discrepancies have been attributed to the omission of the terms 


U2 q a pl? 4 az 


in the simple momentum equation, while it also has been pointed 
out, Clauser [13], that lack of strict two-dimensionality of the 
mean flow could be a contributory factor. 

The discrepancy occurring in the first part of the right-wall 
layer of Series A was different from those mentioned in the fore- 
going, in that the measured values of 6, fell below the calculated 
values, and also in that the layer was far from separation, the 
value of H being less than 1.41 in the relevant region. Therefore 
it does not seem possible that the term 


U2 Jo az” 


could make a significant contribution to the disparity, while the 
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static pressure measurements recorded in Fig. 3 show that the 
term 


was negligible. Moreover, it is hardly conceivable that the term 


1 
u’'w' dy 
U? Jo 2% 


could have a significant positive value. 

However, the disparity could be accounted for by a small 
divergence of the flow away from the wall center line. In fact, if 
the flow were a wedge-type flow, the required divergence angle at 
a point | in. from the wall center line would be less than 2 deg. 
A row of tufts placed on the wall at the throat gave definite evi- 
dence of such a divergence, Fig. 15. 

Similar considerations apply to the flow in the early part of the 
roof boundary layer, in which the value of H was never greater 
than 1.43. The incorporation of the term 6./X in equation (4) 
allowed for the flow divergence which would occur in potential 
flow, and the disparity between measured and calculated values 
of (dé,/dz) may be attributed to an outward drift of the bound- 
ary-layer fluid across the potential-flow streamlines. The smoke 
traces, Which could be plotted with some accuracy, gave evidence 
of a small but definite outward drift, Fig. 14 

It seems possible that the lateral drift of fluid in the bonndary 
layers at the throat was part of a more complete system of second- 
ary flows, but no measurements were made which would estab- 
lish the form of this. The existence of such a system was not im- 
probable since the boundary layers emerging from the settling 
duct were subjected to considerable curvatures in the contraction. 

From about halfway along the diffuser the roof boundary layer 
thickened at approximately the rate suggested by equation (4). 
This was in contrast to the behavior of the right-wall layer, for 
which the gradient of measured values of 6: rose steadily to be- 
come about 1.7 times larger than that of the caleulated curve at 
the outlet section. At this section the value of H for the layer 
was 2.0, and while the data recorded in Fig. 3 show that the value 


of the term 
1 
(P — p)dy 
pU* J, ox 


was very small, it must now be considered that the term 


— u'tdy 
U? Jo ox 


had a significant value. 
From the data available it is impossible to evaluate either this 


or the term 
o — id 
= u'w' dy 
Jo 


However, if we take as a guide Bidwell’s analysis [14] of the 
Schubauer-Klebanoff data [12] we find that at H = 2.0 the term 


OF 


was much less than the 40 per cent of the measured value of 
d6./da which represents the disparity in the present case. Further 
evidence may be obtained from the approximate expression for 
6, due to Ross and Robertson [15], in which an empirical allowance 
is made for the terms omitted in the simple two-dimensional 


momentum equation. The expression is 
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where subscript ¢ indicates initial conditions, and G is slightly 
dependent on the initial boundary-layer Reynolds number. With 
initial conditions chosen anywhere between z/L = 0 and z/L = 
1/2, this expression gives a value for d6,/dz at outlet rather lower 
than that obtained from equation (3). This rather unexpected 
result at least tends to confirm that the turbulent normal stress 
term could not wholly account for the observed disparity in 
gradients of 6,. 

The tufts placed on the wall near the outlet section were subject 
to considerable lateral fluctuations. This presumably was the 
result of a high level of turbulence relative to local velocity in the 
neighborhood of the wall, as indicated by the results of Schubauer 
and Klebanoff [12] and, for an axisymmetric layer, Robertson and 
Calehuff [16]. However, the mean directions of the tufts, de- 
picted in Fig. 15, indicated a very marked convergence of the flow 
toward the wall center line. It thus appears that at the end of 
the right-wall layer the term 


had a significant negative value and that the difference in gradi- 
ents of 6. may be accounted to a combination of this with some 
effect of the turbulent stresses. 

The convergence of the flow also would contribute to the rise in 
measured values of H above those predicted for two-dimensional 
flow, Fig. 13. 

The velocity contours in the outlet plane, Fig. 7, are reminis- 
cent, at least near the corners, of the velocity contours obtained 
by Nikuradse [17] in a straight pipe of rectangular section in 
which secondary flows were occurring. They give rise to the idea 
that the convergent flow in the boundary layers on the side walls 
might have been part of a system of secondary flows somewhat 
similar to that shown schematically in Fig. 23. Such a system 
would certainly tend to produce the considerable fall in inter- 
ference factor which was observed near the end of the diffuser, 
Fig. 13. 


t 


Fig. 23. Schematic representation of possible secondary flows in ouilet 
plane (upper half), Series A 


Fig. 24 Smoke traces and tuft configurations, Series C 
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One further point remains for mention. The slightly asym- 
metrical development of the boundary layers on opposite side 
walls may possibly be attributed to asymmetry of the initial 
lateral, or secondary, flows. The tuft configurations supported 
this view. 

Boundary-Layer Development—Series C. The throat-velocity con- 
tours for Series B and C, Figs. 8 and 9, indicate that in both cases 
the initial flow was more complicated than in Series A. Series C 
is dealt with first because of the clearer evidence afforded by the 
smoke filaments of the nature of the flow. 

The center-line boundary-layer development showed the same 
general features as in Series A, although the difference in gradient 
between measured and calculated values of 6. was everywhere 
smaller. Arguments similar to those propounded in the previous 
section would indicate a slight flow divergence near the center line 
of each wall at the throat, this view being supported by the evi- 
dence of the visual flow experiments, Fig. 24. However, in the 
roof layer smoke traces originating near the side walls were initially 
carried inward quite strongly toward the center line. Moreover, 
when the smoke filament was injected at points about 1 in. from 
the side walls it was carried downward away from the roof, 
rather than along the roof, indicating with some precision the 
meeting points of the oppositely directed lateral flows, and giving 
clear evidence of a strong vortex localized in each corner, Such 
vortexes could produce the distortion of the velocity contours ap- 
parent in Fig. 6. 

These localized vortexes presumably originated upstream as a 
result of interaction between the boundary layers on the parallel 
walls and the thickening rods on the side walls. The rods would 
produce strong local curvature of the roof and floor layers in their 
own planes, with a consequent generation of secondary vorticity. 
The directions and approximate locations of the corner vortexes 
are shown in Fig. 25(a). 

Over the downstream half of the diffuser, as in Series A, the 
thickening of the roof layer was quite closely in conformity with 
equation (4), while the measured gradient of 62 for the artificially 
thickened right-wall layer was greater than that indicated by 
equation (3), the ratio of the two at the outlet section being about 
1.5. At this section the value of H for the layer was 1.71, con- 
siderably less than in Series A. Bidwell’s analysis showed that in 
the Schubauer-Klebanoff layer at H = 1.71 the value of the term 


was quitesmall. As additional evidence, the relation of Robertson 
and Ross, equation (7), was used to calculate d6,/da at the outlet 


of SERIES C 


O 


b/ SERIES B 


Fig. 25 Directions and approximate locations of corner vortexes, Series 
Band C 
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section, using initial values taken from x/L = 1/2 where the 
growth of 6, was approximately equal to the rate indicated by 
equation (3). The result lay between the measured gradient 
and that obtained from equation (3), being only slightly greater 
than the latter. 

The behavior of the tufts was entirely similar to that in Series 
A, indicating a considerable flow convergence, and the disparity 
in gradients of 6; may again be attributed to a combination of 
effects. 

The nature of the velocity contours at outlet, Fig. 9, again sug- 
gests the possibility that this flow convergence may be part of a 
secondary vortex system similar to that represented in Fig. 23 for 
Series A. As in Series A, the interference factor was falling at the 
outlet section. 

Boundary-Layer Development—Series B. In this series the thicken- 
ing rods were placed on the parallel walls rather than on the side 
walls as in Series C. Hence it might be expected that the pat- 
tern of vortexes emanating from the ends of the rods would be 
similar to that for Series C, but turned through a right angle, as 
shown in Fig. 25(b). The visual flow experiments, Fig. 26, and 
the velocity contours, Fig. 5, were consistent with this pattern. 

The boundary-layer measurements showed the same charac- 
teristics as in the other series, though the initial rate of thickening 
of the artificially thickened roof layer was almost equal to the 
calculated rate. The smoke traces near the roof center line were 
initially less divergent than in the other cases, while the tufts con- 
firmed a divergent flow at the center of the side-wall layers. 

At the downstream end of the right-wall layer the ratio of meas- 
ured gradient of 5. to that calculated was just under 1.4, while the 
value of H was 1.71. Thus Bidwell’s analysis suggests a low 
value for the turbulent normal stress term, while the value of 
d6,/dz at outlet obtained from equation (7) was, as in Series A, 
rather lower than that obtained from equation (3). The be- 
havior of the tufts was similar to that in the other series, indicat- 
ing a significant value for the term 


i ow 
U —u)— d 


The effect of the term 


— 
Ur J, dy 
remains indeterminate. 
Although it seems possible that the lateral flow in the side-wall 
boundary layers formed part of a secondary-flow system similar 
to that suggested for Series A and C, the evidence in the velocity 
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Fig. 26 Smoke traces and tuft configurations, Series B 
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contours was less marked. Also the rate of fall of the interference 
factor toward the outlet section was lower than in Series A and 
Cc. 

Comparison of Diffuser Efficiencies. ‘I'o compare the diffuser per- 
formance in the four test series the criterion used will be the static 


pressure efficiency 


A, \2 
values of which are given in Table 1. 

Previous experiments by Peters [18], Robertson and Ross [19], 
and Winternitz and Ramsay [20], to investigate the effect of 
thickening the throat boundary layers were carried out on conical 
diffusers. They all obtained the same result, viz., that thicken- 
ing produced a deterioration in performance. Thus, when we com- 
pare the figures for Series A and B of the present experiments, 
Table 1, it is surprising to find that thickening of the roof and 
floor layers produced an increase of about 4 per cent in the static 
pressure efficiency. It is possible that the local corner vortexes 
produced by the thickening rods caused this rise by their effect 
on the distribution of momentum loss in the boundary layers. 
It is noteworthy in this respect that the interference factor in 
Series B was lower than that in Series A all along the diffuser. 

The initial thickening stimulated a greater increase in growth 
in the side-wall layers of Series C than in the diverging layers of 
Series B, and the efficiency in Series C was only 1 per cent higher 
than in Series A. 

When all four layers were thickened (Series D) the efficiency 
was the highest of the four, being 6 per cent higher than for 
Series A. In this case the interference factor at outlet, estimated 
at 1.02, was considerably lower than the others. 

The results are seen in a different light when values of the pres- 
sure coefficient, C,, are compared with values of C,’, the de- 
nominator of the latter coefficient being the main-stream dynamic 
pressure at the throat, rather than the dynamic pressure, 
1/2p0 2, based on mean velocity, Table 4. 


Table 4 Comparison of valves of C, and C,’ 


A B Cc D 
Cy 0.610 0.643 0.617 0.655 
Cc,’ 0.594 0.597 0.580 0.569 


In terms of the throat main-stream dynamic pressure, the pres- 
sure rises in Series A and B were about equal, while those of C 
and D were lower. The differences between the two sets of figures 
arise because, for a given volume flow, thickening of the throat 
boundary layers increases the main-stream dynamic pressure 
and also the flux of kinetic energy past the throat. This would 
tend to increase the pressure rise, but in all the cases discussed by 
previous investigators [16, 17, 18] this tendency was more than 
offset by the increased rate of boundary-layer growth. In the 
present tests, by contrast, the increase in growth of boundary- 
layer displacement area caused by the artificial thickening was 
sufficiently small to result in a net gain in static-pressure effi- 
ciency. 


Conclusions 


Experiments carried out in a two-dimensional diffuser showed 
that the rate of increase of boundary-layer momentum thickness 
along the center lines of the divergent side walls was initially 
smaller than that calculated from the simple two-dimensional 
form of the momentum equation, becoming much greater than 
the calculated value near the diffuser outlet. On the parallel 
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walls the growth was at first smaller than that criculated from 
the simple momentum equation appropriate to diverging flow, 
but over the downstream part the measured rate of thickening 
was approximately equal to the calculated value. 

The initial disparities may be explained by lateral flow in the 
boundary layers, divergent from the wall center line. The dis- 
crepancies for the side-wall layers near the outlet were partly 
due to convergent lateral flows in the layers, though the effect 
of turbulent stresses was probably also significant. The measure- 
ments did not admit a quantitative assessment of these effects. 

When round rods, placed upstream of the throat, were used to 
thicken the boundary layers artificially there was evidence that 
they produced secondary vortexes localized in the corners of the 
duct. The artificial thickening led to increases in static-pressure 
efficiency instead of the expected fall. 
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DISCUSSION 
J. P. Johnston? 


The author is to be congratulated for a lucid presentation of a 
very thorough piece of experimental work. It is not often that 
one is privileged to read such a well-presented description. 

Unfortunately, the author fails to provide some of the data 
most often sought by other workers. For instance, in this ease, 
it would have been most useful if measured velocity profiles (u 
versus y) had been presented in tabular form. As is usual, the 
author presents only enough of the experimental information to 
cover the points he wishes to make. This situation is often ag- 
gravated by the publication policies of the technical societies, 
which require a paper to be condensed to the greatest possible ex- 
tent, thereby causing much valuable data to be lost forever from 
the public record. 

In particular, we wish to comment on the interpretation of 
some terms appearing in the momentum-integral equations for 
boundary-layer flows which exhibit a plane of symmetry such as 
is the case here. 
tional term, 


As the author so clearly points out, an addi- 


&) 


must be added to the two-dimensional momentum-integral equa- 
tion to account for divergence and skewing effects occurring on 
either side of the plane of symmetry (z-y plane where z = 0). 
It is instructive to break this term into two parts. One of which 
accounts for the fact that the main-flow steamlines may diverge 
or converge on either side of the plane of symmetry and the other 
accounts for the fact that the boundary-layer velocity profiles 
may not be collateral, but may be skewed, at points adjacent to 
the plane of symmetry.’ Note that on the plane of symmetry the 
profiles must be collateral. 

Fig. 27 illustrates a set of normal velocity components @ and w 
associated with the main-flow direction and the main-flow velocity 
vector U, together with the velocity components used in the 
paper. One may show, on the streamline of symmetry, that 


1 ow _ Ow 
(U — u) dy = (0 a) dy 


+> a(0 — (9) 
With the convention that 


0 
— = 6,, 
0 


Equation (9) reduces to 


1 ¢ ow 
(U — u) dy = = 
U2 0 oz Oz 


In the case of “wedge flows” there is no skewing of the velocity 
profiles. 6,, is zero everywhere and 0a@/d0z = 1/X [see Equation 


(11) 


2? Research Engineer, Condenser and Ejector Engineering Depart- 
ment, Ingersoll-Rand Company, Phillipsburg, N. J. 

3E. 8S. Taylor, “‘The Skewed Boundary Layer,”’ published in this 
issue, pp. 297-304. 
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Fig. 27 Description of velocity-vector components near a plane of 
symmetry 


(4) in the paper]. This illustrates the fact that the 06,,/dz-term 
accounts for skewing effects which occur only when there is 
curvature in the main-flow streamlines off the plane of symmetry 
and the 6.(da@/dz)-term accounts for the effect of divergence or 
convergence of the main flow. 

Since 0a/dz is a quantity of the main flow, it may be estimated 
to some degree of accuracy for calculation purposes. For in- 
stance, if the main flow is two-dimensional 

Oa 1 


— (12 
oz U or ) 
The estimation of the value of the skewing term, 00,,/0z, is not 
so straightforward. Recent work® indicates that, through most 
of a turbulent boundary layer, one may assume 
w= A(O — a) (13) 


A is a constant (with respect to y) of proportionality. 
assumption it is found, on a plane of symmetry, that 


With this 


OA 
(6, — 6) (14) 


Inviscid analysis‘ allows one to say to a first approximation that 
A = 2a, so that 


oz 


Oz 


Experiments by the writer indicate that 
_, O@ 


(6, — 


(16) 
actually represented his data better than Equation (15). 

It is unfortunate that the author took no measurements of the 
skewed profiles on either side of the wall center lines of his 
diffuser so that one could check the foregoing expressions against 
more data. However, it is suspected that the magnitude of the 
crossflows was so small as to defy measurement. 

It is hoped that these comments, which are intended to amplify 
some of the author’s work will assist the reader in understanding 
the effects of main-flow streamline divergence and boundary- 
layer skewing both of which modify the growth of momentum 
thickness along a plane of symmetry type of boundary-layer 
flow. 


4H. B. Squire and K. G. Winter, ‘‘The Secondary Flow in a Cas- 
cade of Airfoils in a Non-Uniform Stream,” Journal of the Aeronautical 
Sciences, vol. 18, 1951, pp. 271-277. 

* J. P. Johnston, ““Three-Dimensional Turbulent Boundary Layer,” 
ScD thesis, Mechanical Engineering Department, Massachusetts 
Institute of Technology, Cambridge, Mass., June, 1957. 
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B. A. Waitman’ and S. J. Kline’ 


The author's data are very interesting to anyone concerned with 
flow in diffusing passages. The strongly three-dimensional nature 
of the boundary-layer development is clearly evidenced by these 
data which are more complete in this sense than any previously 
published. 

The most striking feature of these data is the great difference 
in the boundary-layer development and characteristics on the 
diverging walls as compared to the parallel walls. In the cases 
observed by the author, the diverging-wall boundary layers 
thicken and approach stall much more rapidly than those lay- 
ers on the parallel walls. However, the secondary-flow patterns 
presented do not seem sufficient to explain this result since the 
secondary flows reverse direction and not only flow outward from 
the corners toward the center line of the diverging walls, but also 
toward the center line of the parallel walls. This would seem to 
imply similar behavior of the boundary-layer characteristics on 
the diverging and parallel walls when viewed from the secondary- 
flow behavior alone. Hence some part of the complete ex- 
planation still seems to be missing. Further investigations might 
include not only detailed measurements of the pressure field 
but also measurements of the corner boundary layers as the re- 
sults of Moore and Kline,’ and Cochran and Kline® show first stall 
almost always occurs in the corners despite the secondary-flow 
patterns observed by the author. 

In the sense of shifting the major pattern from one regime to 
another on the flow-regime chart, reported by Moore and Kline,* 
the changes in flow patterns and recovery with altered secondary- 
flow conditions observed by the author are appreciable but not 
large. 

Caution must be used in interpreting the changes caused by the 
insertion of rods in the inlet. The use of rods can alter per- 
formance not only by changing the secondary-flow patterns, but 
also by altering the mixing rate between main stream and the 
boundary layers over the whole cross section owing to increased 
turbulent fluctuations. During preliminary tests reported by 
Cochran and Kline,’ the effect of a rod near the wall in the bound- 
ary layer was sufficient to change the entire flow pattern and 
cause an increase in performance. More detailed investigations 
of this mixing effect, reported by Moore and Kline,” show that 
almost any kind of large-scale mixing introduced with thin-inlet 
boundary layers will tend to raise recovery if the loss due to the 
mixer is not charged. This increase is strongly dependent on the 
regime of operation. In the regime investigated by the author, 
the effect experienced would be moderate as found. Whether an 
increase or decrease is found probably depends strongly on other 
boundary-layer parameters. Thus it is not clear whether or not 
all of the changes observed are directly attributable to secondary- 
flow effects. 

Finally, secondary flows in plane-walled passages are different 
from those occurring in curved passages. Secondary flows in 
curved passages, such as cascades, are explicable in terms of 
pressure-gradient effects imposed on the boundary layer by the 
potential solution of the main flow. These pressure gradients do 


not exist in straight passages. Therefore the secondary flow 


* Research Assistant, Stanford University, Stanford, Calif. Assoc. 
Mem, ASME. 

7 Associate Professor of Mechanical Engineering, Stanford Uni- 
versity, Stanford, Calif. Mem, ASME, 

®C. A. Moore and 8. J. Kline, ‘Some Effects of Vanes and of Tur- 
bulence on Two-Dimensional Wide-Angle Subsonic Diffusers,” 
NACA TN 4080, June, 1958. 

*D. L. Cochran and 8. J. Kline, ‘‘The Use of Short Flat Vanes for 
Producing Efficient Wide-Angle Two-Dimensional Subsonic Dif- 
fusers,"’ final report on NACA Contract NAw-6500, April, 1957, to 
be published as NACA TN 4039. 

CC, A. Moore and 8. J. Kline, ‘Investigation of Airfoils, Plates, 
Grids and Rods for Boundary Layer Control in Subsonic Diffusers,” 
Progress Report to NACA under Contract NAw-6317, August, 1954. 
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must originate from another source; at present, this source is un- 
known. Thus a fundamental a priori explanation for the pat- 
terns recorded by the author seems unavailable. 


Author’s Closure 


The author is grateful to the discussers, whose remarks throw 
a fresh light on some of the results presented in the paper. Dr. 


1 
Johnston’s analysis of the term ) (U ~— u) = - dy is very 
U* Jo oz 


valuable in separating out the effects of divergence and skew- 
ing. While in the present case no measurements were made 
of the skewed velocity profiles on either side of the wall center 
lines, the velocity profiles along the center lines were analyzed in 
the light of Coles’s'! work on the “wake-law.’’ Although the 
boundary layers were affected both by divergence and secondary 
flows the profiles obeyed the wake-law quite closely, except in 
those cases where they had been artificially thickened upstream 
of the throat. 

Mr. Waitman and Professor Kline have pointed out the 
striking differences between the boundary-layer development on 
the diverging walls and on the parallel walls, remarking that these 
differences cannot be explained by secondary flow effects alone. 
In fact, the differences are essentially due to the divergence 


" D. Coles, ‘The Law of the Wake in Turbulent Boundary Layers,” 
Journal of Fluid Mechanics, vol. 1, pt. 2, 1956, pp. 191-226. 
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of the main stream outside the boundary layer on the roof and 
floor, this divergence being absent in the case of the layers on the 
side walls. The point may be clarified by reference to Dr. 
Johnston’s equation (11). The term 06,,/dz arising from secon- 
dary flows may have a significant value for all four center line 
‘ayers. The reduced rate of growth of the parallel wall layers by 
comparison with the diverging wall layers is essentially due to the 
large difference in values of the term 62.0a/0z. 

Although the secondary flow patterns observed in the present 
case would tend to delay separation in the corners of the duct it 
is not surprising that the first signs of separation should almost 
invariably occur in the corners. Measurements of the outlet 
plane velocity distributions (Figs. 7 to 9) indicate that despite the 
secondary flows the boundary layers on the diverging walls tend 
to thicken toward the corners of the duct. 

The comments on the effects of the thickening rods are of con- 
siderable interest and underline the necessity for a closer under- 
standing of turbulence mixing processes in general. 

The secondary flows occurring in the diffuser exemplify the two 
types described by Mr. Waitman and Professor Kline. The 
secondary flows entering the throat were principally due to bound- 
ary layer curvature in the contraction (similar to that occur- 
ring in cascades) while those predominating over the down- 
stream part were of the type that occurs in plane walled ducts. 
The mechanism of this latter type remains a matter of con- 
jecture. 
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The Skewed Boundary Layer 


The geometry of the skewed boundary layer is described, and two methods of producing 
it are discussed. Experimental results show that the form of ihe usual skewed boundary 
layer is a thin collateral sublayer under a quasi-collateral outer region. The geometry 
of separation of a skewed boundary layer is discussed. It is concluded that separation 


of a skewed boundary layer may differ radically from that of a collateral boundary layer 
and that separation criteria used for collateral boundary layers may give misleading 
results when applied to skewed boundary layers. It is concluded that the understanding 
of the skewed boundary layer can contribute to improved design of turbomachinery. 


= SEVERAL years the Gas Turbine Laboratory at 
M.L.T. has been taking a special interest in the skewed boundary 
layer. The purpose of this paper is to present the state of our 
understanding of this phenomenon in the hope that it will stimu- 
late others to think about this important problem and thus 
make progress toward its solution. 


Geometry of the Skewed Boundary Layer 


An idea of the geometry of a skewed boundary layer can be ob- 
tained by viewing an ordinary, or collateral boundary layer 
from a co-ordinate system moving parallel to the wall on which 
the boundary layer is formed. 

Fig. 1(a) is the velocity profile of an ordinary boundary layer 
showing the variation of the velocity u, with distance from the 
wall y. Fig. 1(6) shows a polar plot which is this velocity pro- 
file when viewed along the y-axis. Fig. 1(c) shows the same 
profile viewed from the same direction but from a co-ordinate 
system moving with a velocity —w, parallel to the wall. It will 
be observed that the result of viewing in this manner is to make an 
originally collateral boundary layer appear skewed; that is, the 
velocity varies in direction as well as in magnitude as the wall is 
approached. A skewed boundary layer which can be resolved 
into a collateral boundary layer by viewing from a moving co- 
ordinate system will be called quasi-collateral. 

If now the wall is presumed to start moving with the observer, 
shear forces cause a new boundary layer to be formed. In the 
early stages of formation the relative velocity in this new bound- 
ary layer will be in the same direction as w thus forming a typical 
skewed boundary layer as shown in Fig. 1(d). It is clear that the 
motion of the co-ordinate system could be in any relation to the 
direction of the original velocity. 

A similar phenomenon occurs when flow along a stationary hub 
or casing encounters a rotating hub or shroud ring in a turbine or 
compressor. It also occurs when the flow over a rotating hub 
or shroud ring encounters a stationary hub or casing. In either 
of these cases, an initially collateral boundary layer will beskewed 
or an initially skewed boundary layer will have its skewing 
altered. 

Another way of producing a skewed boundary layer is by 
causing a collateral boundary layer to turn a corner. The end 
wall boundary layer of a flow passing through a cascade of air- 
foils is such a case. In this case the boundary layer turns more 


Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulics Division and presented at the Annual Meeting, November 
30-December 5, 1958, New York, N. Y., of Tae American Society 
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the Society. Manuscript received at ASME Headquarters, August 5, 
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Fig. 1 Geometry of the skewed boundary layer 


than the main flow. This is the well-known phenomenon of 
secondary flow. A linearized inviscid analysis of this problem 
proposed by Squire and Winter [1]! and extended by Hawthorne 
[2] indicates that for small angles of turn a, skewing as shown in 
Fig. 1(e) results. According to this analysis, the tips of the 
vectors representing the velocity lie on a straight line which 
makes an angle 2a@ with the direction of the main flow. Thus the 
boundary layer predicted by the analysis of Hawthorne is quasi- 
collateral. The inviscid assumption is obviously untenable deep 
in the boundary layer (near the wall) since in this region shear 
forces can hardly be negligible. In addition, the linearizing 
assumptions are good only for small angles of turn, and in the 
inviscid analysis the angle of turn near the wall is never small. 
Thus the analysis of Squire and Winter and of Hawthorne can- 
not be expected to hold near the wall. Indeed, experimenta! 
results [3, 4] indicate that, near the wall, a collateral sublayer is 
formed as in Fig. 1(f). 

In the case of a skewed boundary layer formed by turning a 
stream having a collateral boundary layer, there exists an appro- 


1 Numbers in brackets designate References at end of paper. 
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priate moving co-ordinate system from which the outer portion 
of a skewed boundary layer will appear collateral; that is, the 
outer part of the boundary layer is quasi-collateral just as in the 
case of a skewed boundary layer generated by relative motion. 

It is not implied here that the geometric form described in the 
foregoing is the only kind of skewed boundary layer. It is clear 
that starting with an already skewed boundary layer and sub- 
jecting it to either process a still different shape can be produced. 
With an appropriate mechanism any conceivable shape of 
boundary layer could be produced at a point. However, the 
shape just pictured seems to characterize nearly all of the skewed 
boundary layers on which measurements are available and there- 
fore probably represents a large percentage of the boundary- 
layer population. (Reference [4] shows boundary layers from a 
number of sources compared in this way.) Perhaps this shape 
should more properly be said to characterize a newly formed 
skewed boundary layer since the following argument will show 
that if such a boundary layer is allowed to proceed over a flat 
plate in the absence of any pressure gradient, the result will be 
a decay of the skewing causing the boundary layer to approach 
a collateral boundary layer. This phenomenon is easily under- 
stood if we note that the direction of the shear stress within the 
fluid is the direction of the tangent to the curve representing the 
locus of the vector tip in the boundary-layer polar plot. Thus 
in the boundary layers just described, the shear stress at and near 
the wall is in the direction a-b in Fig. 1(f) while, in the outer 
part of the boundary layer, the shear stress is in the direction of 
the line b-c. This latter statement can be seen to be true since, 
if we view the boundary layer from an appropriate steadily 
moving co-ordinate system, it will appear to be a collateral 
boundary layer in the direction b-c. 

If now we take a lamella of the boundary layer which includes 
the velocity vector which ends at b, we find that on the side 
nearer the wall the shear force on this layer is in the direction 
b-a while, on the side away from the wall, the shear force is in 
the direction b-c. Both of these forees have components per- 
pendicular to a-c and in the same direction. Thus the fluid at 
this level will have its momentum altered in such a way as to 
reduce the component of velocity perpendicular to a-c (‘‘cross- 
flow velocity’’) and thus progressively round out the angle 6 of 
the triangle, causing the boundary-layer profile to approach a col- 
lateral layer. 

In one of the earliest skewed boundary-layer experiments 
done in the Gas Turbine Laboratory [5] the profile was generated 
by causing a collateral profile formed on a pipe wall to flow into 
a revolving section of pipe. Measurements taken at the exit 
of the revolving section, which was several diameters long, 
indicated that the profile had indeed decayed to one that was 
nearly collateral relative to the moving wall whereas the profile 
at the entrance to the revolving section (which was not measured ) 

vas skewed about 45 deg. 

If we reflect that turbomachinery contains both of the skewing 
mechanisms referred to, it is clear that skewed boundary layers 
are prevalent in such machines. It is, in fact, evident that the 
ordinary or collateral boundary layer is the exception rather than 
the rule in these devices. It therefore becomes a matter of 
importance to inquire into the nature of the skewed boundary 
layer and the limitations thereby imposed on the operation and 
design of fluid machinery. 


Separation of the Skewed Boundary Layer 


The most important limitation imposed by the boundary 
layer is the high losses and unsteady flow which can result from 
separation at undesired locations. The geometry of steady sepa- 
ration of the collateral boundary layer is reasonably well 
understood and the condition for separation may be simply 
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described as the condition where the wal! shear stress vanishes. 
As will be shown, this criterion is not valid for the skewed bound- 
ary layer. 

Separation of a collateral boundary layer is often defined as 
“the phenomenon which occurs at the point where the shear 
stress vanishes” or ‘‘that which occurs where the wall boundary 
layer reverses in direction.’’ These definitions are of no value 
when the phenomenon under consideration is a skewed boundary 
layer. In this case there is no angle of skew? which can be 
associated with any phenomenon resembling separation and, 
furthermore, a phenomenon resembling separation can occur 
without the disappearance of the wall force and without any- 
thing which could be described as “backflow.’’ It seems useful 
to define separation in a way which will include the familiar 
separation of a collateral layer and which will distinguish between 
separated and unseparated flow with any type of boundary 
layer. 

As a step toward a definition,’ we will define a limiting stream- 
line. The direction of flow in a skewed boundary layer changes 
as the wall is approached. At the wall, the velocity is of course 
zero and the direction meaningless but at an infinitesimal distance 
from the wall there is an infinitesimal velocity and a definite 
direction. This direction defines (for steady flow) a set of limit- 
ing streamlines. In the case of the collateral boundary layer 
the limiting streamline direction is the same as the direction 
of the free stream and the concept is therefore unnecessary. On 
the other hand, the free-stream direction and the limiting stream- 
line direction are, in general, different in the case of a skewed 
boundary layer. 

Separation can now be defined as follows: 

Separation occurs when a limiting streamline leaves the wall; 
i.e., becomes a finite distance from the wall. 

This definition is essentially that of Maskell [6]. 
the familiar separation of a collateral boundary layer. 


It includes 
It also 
includes some phenomena which have not previously been 
associated with the word separation. For example, the phenom- 
enon which occurs at the trailing edge of an airfoil is definitely 
separation in the foregoing sense. Separation as presently defined 
For 
separation at an undesired location we may reserve the word 
“stall.” This latter word is a description of a partly subjective 
phenomenon, since the words undesired or undesirable imply 
inquiry into the mind of the user or designer rather than into 
the phenomenon itself. 


therefore does not necessarily connote any undesirable effect. 


A useful method of visualizing separation of a skewed boundary 
layer is to imagine a collateral boundary layer steadily separating 
along a line perpendicular to the flow direction. Let us now 
imagine, as before, that the wall starts moving along the line of 
separation. It is herein assumed that such a wall motion will 
not essentially alter the flow previously existing at right angles 
to the motion. If we view the flow from the moving wall we 
will have «a pieture of separation of a skewed boundary layer 
It is quite evident that the component of wall shear stress normal 
to the line of separation is still zero, but the shear stress now has 
In cases where 
the direction of the line of separation is unknown, the value or 


a component parallel to the line of separation. 


direction of the shear stress is evidently of no help as a criterion 
for separation. 

Let us now look at the limiting streamlines of our model of 
a separated boundary layer. This model comprises a separating 
collateral boundary layer with a wall motion at right angles to it. 
It is assumed that the wall motion changes essentially only 
components of velocity in the direction of wall motion. If we 
examine the limiting streamlines, it is clear that the velocity 


2? Note 180-deg skew indicates separation only in the case of a 
collateral boundary layer. 


3 Note the following argument is essentially that of Maskell [6]. 
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component in the direction of the original flow vanishes at the 
separation line and that therefore limiting streamlines become 
tangent to the line of separation when the boundary layer is skewed. 

If we exclude cases where separation occurs at a discontinuity 
in slope of the wall such as a sharp trailing edge, it appears that 
separation of a skewed boundary layer always results in tangency 
of the limiting streamlines which characterize Maskell’s [6] 
“ordinary separation point,” while separation of a collateral 
boundary layer is from a “singular point” or a line composed 
of such points. Only in this latter case does the shear stress 
vanish at the separation point. 

If we carry the model a little farther, it is clear that with a 
collateral boundary layer the separation line will be at right 
angles to the velocity vector while with a skewed boundary 
layer the separatign line, in general, will be oblique to the free- 
stream direction, and tangent to the limiting streamline. 

One of the properties of the collateral boundary layer is that 
separation can only occur in an “unfavorable” pressure gradient 
i.e., a static pressure which rises in the direction of flow of the 
main stream. In the case of the skewed boundary layer it is 
clear from the superposed model that the relation of the direction 
of the pressure gradient to the free-stream direction gives no 
information on the possibility of separation. 

It also appears that the pressure gradient in the direction of 
the limiting streamlines is likewise of little value in predicting 
separation. The superposition model suggests that the direction 
in which pressure gradient is important is the direction perpen- 
dicular to the separation line. Since this latter direction is 
usually unknown, this information, even if the superposition 
model were valid, would be of doubtful value. 

If we take a perpendicular to the surface at some point and 
trace streamlines backward from this line thereby generating a 
stream surface, it will be seen that the resulting surface for the 
collateral boundary layer will be plane and perpendicular to the 
wall. In fact any curvature of this surface would destroy the 
collateral nature of the boundary layer. Thus the collateral 
boundary layer is essentially two-dimensional, and derivatives of 
flow properties perpendicular to the stream surface must be 
small if not zero. A similar procedure for the skewed boundary 
layer will produce a twisted stream surface. It is clear that 
since this surface is not, in general, normal to the solid boundary, 
flow on this stream surface will be affected by shear forces from 
adjacent fluid. This reasoning suggests that the skewed bound- 
ary layer existing along a line perpendicular to the wall above a 
point on the wall is the result of actions which take place above 
a considerable area of the wall upstream of the point, while the 
collateral boundary layer at a point depends only on what 
happens to the flow immediately above a line on the wall up- 
stream of the point. 


Experimental Results 


Experimental skewed boundary layers have been obtained in 
the Gas Turbine Laboratory with three different types of appa- 
ratus. 

(a) A easeade of turbine nozzles Fig. 2 taken from reference 
[3]. This apparatus produced a skewed laminar boundary 
layer on the end wall. Fig. 3 is a sample polar plot. 

(b) A free jet impinging on a wall, Fig. 4 taken from refer- 
ence [4]. A sample polar diagram of the turbulent layer formed 
on the bottom wall of this apparatus is shown in Fig. 5. 

(c) A vaneless diffuser, Fig. 6. The results of investigation 
by Gardow and others with this apparatus have not been pub- 
lished yet but a sample polar plot of the resulting turbulent 
boundary layer is presented in Fig. 7. 

The following general conclusions can be drawn from this 
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Fig. 2 Turbine cascade 
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Fig. 4 Isometric view of test section of reference [4| 
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Fig. 5 Skewed turbulent boundary layer from reference (4) 


Rotating 
Screen > 


Measuring 


/ 
Boundary | Station 


Loyer 
Suction 


Main Flow 
Streamline | 


Fig. 6 Diagram of vaneless diffuser 
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experimental work. Fig. 7 Skewed turbulent boundary layer from vaneless diffuser 
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Fig. 8 Limiting streamlines and separation line from reference [4| 


1 The polar plot appears to be almost always triangular, 
indicating a collateral boundary layer near the wall and a quasi- 
collateral region further from the wall joined by a transition 
region. 

2 For cases where the skewed boundary layer is formed by 
turning a collateral boundary layer, the angle @ in Fig. 1(e) is 
reasonably well predicted by inviscid analysis [4]. 

3 Pressure rise in the boundary layer expressed in terms of 
the maximum velocity head has often been used as a criterion 
for separation 


This appears to be a very poor design parameter if the boundary 
layer is skewed. Fig. 8 taken from reference [4] shows limit- 
ing streamline directions with a line of separation to which 
all limiting streamlines become tangent. The pressure co- 
efficient on the line of symmetry is about 0.5 but near the edge 
of the free jet the pressure coefficient must be close to zero. 
Unfortunately no measurements were made in this region. 

4 The vortex sheet of reference [3] which is reproduced in 
Fig. 9 shows a phenomenon which according to our definition is 
a separation occurring in a nozzle where the pressure gradient is 
favorable. The resemblance to the “free vortex layer’ of 
Maskell is striking. It is concluded that an “unfavorable 
pressure gradient’’ does not necessarily accompany separation of 
a skewed boundary layer. 


Conclusion 


The skewed boundary layer is seen to have interesting prop- 
erties which differ in kind from those of the ordinary collateral 
layer. We believe that improved turbomachinery can result 
from a better understanding of these properties. 


1 H. B. Squire and K. G. Winter, ‘‘The Secondary Flow in a 
Cascade of Airfoils in a Non-Uniform Stream,” Journal of the Aero- 
nautical Sciences, vol. 18, 1951, pp. 271-277. 
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Fig. 9 Configuration of vortex sheet at corner 


2 W. R. Hawthorne, ‘Secondary Circulation in Fluid Flow,” 
Proceedings of the Royal Society, series A, vol. 206, 1951, pp. 374- 
387. 

3  Y. Senoo, “The Boundary Layer on the End Wall of a Turbine 


Cascade,’ M.I.T. Gas Turbine Laboratory Report No. 35, October, 
1956 

4 J. P. Johnston, ‘‘Three-Dimensional Turbulent Boundary 
Layer,” M.I.T. Gas Turbine Laboratory Report No. 39, May, 1957. 

5 A. H. Stenning, ‘“‘The Turbulent Boundary Layer in Spiral 
Flow,”’ SM thesis in Mechanical Engineering, M.I.T., 1951. 

6 E.C. Maskell, ‘‘Flow Separation in Three-Dimensions,”’ Report 
Aero 2565, Royal Aircraft Establishment, Farnboro, England, 
November, 1955. 

Y. Senoo, ‘Three Dimensional Laminar Boundary Layer in 
Curved Channels With Acceleration,”” M.I.T. Gas Turbine Labora- 
tory Report No. 37, November, 1956. 


DISCUSSION 
R. C. Dean, Jr.* 


This discusser welcomes this contribution of important re- 
sults from the Gas Turbine Laboratory’s long-term project on 
three-dimensional flow in turbomachinery. He is pleased to com- 
ment on this work since he had a small part to play in it during its 
early days. 

There is no doubt that this work has clarified our concepts of 
the skewed boundary layer, particularly, in view of the accumulat- 
ing evidence reported in this paper and in more detail and extent 
by Johnston [4], that many skewed boundary layers fit the tri- 
angular polar-plot model surprisingly well. In most turbo- 
machines, boundary layers lead quite short lives between great 
alteration and rebirth due to transit from a stationary to a rotat- 
ing wall, or shedding from blades or vigorous stirring by moving 
blade tips. Thus, we can expect that the characteristics of 
“newly formed”? skewed boundary layers reported in this paper 
will apply to almost all flow situations in fluid machines. 

Accepting then the widespread occurrence of the triangular- 
polar-plot skewed boundary layer, we are quite curious to know 
why the boundary layer demonstrates two remarkably different 
regions joined so abruptly that only a small transition region has 
been observed. The quasi-collateral nature of the outer region 
is understandable in a boundary layer skewed by turning, but 
what is the mechanism that produces the collateral layer near the 
wall? 

The inviscid secondary flow analyses of Squire and Winter and 
of Hawthorne lead to an increasing angle of skew as the wall is 


* Head, Advanced Engineering Department, Ingersoll-Rand Com- 
pany, Phillipsburg, N. J. Assoc. Mem. ASME. 
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approached. Surely viscous effects will attenuate this increase, 
but would they be expected to eliminate it entirely? The pres- 
sure forces that skew the outer region also act upon the inner 
region. How can this latter region sustain any pressure com- 
ponents normal to line a-b in Fig. 1(f}, without immediately de- 
veloping skew to produce a shear gradient at the wall which is 
necessary to balance the pressure-force component? Since such 
skew near the wall apparently has not been observed, perhaps the 
explanation is that the direction a-b is the direction of the pressure 
gradient in the main flow outside the boundary layer or at least 
close to the wall? These latter two directions are the same ac- 
cording to classical boundary-layer theory, but perhaps they are 
not the same in a skewed boundary layer. The discusser asks 
then whether the direction of line a-b has ever been compared to 
the direction of the pressure gradient ad the wall? In any event, 
he suggests investigation of the causes of the collateral region near 
the wall as a fruitful task. 

In addition, the sudden change in character at the polar triangle 
peak also requires further explanation. FE-ven if line a-b does align 
with the pressure gradient at the wall, that coincidence still 
would not explain the rather sharp peak; one would still expect a 
gradual transition. Of course, it must be remembered that the 
polar plot is greatly misleading relative to distance from the wall 
since the peak usually lies in the lower 10 per cent of the total 
layer thickness. However, the writer does not think that this 
distortion alone can explain the apparent, near-singular region 
between the two types of flow 

On considering separation, the statement is made in the paper 
that, the separation line “in general will be oblique to the free- 
stream direction and tangent to the limiting streamline.” Mas- 
kell [6] explains this matter in considerably more detail and defines 
two types of separation; “ordinary,” where the limiting stream- 
line is tangent to the solid surface and to the separation line at 
the point of separation, and “singular,” where the limiting stream- 
line need be tangent to neither the surface nor the separa- 
tion line. With the former type, only the shear stress (or velocity 
gradient normal to the wall) component normal to the separation 
line vanishes at the separation point, while the component parallel 
to the separation line remains finite. In the latter case, the shear 
stress vanishes totally at the separation point. Maskell admits 
and illustrates cases where singular points of separation can exist 
on a line of ordinary separation, but does not consider lines of 
singular separation except in two-dimensional flow. 

It is true by definition that a collateral (or two-dimensional) 
boundary layer must separate along a line normal to the flow 
composed of singular separation points. Such behavior appears 
to be achievable in careful experiments (for example, see Clauser®). 
On the other hand, it does not seem to be true, necessarily, that 
skewed boundary layers can separate only in the ordinary fashion 
or along a line of ordinary points containing discrete singular 
points. Is it not possible that a skewed boundary layer could also 
separate along a line of singular points as does the collateral 
boundary layer? In the skewed boundary layer, the limiting 
streamline could join a line of singular separation at any included 
angle between 0 and 90 deg with the only condition that the wall 
shear stress must vanish at juncture. This condition means that 
both orthogonal components of the shear stress must vanish at 
juncture and further, if the included angle is to be between 0 and 90 
deg, the shear components must vanish at the same rate at junc- 
ture. We see then that the occurrence of a line of singular separa- 
tion, particularly with oblique incidence of the limiting stream- 
lines, requires very special, but, as far as we have been able to de- 
termine, physically possible conditions. The uniqueness of the 
required conditions explains, probably, why no one has yet re- 

‘F. H. Clauser, ‘“Turbulent Boundary Layers in Adverse Pressure 
ee Journal of the Aeronautical Sciences, vol. 21, 1954, pp. 
91-108. 
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ported a confirmed case of a singular separation line in a skewed 
flow. 

Separation is well defined in the paper and includes stall as a 
sub-phenomenon. Stall is commonly considered to lead to detri- 
mental results—high losses, unsteadiness, flutter, and so forth. 
As the author states, the definition of “detrimental results” re- 
quires inquiry into the mind of the user or designer rather than 
into the phenomenon itself. However, in practice, it is usually 
quite clear when “detrimental results” ensue, for the per- 
formance of the device then degenerates catastrophically. Of 
course, one can have a little bit of stall and it even may do some 
good to stir up and exercise a tired flow (see Kline, Abbott, and 
Fox‘). 

It does appear that there is a connection between the type of 
stall and the severity of its consequences. Ordinary separation in 
a skewed boundary laver usually appears to be stable and mild in 
consequences; stall bubbles are rarely associated with this type 
of flow. In contrast, singular separation of collateral boundary 
layers usually has eddies or stall bubbles in association. These 
accumulations may be stationary, quasi-stationary, or of the 
shedding variety. It is these eddies that commonly cause most of 
the detrimental results in fluid flow for they are composed of 
relatively slowly moving fluid which produces large-scale mixing 
and consequent losses in the bounding main flow. It is interesting 
to note that the cases where large losses and major unsteadiness 
occur appear to involve singular separation; these are two-dimen- 
sional flows and the presence of sharp edges on the solid bound- 
ary. As Maskell [6] points out, the latter case can easily exhibit 
singular separation. Kline's’ investigations of diffuser stall can 
be explained likewise. In this case, as long as the stall bubbles or 
eddies remained smaller in transverse extent than the depth of the 
diffuser, no large-scale disturbance occurred; however, when the 
stall bubbles grew to the depth of the passage, by amalgamation 
or otherwise, then large-scale transitory stall commenced with a 
great depreciation of performance. It is suggested here that, 
when the stall eddy blocks the entire depth of the duct, perhaps 
the separation becomes singular and unsteady due to the loss of 
the governing action of shear at the separation point. 

Perhaps the designer should always configure his passages to 
insure some skew in the boundary laver giving it an extra degree 
of freedom to avoid catastrophy. Certainly further clarification 
of separation in generalized flows will be an important contribu- 
tion and likely will hold the key to many unresolved fluid-flow 
phenomena. 

Finally, the author points out that the common separation 
criteria for two-dimensional flows are of little value in skewed 
flows. Since most flows of practical interest are skewed, this 
conclusion explains why conventional boundary-laver theory is of 
so little direct use to the applied fluid mechanic. The significant 
bastion of applied fluid mechanics is the three-dimensional, tur- 
bulent boundary layer; it still remains virtually unassaulted. 
For his widening of the small breach in this subject, the author is 
to be congratulated. 


H. P. Eichenberger® 


The author has presented a complicated topic in a very simple 
manner. The observation of the peculiar triangular relationship 
between crossflow and boundary-layer velocities is, at first, 
surprising and then, after second thought, one wonders that this 
has not been found earlier on purely theoretical grounds. This 


6S. J. Kline, D. E. Abbott, and R. W. Fox, “Optimal Design of 
Straight-Walled Diffusers,” published in this issue pp. 321-331. 

78. J. Kline and P. W. Runstadler, “Some Preliminary . Results 
of Visual Studies of the Flow Model of the Wall Layers of Turbulent 
Boundary Layer,” Journal of Applied Mechanics, vol. 26, Trans. 
ASME, vol. 81, 1959, pp. 166-170. 

* Chief System Engineering, Tapco, Thompson Ramo Wooldridge, 
Cleveland, Ohio. 
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impression of obviousness is, of course, the mark of great observa- 
tions or ideas. 

A few words will be said to explain qualitatively how such a 
velocity distribution can be expected on theoretical grounds: 

Researchers in turbulent boundary layer have written the 
complete differential equations including the averaged turbulent- 
velocity products (e.g., Townsend’). These equations are so com- 
plicated that the tendency is very strong to neglect some terms 
on the grounds that they are small as compared to others. 

Measurements have shown that a two-layer model repre- 
sents the facts surprisingly well; in the layer near the wall viscous 
dissipation is very large and the boundary layer adjusts imme- 
diately to new conditions; i.e., main-flow inertia is negligible. 
In the outer layer the phenomena depend on the history of the 
flow as they do in inviscid flow.’ In this region viscosity has 
no influence upon the secondary-flow velocity and therefore 
Hawthorne's inviscid secondary-flow theory can be applied which 
leads to the straight line in the outer region of the boundary 
layer. Surprising remains the short transition region; an indi- 
cation that Townsend's two-layer, boundary-layer model applies 
also to three-dimensional boundary layers as well as it does to 
two-dimensional boundary layers. 


A. G. Hansen'’ 


This paper is interesting in that it provides another basis for 
understanding the behavior of the three-dimensional boundary 
layer. At present there is a need for simple representations such 
as afforded by the author’s triangular polar plots. Hopefully 
such representations would be applicable to numerical or “ap- 
proximate” methods of analyzing the boundary-layer equations. 

The experimental data presented in this paper seem to support 
the “triangular-plot” concept quite well. In addition, it would 
be interesting to determine if the results of theoretical solutions 
of the boundary-layer equations give similar results. In order to 
investigate this matter (at least in a preliminary fashion) polar 
plots were made of several exact solutions based on the analysis 
presented by Hansen and Herzig.!! The boundary-layer flows 
investigated'' arise from main-stream flows over a flat plate such 
that the streamlines of the flow are translated. The orientation of 


§ A.A. Townsend, “The Structure of Turbulent Shear Flow,’’ Cam- 
bridge University Press, Cambridge, England, 1956, p. 232. 

Head, Nucleonics Section, Cornell Aeronautical Laboratory, 
Buffalo, N. Y. 

tA. G. Hansen and H. Z. Herzig, ‘‘Cross Flows in Laminar In- 
compressible Boundary Layers,”” NACA TN 3651, February, 1956. 
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Fig. 10 Co-ordinate axes for flow over surface 
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the co-ordinate axes employed is shown in Fig. 10. The velocity 
components of the main stream are given by 


U = const = Uy (z-component) 
W = const (2-component) 


If we designate by u, w, and v the boundary-layer velocity com- 
ponents in the z, z, and y-directions, respectively, the solution of 
the three-dimensional boundary-layer equations for this problem 
is given by 

= (n) 

= WP(n) 

= — 


where 


F(n) Blasius function 
P(n) function tabulated in Hansen and Herzig" 
n = y(Uo/vr)'/* 


We now consider a flow defined by 


J] =1 
W = 


The streamlines of this flow are the family of parabolas 
z = x? + const 


Polar plots are now calculated at the positions z = '/4, 2 = 4/2, 
and z = 1. The results are shown, respectively, in Figs. 11, 12, 
and 13, herewith. The small circles on each plot correspond to a 
point approximating one quarter of the boundary-layer thickness. 
The figures show that there is a transition from a smoothly curved 
plot, Fig. 11, to plots which correspond more closely to the tri- 
angular plots of the author. The changing shape of the patterns 
can be explained qualitatively as follows: Near the leading edge 
of the plate (cz = '/,) the pressure gradient of the main stream 
acts in such a manner as to cause rapid overturning of the 
boundary layer. ' As the flow progresses farther downstream, the 
direction of the pressure gradient is such that the component 
causing overturning is decreased while the component causing 
acceleration of the boundary layer is increased. 


0.5 40 


Fig. 11 Polar plot at x = 1/4 (streamlines: z = x® + const) 


1.0 
Fig. 12 Polar plot atx = 1/2 (streamlines: z = x* + const) 


os 1.0 2.0 


Fig. 13 Polar plot at x = 1 (streamlines: z = x? + const) 
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As another illustration, we choose a main-stream flow defined 
bv 


U = 
W = 32? 
The main-flow streamlines are given by 


z = z' + const 


The polar plot of the boundary-layer solution is evaluated a 
x = 1 and the result given in Fig. 14. The triangular nature of 
this plot is quite evident. 


Fig. 14 Polar plot at x = 1 (streamlines: z = x* + const) 


In conclusion, the theoretical solutions suggest that the tri- 
angularity of a polar plot may well depend on the position in the 
How field at which the plot is made. Near the point of origination 
of the secondary flow, the results indicate a fairly pronounced 
deviation from this condition. At points farther downstream, the 
condition appears to be more closely realized. 


J. P. Johnston'* 


In this paper, the author has presented a valuable contribution 
to the understanding of the complex field of three-dimensional, 
boundary-layer flows. Of particular interest is his discussion 
of separation of skewed boundary layers and the concept of the 
triangular polar plot which indicates the existence of a collateral 
region in the laver near the wall and a quasi-collateral region far- 
ther from the wall. With respect to the triangular-plot concept, 
we have a few comments. 

It should be pointed out that the preponderance of the data 
used to show the generality of the triangular polar plot model 
is from experiments under conditions of turbulent flow. As a 
matter of fact, the only known measured skewed velocity profiles 
in laminar flow are those of Senoo,'’ one of which is shown in 
Fig. 3 of the paper. Of course, many theoretical laminar-flow 
solutions of skewed flows have been developed. A study of these 
theoretical solutions in the polar plot form gives no indication of 
simple triangular model. 

Since Senoo’s work is the only one available where laminar-flow 
theory and experiment can be compared, it is useful to present it 
in more detail. This is done in Fig. 15 which shows three polar 
plots taken along the center line of the turbine cascade passage 
isee Fig. 2 in paper). It is suspected that the data at station 4 
are the same as those of Fig. 3 in the paper. Station 3 is about 
one third of the distance upstream from station 4 (measuring 
station in Fig. 2 of the paper) to the blade leading-edge plane, 
and station 5 is downstream of station 4 about halfway to the 
plane of the blade trailing edges. 

Shown on the figure, in addition to the data, are lines indicating 
the best fit of the triangular model to the data, the linearized in- 
viscid theory (references [1] and [2] in the paper) and Senoo’s 
laminar boundary-layer solution. Note that Senoo’s theory pre- 
dicts the same polar plot at all three stations. At stations 3 and 4, 
Senoo’s theory does not fit the data anywhere but near the wall 

2 Ingersoll-Rand Company, Phillipsburg, N. J. 

‘3 Reference [3] in the paper is now available as Y. Senoo, ‘‘The 
Boundary Layer on the End Wall of a Turbine Nozzle Cascade,” 
Trans. ASME, vol. 80, 1958, pp. 1711-1720. 
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Fig. 15 Polar plots of data of Senco along center line of end wall of a 
turbine cascade, Ref. |3| in paper 


(i.e., where u/U is small). However, it does seem to fit the data 
fairly well downstream, station 5, except near the wall. Con- 
versely, the linearized inviscid theory fits the data (in the outer 
part of the layer where it should be valid) quite well upstream at 
station 3, but not at all farther downstream 
simple triangular model fits the data fairly well. 

The failure of Senoo’s theory to fit the data at upstream loca- 
tions can be explained by the fact that it gives a very poor repre- 
sentation of the real upstream boundary conditions in that it 
allows no upstream condition where the main flow is uniform and 
parallel and where the boundary layer is collateral. It should be 
noted that at station 5 where the theory seems to coincide with 
the data in the polar plot, it corresponds rather poorly with the 
cross-flow data when plotted against distance from the wall 
Also note that, as pointed out in the foregoing, the shape of the 
laminar-flow solution of Senoo gives no hint of the triangular 
nature of the polar plot. 

The failure of the linearized inviscid theory is correctly ex- 
plained by the author where he states that this theory is only valid 
for small angles of turn. 


In all cases the 


In the case of the experiment, the main 
flow angle of turn @ was 17 deg at station 3, 43 deg at station 4, 
and 61 deg at station 5. All of which, except that at station 3, 
are much too large for the use of the inviscid theory. 

In view of the points made here, one must come to the following 
conclusions: 


1 In the case ot laminar skewed boundary layers, there is not 
enough experimental evidence to justify the use of the triangular 
model nor is there basis in established laminar theory for such a 
model. 

2 In laminar (or turbulent) skewed boundary layers the use of 
the linearized inviscid theory is invalid, except when the main- 
flow turning angle is small. 


Despite these points of difference in detail, we feel that this 
paper captures the essence of a great amount of work and think- 
ing on the problem of the skewed boundary layer in a form that 
should stimulate much thought. It is hoped that it will lead 
others to investigate this complex subject. 
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Author’s Closure 


Our present knowledge is sufficient to answer some of the inter- 
esting questions raised by Dr. Dean. The line a-b, Fig. 1(f), is 
the direction of the limiting streamline. This direction differs, in 
general, from the direction of the pressure gradient at the wall. 
For example, the limiting streamlines in a vaneless diffuser are not 
radial. In fact, they tend to be more nearly tangential. 

In speaking of the polar triangle, it must be remembered that 
this concept is not a physical fact but merely a convenient de- 
scriptive device. The small extent of the transition region re- 
mains a puzzle. The author agrees with Dr. Dean that the case 
of separation along a line of singular points oblique to the flow 
direction is very improbable. 

In discussing the difference between ordinary separation of a 
skewed boundary layer and singular separation of a collateral 
layer, it must be remembered that the collateral layer is merely a 
special case of the skewed boundary layer and the distinction be- 
tween the two in any practical case must be quantitative (how 
much skewing?) rather than qualitative. In the author’s experi- 
ence, highly skewed boundary layers do often separate without 
the catastrophic results which sometimes accompany the separa- 
tion of a collateral layer. On the other hand, a collateral 
boundary layer may also separate without greatly altering the 
pressure distribution associated with potential flow. 

The comments of Drs. Hansen and Johnston regarding the ap- 
plication of the polar triangle to laminar boundary layers are well 
taken. The author’s experience with this subject is admittedly 
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very limited. Moreover, the author finds it difficult to say which 
of Dr. Hansen’s polar plots, Figs. 11, 12, 13, or 14, can be repre- 
sented more closely by a triangle and therefore hesitates to agree 
with Dr. Hansen’s conclusion. Perhaps a word or two is in order 
on the fitting process. Clearly any reasonable shape of polar 
plot can be approximated by two straight lines. The choice of 
two slopes gives quite a bit of latitude. If in addition we can 
arbitrarily choose a point on one of the straight lines as well as its 
slope, a still better fit is possible. This explains the difference be- 
tween Dr. Johnston’s Fig. 15 (station 4) and Fig. 3 which is indeed 
a representation of the same data. In the original reference [13] 
the co-ordinate system was taken along the center line of the pas- 
sage, and crossflow measured with respect to the tangent to the 
center line at the point of measurement. Dr. Johnston evidently 
retained this co-ordinate system. The author assumed that the 
edge of the boundary layer was defined by the point at which the 
magnitude of the velocity became measurably smaller than that 
of the free stream and defined his co-ordinate system from the 
measured direction at the edge of the boundary layer. It is 
therefore not surprising that Fig. 3 shows a somewhat better fit 
than Fig. 15. 

Dr. Johnston’s remarks about the application of Senoo’s theory 
to “data at upstream locations’’ deserves a word of comment. 
This theory is specifically designed to give information about 
boundary layers with reasonable length of approach. It would 
be fortuitous if this theory gave good predictions at “upstream 
locations’ where the assumptions of the theory are far from valid. 
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STEPHEN J. KLINE 


Associate Professor of 
Mechanical Engineering, 
Stanford University, 

Stanford, Calif. Mem. ASME 


On the Nature of Stall 


The physical data available on the problem of stall are reviewed. The discussion is 
centered on the problem of flow in passages. 
visual data showing flow patterns as a function of geometrical parameters. These data 
lead to a view of stall as a spectrum including three or possibly four major types of flow 


patterns; these patterns involve both transientand steady elements. A qualitative param 
eter is formulated which provides a classification for the major types of stall. It is shown 
that this parameter and its underlying concepts are useful in rationalizing known but 
previously inexplicable results and in obtaining important qualitative predictions. Com 
parisons between the predictions of boundary-layer theory and the actual systematic stall 


Tes PROBLEM of stall? is a very old but very impor- 
tant and definitely unsolved problem. In fact, a recent survey 
{1]* has suggested that it is perhaps the most important single 
unsolved problem of fluid mechanics bearing on mechanical 
engineering design applications. This paper has a dual purpose: 
(a) To provide in so far as possible a comprehensive simple physi- 
cal picture of whut occurs in stalling flows; (b) to compare this 
physical picture with the various types of results and data from 
available approaches to this problem in an attempt to point up 
both the available correlations and the disparities between 
known results and available theory. The bulk of the discussion 
is centered on the flow in passages, and the related problems of 
external flow are discussed only briefly. 


! This work is currently continuing under the financial sponsorship 
of the Air Force Office of Scientific Research of the Air Research and 
Development Command, Contract AF49(638)-295. Reproduction in 
whole or part for any purposes of the United States Government is 
permitted. Support of earlier portions of the work relating to the 
underlying references was provided by the National Advisory Com- 
mittee for Aeronautics and also the Small Aircraft Engine Depart- 
ment of the General Electric Company. 

? The term stall in the present paper refers to any backflow at a 
wall whether small or large, transient or steady. 

3 Numbers in brackets designate References at end of paper. 

Contributed by the Fiuid Mechanics Subcommittee of the Hy- 
draulics Division and presented at the Annual Meeting, New 
York, N. Y., November 30-December 5, 1958, of THe AMERICAN 
Socrety oF MecHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 28, 1958. Paper No. 58--A-170 


data of passages are given. 


An attempt is made to discuss not only the question of whether 
stall will occur, but also what happens in a passage containing 
appreciable areas of stall. This latter matter has been little 
discussed and is very poorly understood. 

Very good and reasonably recent summaries of the literature 
have been given on a number of separate but related topics. 
The data available on turbulent shear layers and turbulence 
have been admirably summarized by Townsend [2], the attempts 
at empirical correlations of turbulent boundary layers by Ross 
[3], and the concept of and data on “equilibrium” turbulent 
boundary layers by Coles |4| and Townsend [5, 2]. Older 
turbulent-boundary-layer methods and a large amount of 
correlated data are given by Schlichting [6], and an extensive 
compilation of data on airfoils is given by Abbott and Doenhoff 

The considerable implications of the following material in the 
design of diffusers are largely omitted from the present paper, and 
are treated instead in a companion paper [8] and its underlying 
references [9, 10]. The fundamental question, “Why do some 
of the strange flow patterns reported for apparently well behaved 
turbulent boundary layers occur?’’ is treated primarily in a 
separate paper by the author and P. W. Runstadler [11]. 


1 PHYSICAL DESCRIPTION OF STALL 
Classical Pictures of Stall and Older Data 


The modern description of the process of flow separation or stall 
stems directly from Prandtl’s boundary-layer concept. The 


total energy stored in a unit mass 


The emphasis is placed on systematic 
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temperature (absolute) 


local velocity, u = u(z, y) 


between diffuser walls 


displacement thickness of bound- 


e, = internal thermal energy per unit u’ = rms value of fluctuations in ary layer 
mass U = free stream velocity, U = U(x) 6, = momentum thickness of boundary 
i x Op v = local velocity normal to wall layer 
dz = rms value of fluctuations inv = w,/w, 
h = width of stall area at exit in fully V = a velocity in flow p = density 
irection 
H = 5*/0,, form parameter uw», = backflow rate of stalled fluid 7” a of wall layers 
L = length of diffuser walls w, = maximum possible rate of steady - = (2L, " 1) sin 8 
p = static pressure removal of stalled fluid by en- M = viscosity 
Q = heat transfer trainment ), = exit of diffuser 
R, = radius of diffuser throat (conical) W, = width of diffuser throat (two-di- ). = wall conditions 
_* Reynolds number based on throat mensional) ), = local conditions distance y from 
velocity V; and width W, W, = thermodynamic work wall 
8 = entropy per unit mass 20 total included angle of divergence ), = inlet conditions at throat of dif- 
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original derivation of the pertinent equations is available in 
English [12]. Prandtl’s ideas are shown in Fig. 1, taken 
from the transcriptions of Prandtl’s lectures by Tietjens [13]. 

Several ideas implicit in the model of stall shown in Fig. 1(c) 
are important to the present discussion: (a) It implies a steady, 
two-dimensional flow pattern. Of course, many workers have 
recognized that this is only an approximation, but for the most 
part the over-all model has been accepted without appreciable 
modification, and this acceptance inherently assumes that at 
least the major elements of the flow pattern are believed to be 
describable by a steady two-dimensional model. This assump- 
tion in turn has led to the formulation of the analytical criterion 
of stall as the point at which the derivative (du/dy),.0 = 0; 
this of course is equivalent to zero wall shear since 


and yp is finite. 

Proceeding on this basis a very large number of attempts have 
been made to predict the actual occurrence of stall from the 
boundary layer equations. In general, these attempts can be 
summarized in the following way: If the boundary layer is 
laminar, the prediction gives a reasonable result a satisfactory 
percentage of the time. However, it has long been known that 
even in this case a considerably more accurate result is achieved 
if the pressure distribution employed is that measured in the 
actual flow rather than that predicted from potential flow. 
The explanation for this rests in the fact that when a stall such 
as that shown in Fig. 1(c) occurs the entire flow pattern, in- 
cluding the pressure distribution, is usually greatly altered from 


that given by potential flow. For example, the wonderful 


Due to effect of friction flow stalls 
at III; backflow on wall occurs at IV, 


Fig. 1(b) Development of boundary-layer velocity profile in adverse 
pressure gradient (vertical scale exoggerated) due to effect of friction 
flow stalls at Ill; back flow on wall occurs at IV. 


Edge of boundary layer 
Mainstreas 


Fig. 1(c) Classical stall model 
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movies taken by Allborn under Prandtl’s direction at Géttingen 
years ago show very clearly that, on the airfoils pictured, the stall 
does not start near the same point where it finally comes to 
rest; instead the stall begins in these cases very near the tail 
of the airfoil section shown and builds up gradually. In this 
process the main stream is forced away from the wall, thereby 
altering the pressure distribution at the surface. The stalled 
area gradually moves forward on the airfoil as it increases in 
size until a new equilibrium of sorts is achieved with an entirely 
new flow pattern like that shown in Fig. l(c). This pattern of 
Fig. 1(c) will be called the “classical stall model,” and for reasons 
that will appear later, it also will be referred to in the following 
as “fully developed stall.”’ 

The situation in the case of the turbulent boundary layer 
however has been and remains quite different. In this case, 
it is safe to say that no adequate prediction method has been 
developed although a number of varying methods have been 
tried exhaustively. This conclusion is reiterated both by Clauser 
{14] and Robertson, et al. [15] in recent and extensive efforts 
using similarity and empirical methods, respectively. Still 
more recently Coles [4] and Townsend [5] have calculated the 
conditions for what Coles calls a “continuously separating” 
equilibrium layer and Townsend takes to be the upper limit of 
possible equilibrium profiles, but these ideas have not yet received 
empirical verification in so far as stall is concerned. They will 
be compared with over-all data in Section 3. 

It is, of course, also well known that if a real fluid is made to 
flow past a sharp corner, as shown in Fig. 1(d), it will stall 
abruptly and a recirculation will be encountered very roughly 
as pictured. However, the details of the recirculating flow in 
the corner do not appear to have been studied carefully. 

The study of stall on airfoils and in caseades also has shown 
that a stall can occur abruptly from a point at or near the leading 
edge at high angles of attack as shown in Fig. 1(e). Such stalls 
usually oceur on thin plate-like airfoils while the type described 
in the foregoing and shown in Fig. 1(c), and in the Prandtl 
movies, normally occurs on thick airfoil sections. Usually, 
the sharp stall on thin airfoils occurs where the boundary layer 
is still laminar, and the type of stall that commences at the rear 
section of the airfoil begins in a turbulent layer. 

A number of observers also have recorded laminar stall bubbles 
that are relatively stationary and occur near the leading edge of 
an airfoil or cascade blade. These usually lead to transition in 
less stable free shear layer, and then to reattachment of the 
turbulent laver so generated. In cascade practice this is known 
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Opposite recircuiation or 3 dimensional 
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Fig. 1(d) Abrupt stall at a sudden expansion 


Fig. I(e) Stall near leading edge of thin airfoil at high angle of attack 


Transactions of the ASME 


Ou 
r= 
Ou] y= 
| 
—edge of boundary layer 
\ 
Fig. Prandtl's boundary layer concept 
Mainfl 
/ 
u 
Main 
Iv recir- ~ 
culating 
~ 
Vv 
| 
rte : 


as low Reynolds-number stall as opposed to high Reynolds- 
number stall that usually occurs in the turbulent portion of 
the layer farther downstream. 


Recent Results in Diffusing Passage Flows 


In 1954, C. A. Moore and the author undertook systematic 
visualization studies of the flow patterns found in straight- 
P walled diffusers as a means for learning more about the nature of 


a-a Line of appreciable-stall the flows encountered and for developing good wide-angle 
bb teantehen between transitory and fully-developed subsonic diffusers. The latter result has been largety achieved, Si 
to and the results are given in [8-10]. However, the studies of 
4-4 Transition free jet flow to fully-developed stall the nature of the flows found are still continuing. The history 
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Pig. 24 Each pair of squares represents the diverging walls as seen looking out a. 

from inside the diffuser. = intermittent transitory stall; T = transitory 
cua stall; TIF = transitory stall with intermittent fixed stall; FIT = fixed stall & 


with intermittent transitory stall; F = stable fixed stall. R. = 2.4 
(above 4-4 Fig. 2a) 105, L/W, = 8.0, W; = 3.00 in. 
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= Fig. 2(f) Sketches of successive flow patterns of stall as divergence 
angle is increased 


Fig. 2(b-e) Schematic diagrams of regimes of diffuser flow 
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of these studies is given in {16, 8, 9, 17, 18]; the major results are 
summarized in the following. 

The flow-regime data found are shown on Fig. 2(a). This 
figure includes not only the data from a water table and a separate 
air unit [9, 10], but also more recent unpublished data taken 
on another water table by D. C. Briggst and D. Gage* under 
the author’s direction. Fig. 2(a) amounts to an allocation 
chart showing four major regimes of flow that occur in symmetric, 
plane-walled two-dimensional diffusers. Beginning from the 
bottom of the figure these are called, respectively: Apparently 
unstalled flow, Fig. 2(b); large transitory stall, Fig. 2(c); fully- 
developed stall, Fig. 2(d); and jet flow, Fig. 2(e). 

The line a-a in Fig. 2(a) was located initially by use of movable 
dye injectors of roughly '/s in. diam at some distance from the 
wall in low-speed water flow. Line a-a corresponds to the 
location where clearly distinguishable back-flows can first be 
found over such an injector in the boundary layer. Thus the 
line a-a marks the initial appearance of large stalls in the sense 
that one whole area of flow, of the order of magnitude of the 
boundary-layer thickness, reverses direction temporarily. 

The region between lines a-a and b-b is called “large transitory 
stall’ and the entire region is characterized by large, low fre- 
quency stalls that come and go in time. It is to be emphasized 
that this transitory pattern persists indefinitely when the geometry 
of the diffuser lies in the zone indicated. 

Initially, the line a-a was called the line of ‘first stall,’’ and 
it was also more or less accepted that the demarcation line 
between stall and no stall was relatively sharp and definite as 
suggested by the generally accepted model. However, further 
investigation revealed that neither of these conventional ideas 
corresponded with what was actually observed. In reality, 
some stalls do occur very near the wall far below line a-a in 
Fig. 2(a) and the change from a potential-flow, boundary- 
tayer-type pattern to a transient-stall pattern is relatively 
gradual. However, the stalls® that occur below line a-a are of a 
different type; this type of stall involves only the wall layers of 
the boundary layer (sublayer and buffer layer), and is apparently 
an inherent part of the structure of the turbulent boundary 
layer with moderate and strong adverse pressure gradients. 
Under these conditions small “streaks of stall’ occur regularly 
very near the wall, are caught up by the main stream, and are 
swept back downstream. The streaks form part of a regular 
but transient three-dimensional pattern that is repeated over 
the entire wall [11]. At about line a-a they are no longer 
swept away immediately, and they begin to accumulate into 
large areas of stall. 

A typical pattern of flow including small streaks of stall in the 
wall layers is shown in Fig. 3. This is a photograph obtained 
by a visual method called the needle-trace technique. In this 
method® a line of dye is placed on the wall with a 6-in-long, 
0.010-in-ID hypodermic needle attached to a standard medical 
syringe. The dye then follows the fluid motion making visible 
the layers very near the wall. Further discussion of 
patterns and their implications are given in [11]. 

Between lines b-b and c-c of Fig. 2(a), the flow pattern is that of 
an asymmetric fully developed steady stall as shown in Fig. 2(c). 
The particular wall on which the stall appears is arbitrary, in 
symmetric configurations, and is due to some very small initial 
effect. that is often extremely hard to trace. This implies that 
stability considerations are important in such a flow. The 
fully developed stall pattern corresponds to the classical stall 
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Fig. 3 Wall layers of turbulent boundary just downstream from a point 
of minimum pressure. Dye visualization of wall layers [11]. Flow 
direction right to left, original dye trace placed on wall normal to flow. 


pattern first propounded by Prandtl and sketched in Fig. I(¢). 
It is emphasized that this pattern is relatively steady with far 
less flow fluctuation than occurs in the large transitory stall 
region or even in the upper part of the apparently unstalled 
regime. Some unsteadiness does occur in the mixing region 
between lines F-G and F-H in Fig. 2(d); it embodies the well- 
known features of discrete vortex roll up and break down, and 
some unsteadiness near the nose of the stall area occurs at 
angles just above line b-b. However, the major flow pattern is 
relatively steady. 

The location of line b-b is affected materially by the amount of 
disturbances in the inlet. The available tests suggest that any 
type of large-scale fluctuations in the inlet flow is about equally 
effective in raising the line b-b. Line a-a, on the other hand, 
is much less affected by turbulence level except at very low 
L/W), and high 26. 

The jet-flow pattern, Fig. 2(e), is also relatively steady. The 
slopes of the lines a-a and b-b in Fig. 2(a) are negative while the 
lines c-c and d-d are positive; this qualitative difference to 
the same parameters suggests the presence of some different 
kind of governing mechanisms. The zone 
and d-d, Fig. 2(a), is a hysteresis region; 


lines 
increasing angle at 
constant L/W, shows transition from fully developed stall to 
jet flow at line c-c, decreasing angles shows transition at line d-d. 


between 


Such behavior again suggests the importance of stability con- 
siderations. 


Summary of Physical Picture in Passage Flows 


The flow patterns discussed in connection with Fig. 2(a) 


ean best be described either as a spectrum or as a series of stages 
with continuously increasing amounts of stall occurring #s 
either the divergence angle or the length-to-width ratio of the 
passage is increased. This spectrum begins at very low angles 
and continues to very high values; it encompasses major pat- 
terns that are steady and transient, symmetric and asymmetric, 
and two and While the transitions from 
one pattern to another are relatively continuous, the lines a-a 
and b-b have considerable meaning for design purposes as is 
explained in detail in [8], and the difference in over-all flow 


three-dimensional. 


pattern between the center of any two adjacent zones is quite 
significant. Systematic pictures of the flow patterns from wall- 
tuft observations in a two-dimensional air unit with a Reynolds 
number based on throat width of 240,000 are shown in Fig. 2(f). 
This figure is from the results of Cochran [10], and it shows quite 
clearly the continuous growth of stall and the large alteration in 
flow pattern as angle is increased at constant L/W). 
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Effects of Nongeometrical Parameters 


The author’s initial reaction to Fig. 2(a) was that the various 
lines on it would probably shift as a function of other variables. 
However, further tests revealed that the lines a-a and b-b were 
at most very weakly dependent on Reynolds number over the 
range from 6000 to at least 300,000 based on throat width and 
mean throat velocity. It also was found that it was essentially 
independent of the aspect ratio of the throat for flat diffusers 
with aspect ratios from 1:4 in one direction to 20: 1 in the other. 

It was still felt that the result of Fig. 2(a) would probably be 
grossly altered by changes in inlet boundary-layer conditions 
since all the tests by Moore [9] and Coebran [10] were run with 
thin turbulent inlet boundary layers. However, preliminary 
water-table investigations during late 1957 suggest that the 
flow regime is altered much less than might be expected due to 
relatively large changes in inlet boundary-layer conditions.’ 
These results on inlet conditions are partially substantiated by 
the work of Copp [32], Uram [30], and Norbury (unpublished), 

Data on the effect of Mach number are even more meager, 
amounting to only a few points; however, these data suggest 
that only a small lowering (5-10 per cent) in line a-a occurs due 
to increases in Mach number up to the condition where shock 
waves and choking effects are encountered. 


Relation Between Flow Regimes and Performance 


At this point the reader is cautioned that the preceding remarks 
apply only to flow regime and not to performance; that is, 
performance, as measured in terms of static pressure recovery or 
effectiveness, is dependent on Reynolds number, aspect ratio, 
inlet boundary-layer conditions, and Mach number. In other 
words, performance is a function of a larger number of variables 
than flow regime. 


Comparison of Data With Classical Concepts Includ 
Results in Vaned Passages 


Most calculations of stall do not depend on the geometrical 
parameters shown in Fig. 2(a), but instead attempt to compute 
what happens to a given boundary layer as it proceeds down a 
wall under specified free-stream pressure variation and inlet 
boundary-layer conditions. In order to compare the concept 
of stall as a series of stages more directly with such calculations, 
a test was made employing a flexible lucite wall in a water table 
as shown in Fig. 4. By adjustment of the displacement at point 
B in Fig. 4, it is relatively easy to adjust the rate of develop- 
ment of stall to give a fully developed stall just upsiream of point 
B. Using a needle-trace technique to examine the successive 
flow conditions found, it was observed that the boundary layer 
progressed from a normal turbulent boundary layer in a favorable 
pressure gradient at A, through the conditions seen for a tur- 
bulent layer in an adverse pressure gradient, A-C, where small 
local transitory streaks of stall occur, then to a condition where 
large fluctuating stalls occurred (in the floor corner in this case), 
and finally to a fully developed stall where the entire flow on 
the wall was reversed. This result shows that the same series of 
stages of stall development can occur as a function of down- 
stream distance as those found by systematic geometrical 
variation of straight-walled channels. 

Thus while it is possible to obtain a clear-cut stall at a given 
location, as for example in Figs. 1(d) and 2(d), this type of stall 
apparently occurs in internal flow only when wall curvature is 


7 These results on inlet are definitely preliminary and should be 
regarded as such until systematic studies now in process are com- 
pleted. 
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Fig.4 Development of stall on a curved wall (plan view of water table) 


extreme or a very high pressure gradient is suddenly encountered 
as in shock interactions. In cases where good aerodynamic 
design is employed in an attempt to avoid stall, it is more likely 
that the pattern of events will follow through a series of stages 
like those described in the foregoing. 

In addition to the considerable differences between the classical 
models of stall and the flow patterns shown in Fig. 2(a), the 
early results of C. A. Moore [9] also showed that surprisingly 
good flow patterns could be achieved by use of short flat vanes 
in wide-angle diffusers. These results were verified quantita- 
tively in considerable detail by Cochran [10]. Cochran’s 
results showed that excellent recoveries, relatively even velocity 
profiles, and smooth flows could be achieved by these short-vane 
systems up to total included divergence angles of 42 deg for all 
L/W,-values tested.6 (The 42-deg upper limit. is due to the limits 
of the apparatus, not apparently to the method.) In so far as the 
present paper is concerned, the important aspect of these vaned- 
diffuser results is not their obvious design significance, but is in- 
stead the fact that the vanes operate best when placed essentially 
on the streamlines of the potential flow as shown in Fig. 5(a). 
Since they are thin flat vanes, this implies that very little modifi- 
cation of the steady potential-flow pressure distribution can be 
created, but nevertheless a very large increase in performance and 
flow steadiness and a complete change in flow pattern are uni- 
formly observed over a wide range of conditions. 

This last point is a crucial one since the entire structure of 
boundary-layer theory rests on the assumption that the flow 
pattern is determined by the pressure distribution of the potential 
flow and the history of the boundary layer alone. Furthermore, 
in any boundary-layer theory now available, other things being 
equal, increased adverse-pressure gradient gives a prediction of 
increased stall. This matter of vaned units can therefore be 
singled out as a good means for pointing up the conflicts between 
theory and results. 

Consider three diffusing passages; each has identically the same 
outside walls and identical inlet flows. For the present purposes 
it is useful to take these conditions to be: A bell-mouth entry 
from a large room with a fixed flow rate and high inlet turbulence, 
a total divergence angle of 28 deg and L/W, = 8. This is done 
to conform to conditions actually tested by Cochran [10].’ If 
we make the first unit a simple plane-walled diffuser with no 


8 For example, at L/W; = 8 the optimum recovery of the unvaned 
unit tested was 0.76 and occurs at 20 = 14deg. With vanes Cochran 
obtained recoveries of 0.78 at 30 deg and 0.70 at 42 deg with smooth 
symmetric flows. 

* A perhaps more striking result occurs if one uses L/W, = 8, 20 deg 
divergence angle, and a low inlet turbulence with only one vane, since 
the only vane is then on the center line. However, Cochran did not 
test with these exact conditions 
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Fig. 5(d) Diffuser of Fig. 5(c) with two short vanes 


boundary-layer control, Fig. 5(6), it will operate in the fully 
developed stall region with a recovery of about 37 per cent. If 
we then insert a vane cluster with two vanes each extending all 
the way from the throat to the exit, Fig. 5(c), three passages of 
20 = 9'/, deg and L/W, = 24 are formed. The recovery will 
then increase a little, but will be very hard to measure accurately 
because the flow will be extremely unsteady with transient back 
flows up one wall that periodically spill over into the center pas- 
sage; that is, large transitory stalls occur, as predicted by Fig. 
2(a). We then insert two shorter vanes, still symmetrically 
placed, as shown in Fig. 5(d), but now each passage formed lies 
below line a-a in Fig. 2(a). The resulting flow is relatively smooth 
and symmetric, and the recovery achievable with careful vane 
adjustment is approximately 75 per cent. The only differences 
between the three units of Figs. 5(b), 5(c), and 5(d) are the vanes, 
and they are '/,s-in. thick compared to the passage width of 
3 to 5 inches. 

These results are quite inexplicable in terms of boundary-layer 
theory and the classical steady-stall model of Fig. 1(e). Several 
able workers have suggested to the author that the function of the 
vanes arises from the change in pressure distribution due to the 
displacement thickness of the boundary layer that inevitably de- 
velops on both sides of each vane. However, this cannot be the 
case. In the first place, such an explanation fails entirely to ac- 
count for the fact that a short vane will sometimes give better 
performance than a long one as found by Cochran [10]. Even 
more important is the fact that insertion of vanes actually raises 
the pressure recovery, with all other conditions held constant, by 
a factor of 2. In the example of Figs. 5, the three units compared 
were purposely chosen so that the history of the boundary layer 
on the side wall upstream from the throat, the condition of the 
side wall and its geometry, the entering velocity profile, and the 
entering free-stream turbulence were all identical in the three 
cases. Comparison of the unvaned unit with the short vane case 
then shows that the adverse pressure gradient on the side wall in 
the section covered by vanes in Fig. 5(d) is more than doubled by 
insertion of the short vanes. However, without the vanes a 
fully developed stall occurs, and with them no large stalls are 
found in the vane passages. Thus the adverse pressure gradient 
applied to a given boundary layer under constant conditions has 
been more than doubled, and at the same time a fully developed stall 
has been entirely eliminated. 
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Fig. 5(c) Diffuser of Fig. 5(a) with two 
full length splitter vanes 


The result just given is in such direct and violent contradiction 
to any normal conceptions of boundary-layer behavior or pre- 
dictions of boundary-layer theory that one of two things must 
be the case: Either the data presented are wrong in some way, 
or the explanation lies in some phenomenon that is not explained 
by the boundary-layer concept alone. Some further comment on 
the validity of the data is therefore in order. 

The data of Moore [9] were all obtained in a water table with 
Reynolds numbers varying from 6 to 20,000 based on throat width 
and mean velocity at the throat. The data taken by Cochran 
[10] were obtained in a separate air unit with a Reynolds number 
of 240,000 on the same basis. The over-all flow patterns carefully 
recorded in the two cases are in complete agreement in all major 
regards. In addition, the quantitative results quoted on re- 
covery for the unvaned and short-vane units, in the foregoing 
comparison are from careful data taken by Cochran in which the 
20 to 1 uncertainty interval was estimated at 1.2 per cent for the 
most steady flows and 9.2 per cent for very unsteady flows as with 
the long vanes mentioned. The data are consistent and re- 
peatable and show that similar results can be obtained for all 
units tested, including a considerable variation in flow rate, 
divergence angle, and L/W,. Also, more recently, several other 
observers have repeated and extended Moore's results as shown 
in Fig. 2(a). These data include utilization of an entirely sepa- 
rate water channel and inlet section including several variations 
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of both the old apparatus and the new one. The expected re- 
producibility of 1 or 2 deg in angle was obtained in the region 
studied by Moore. Thus there seems to be no internal reason to 
doubt the validity of the data. 

To check the results still further an extensive study of the 
available literature on diffusers has been made. The bibliography 
of this study is given in [8] and includes some 39 references. The 
central correlation achieved is shown in Fig. 6. The explanation 
for the correlation of Fig. 6 is given in [8]; physical reasoning is 
presented in [8] to show that optimum recovery at constant 
L/W, is expected to lie a short distance above line a-a in Fig. 6, 
and that the minimum point in the recovery curve observed by 
Gibson [26] for conical units and Cochran [10] for two-dimen- 
sional units lies a little above line b-b of Fig. 2(a). (The reader is 
again cautioned that this correspondence does not extend to the 
yalue of recovery or effectiveness achieved at optimum or other 
locations.) 

The pertinent point in the present discussion is that all of the 
known data for optimum recovery at constant L/W, in plane- 
walled diffusers are plotted in Fig. 6. They represent the work 
of six independent observers on an equal number of apparatus, 
and each point is an optimum from a series of runs. The plotted 
data include the results from both conical and flat units operating 
with inlet conditions varying from 6,*/W, = 0.003 to ~ 0.010, 
with Reynolds numbers based on throat width, and throat 
velocity varying from 6000 to 800,000, and with various down- 
stream and upstream geometries. Despite this all of the plotted 
points lie within +5 per cent, and all but two points lie within 
+2 per cent of a single straight line. Using this fact to predict 
flow regime, a number of units have been successfully designed 
over the past two years encompassing several geometries, a 
large range of Renyolds numbers and throat widths from less than 
lin. to many feet. 

Thus while one could wish that data were available over a 
wider range, particularly on inlet conditions, there seems to be 
little doubt that Fig. 6 contains at least much of the pertinent 
fundamental information on passage stall. It then remains to 
provide a better means for understanding the phenomena found. 
A beginning on this problem is given in the two following sections. 


2 CLASSIFICATION OF STALLS AND 
RATIONALIZATION OF BEHAVIOR 


Classification of Stalls hy Use of Sigma Parameter 


Consider a control surface including the boundary layer and a 
portion of the adjacent free stream on a wall in a diffuser as shown 
in Fig. 7. Take the definition of stall as any motion at the wall 
in the upstream direction. Since the observations discussed in 
Section 1 show that some stalled fluid is produced even at low 
values of adverse pressure gradient, it is appropriate to discuss 
the rate of production of stalled fluid. Define the rate of such 
actual backflows inside the control surface as w,. If the flow in 
the entire diffuser is to be truly steady or periodically steady, then 
it is necessary that the backflow w, must ultimately be removed 
and carried out of the diffusing passage; if this is not done, then 
more and more stalled fluid will accumulate in the diffusing pas- 


Fig. 7 Control surface for continuity analysis of stall 
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sage, and the flow configuration by definition could not be steady 
or periodically steady. Since the observations show that such 
stalled fluid is removed by mixing with the main flow, it is ap- 
propriate to define another flow rate w, as the maximum rate at 
which stalled fluid can be removed steadily by entrainment in the 
main flow under local conditions. This rate w, need not actually 
be occurring since it is defined as a possible maximum. It is also 
understood that w, represents a time average over at least one 
cycle if periodic events are occurring, and that it is a function of 
local flow conditions in the outer portions of the boundary layer 
and in the nearby free stream. We then form the qualitative 
parameter o@ = w,/w,.” @ is called a qualitative parameter be- 
cause at present there are usually no means available for calculat- 
ing its numerical value accurately. 

If we assume that o < 1, then it follows that any stall which 
occurs must be transitory in nature since when w, exceeds w,, a 
given stall cannot exist 100 per cent of the time. 

If we assume that o = 1, then a steady-stall configuration oc- 
curs in which a finite area of the flow involves some kind of 
steady recirculation of fluid. This usually gives the classical or 
fully developed truly steady-stall model. 

If we assume that o > 1, then a shedding wake or periodic type 
large stall will occur. This is illustrated in Fig. 8(a). If w, is 
temporarily greater than w,, then the stalled area will increase in 
size by virtue of continuity as shown in Fig. 8(b). But such an in- 
crease in size cannot continue indefinitely. Ultimately, the stall 
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Fig. 8(2) Stall in a contraction corner 
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Fig. 8(b) Unstable growrh of contraction corner stall 


grows to the point where some portion of it becomes directly im- 
pinged upon by the momentum of the main stream as sketched 
in Fig. 8(b). When this occurs, a portion of the stall is torn away 
and moves downstream; the cycle then repeats itself. For reasons 
that will appear shortly, such stalls do not appear in diffusers, 
with faired walls, but do sometimes occur in sudden changes in 
cross section, as shown in Fig. 8, and behind bluff bodies in ex- 
ternal flow. 


Some Examples of Application of the « Concept Including 
an Explanation for the Action of Vanes 


Consider first a fully developed stall in a straight-walled dif- 
fuser. Application of a stability argument to the known flow 


‘© This parameter was formulated independently by Chapman, et al, 
|19], but applied by them only to the truly steady stall. The ideas 
involved were also noted by Thomas [20] but do not scem to have 
been utilized in the present fashion prior to discussion by the author 
{17} 
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pattern, Fig. 9(a), shows the following: If in Fig. 9(a), w, ex- 
ceeds w,, then the stalled area must grow in size. Application of 
Euler’s S-equation between points C and D of Fig. 9a) then 
shows that the pressure at the exit will decrease since: 


Culer’s equation: 


— V3") 


Continuity yields V;W,; = = V.(W, — hk), where measures 
the distance from the wall to the dividing streamline of the mean 
flow, coming from the point of complete stall, F. Combining 
Euler's equation and continuity, gives: 


Prelit ( (1) 
W.—h 


And since A is increased, pg — p, decreases. But a decrease in py. 
reduces w,, and increases w,; it thus tends to equalize w, and w, 
and to create a steady flow or equilibrium configuration. Simi- 
larly, a deficit of w, below w, tends to shrink the size of the stall 
region, increase p2, and finally to equalize w, and w,. Thus, if 
perturbed, the flow pattern of Fig. 9(a) tends to return to an 
equilibrium configuration in which steady flow occurs. Detailed 
observations, of course, show some periodic motions along the 
slipstream indicated by the lines F-G and F-G’ in Fig. 9(a), but 
the major flow pattern is relatively steady. 

This argument suggests that either a decrease in w, or an in- 
crease in w, can alter the flow pattern and the recovery measured. 
\n increase in w, will occur if large-scale fluctuations are present 
in the inlet. This probably explains, among other things, the 
large increase in the angle recorded for line b-b in Fig. 2(a) with 
increase in inlet turbulence. A more critical test of the argument 
can be realized by artificially decreasing w,. Such an experiment 
has been carried out by D. EK. Abbott at the author’s sugges- 
tion. Mr. Abbott placed a small fence on the stalled wall as 
shown in Fig. 9(b). Despite the fact that this fence did not ex- 
tend onto the side walls over the entire width of the stall, and 
that no attempt was made to optimize the size of the fence, a 
location was readily found where the recovery of the diffuser 
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Fig. 9(b) Fully developed stall with blocking fence 
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was increased approximately 10 per cent when no change was 
made except insertion of the fence. 

The foregoing discussion introduced the notion of growth and 
decay of stalled areas of flow as a function of the value of ¢ at a 
given instant in time. This suggests that perhaps similar con- 
siderations can be used to account for the previously inexplicable 
results obtained with vanes and also for the observed shift of the 
point where complete stall begins to where it finally settles down 
on airfoils. To study the problems of stall inception and vane 
behavior, a diffuser was set up in a small water channel with a 
divergence angle of approximately 45 deg and an L/W, of 8 so 
that the flow pattern of the unmodified passage was a fully de- 
veloped steady stall as shown in Fig. 2(d)._ A vane cluster of the 
type developed by Cochran [10] was then inserted; this blows out 
the stall quite rapidly (in approximately 5 to 10 sec for the flow 
rate employed). In order to insure a stall on a predetermined 
wall, the vane cluster was then cocked at a small angle to the 
center line of the unit. After a minute or so in this position, the 
vane cluster was removed and the build-up of the fully developed 
stall was observed. 

This sequence of events was repeated a large number of times 
both with and without the introduction of various disturbances 
upstream. The flow patterns were studied by injecting dyes, and 
from these repeated observations a composite picture of stall in- 
ception as a function of time was achieved and checked. These 
studies indicated that stall is a growth phenomenon, that is, it 
begins with a local area in which w, exceeds w,. The growth of 
the stall area in this regime then pushes the main fowv away from 
the wall which apparently decreases w, locally and results in 
further stall growth until the stable flow pattern of Fig. 9(a) is 
reached. In the particular geometry employed, the stall starts in 
the corner just downstream from the throat, grows down the 
corner, then up the wall, and finally pushes its way out into the 
main stream. The successive pictures of the transient-stall 
growth are shown in the sketches of Figs. 10(a) through 10(d) 
The time required for these events is remarkably long (a minute 
or more compared to the 5 to 10 sec for removal by the vanes). 

This growth explanation relies on the assumption that the 
initial stall acts in such a way that w, is decreased locally or at 


) 
\ 


Fig. 10(a) Just after vanes re- 


moved (essentially unstalled 
flow; small stall begins at A) 


Small local 
fixed stall in 
corner only 


Fig. 10(b) About 20 sec after 
Fig. 10(a) (stall on wall B-B 
covers whole wall corner) 


Fig. 10(c) About 40 sec after 
Fig. 10(a) (stall is now a slice 
covering whole channel depth) 


Fig. 10(d) 60-90 sec after 
Fig. 10(a) (stall is now fully 
developed) 
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out wane would not occur. 


Fig. 11(a) Steady-flow Fig. 11(b) Action of vanes under transient- 
pattern with short flow conditions 

vanes. 20 = 28 deg, 

L/w; = 8. 


least is not increased by the ensuing gradual change in flow pat- 
tern. This fact can be used to explain the success of the vane 
systems tested by Cochran [10]. In Fig. 11(a) is sketched the 
vane geometry illustrated previously with streamlines represent- 
ing a steady flow. In Fig. 11(b) the same unit is shown with the 
streamlines that would occur if a stall area began to grow in the 
way shown in Fig. 10(c). Under the flow conditions of Fig. 11(b), 
the vanes take on a loading due to the angle of attack generated by 
the altered streamlines. The net effect of this loading is to direct 
more main-stream flow toward the area that has begun to stall 
and thus to raise w, in the critical region. 

The same result is obtained by considering each vane as an 
airfoil, and hence subject to the Kutta condition over some finite 
range of angle of attack near zero. This suggests that the real 
function of the vanes in these configurations is stabilization of the 
flow pattern by alteration of transient response. In the sym- 
metric flow the vanes do very little, if anything, but, if a stall 
commences to build up, the action of the vanes causes a local in- 
crease in w, where required; this provides a restoring action that 
is not present in the otherwise equivalent unvaned channel. 
This concept has been checked further by observations of the wall 
layers in the vaned passages; small transitory stalls are regularly 
observed, but these stalls do not build up and alter the entire 
flow pattern as they do when no vanes are present. 

Consider again the flow past a step as shown in Fig. 1(d). 
Normally such flows are shedding wakes in incompressible 
flows although the data are very limited. It is quite possible that, 
by bleeding a small amount of flow from the corner, in order to 
achieve a balance between w, and w,, a stable flow without 
shedding can be achieved. Such a configuration would be very 
useful in many design situations provided that the amount of 
bleeding required is not too large. This suggestion is verified to 
some degree by the results found by Hazen! in vortex-trap dif- 
fusers. Hazen’s experiments in one case showed that a shedding 
wake from a recirculating vortex-trap region could be stabilized 
by a small amount of bleed. 


Comparison of Internal and External Flow in Terms of the o 
Concept 


Inherent in the stability argument introduced in the preceding 
section as an explanation for the excellent results achieved by 
use of flat-vane systems in diffusers is the conception that the 
stall characteristics of a given surface can be modified by the 
presence of another nearby solid surface even though the pressure 
gradients of the steady flow are unaltered. If this is true, then it 
must imply that the stall characteristics of narrow passages are 
different, at least in part, from those of airfoils and other bodies 
in external flow. This is, in fact, apparently correct inasmuch 
as the data presented by Abbott and Doenhoff {7} show that the 
typical airfoil exhibits a sharp break in perfor:aance very soon 


‘1 By private communication from Mr. T. Sweeney. 
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after the onset of large stalls while the data of Gibson [26] on 
conical diffusers and Cochran [10] on two-dimensional diffusers 
show in both instances a very much slower drop in performance 
after the beginning of stall. 

Apparently, then a nearby solid wall can exert a restraining 
action on the free stream which tends to deter the growth of large 
stall areas. This restraining action operates both due to con- 
tinuity, for fixed flow rate, and also due to the close coupling 
between the pressure rise in the diffuser passage and the exit 
width of the main stream exhibited by equation (1). If this 
is true, it also should follow that a passage with large L/W, 
should be more affected by this restraining action than a passage 
with low L/W,. This is substantiated by considering the limit, 
L/W, — 0, and the data of Fig. 2(a). The case L/W, — 0 cor- 
responds to external flow (W, — ~) and also to a sudden expan- 
sion (L + 0). In both these cases, the stall characteristics are 
relatively abrupt, and the flow can be described fairly appro- 
priately as either stalled or unstalled. This does not imply that 
stall on an airfoil need occur abruptly in time or that a stall region 
is entirely steady near its nose. 

As noted previously, the stall usually starts in some small 
areas and grows, and there is usually a definite area just upstream 
of the nose of the stall area in turbulent boundary-layer stall 
where considerable unsteadiness occurs. The difference is that 
in external flow when a large stall begins to develop, it grows to 
some finite size so that some appreciable area of the wall is fully 
stalled all the time in the steady state, and the complete stall then 
begins at a relatively fixed location in space. In passages of large 
L/W, a finite and important regime exists in which large stalls 
grow and wash out over large distances in an apparently periodic 
fashion. The data for airfoils showing abrupt stall characteristics 
is of course well known, and was the source of the description of 
stall as a steady flow initially, but it must be remembered that 
these data are the steady-state patterns that result after th 
stalled flow has reached some equilibrium configuration. 

An abrupt stall in a passage requires that the lines a-a and 
b-b approach each other. Fig. 2(a) shows that this is precisely 
what happens as L/W, + 0. The curves indicate that the lines 
a-a and b-b intersect in the region '/, << L/W, < 2; at lower L/W, 
the onset of stall is then relatively sudden changing from a largely 
unstalled configuration to a fully developed stall without the in- 
termediate stage of large transitory stall. The exact value of the 
intersection depends strongly on both the free-stream turbulence 
level and the downstream geometric configuration. The value of 
L/W, ~ 1 corresponds to the case of low inlet turbulence level 
and a long pipe of constant area downstream; however, the data 
in this region are at present very limited. 

Since the relative size of the large transitory-stall region in 
passages as measured by the ratio of the angle at line b-b to that 
at line a-a increases uniformly as L/W, increases, the tendency 
of the flow pattern to break down to a fully developed stall is ap- 
parently more and more inhibited as L/W, increases. This is 
shown by the fact that in Fig. 6 the actual value of pressure rise 
achieved increases as L/W, increases in any one set of homologous 
data prior to the onset of large transitory stall. 

The explanation of the previous paragraph also suggests at 
least something about the question, ‘‘Why does the irregular large 
fluctuating flow region called large transitory stall occur at all?’’ 
The answer apparently lies in the fact that, while the large pres- 
sure recoveries in this region create a w, too large to permit a 
stable flow pattern of the potential-flow, boundary-layer type, at 
the same time the restraining influence of each wall on the other 
is large enough so that a complete flow breakdown cannot occur 
That is, the fully developed stall pattern is also unstable between 
lines a-a and b-b because the opposite wall will not physically allow 
the main stream to deviate a sufficient distance from the wal! 
on which the stall commences. Apparently a time fluctuation in 
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the value of ¢ thereby results so that the large stalls appear and 
disappear. Such a time fluctuation in ¢ could be generated either 
by time variation in the upstream disturbances entering the dif- 
fuser, or by the sequence of flow patterns that inherently occur 
during the growth of stall on one wall. The relative importance 
of these two effects has not been studied at the present time. 


Losses and Transient Effects Including a Thermodynamic 
Analysis 


For many years it has been known that the losses in diffusing 
passages are very high. This fact led some early observers to 
conclude that the friction factors increased in adverse pressure 
gradients. However, the careful work of Ludwieg and Tillmann 
{21}, Clauser [14], and many others has clearly shown that the 
wall shear drops sharply in adverse pressure gradients as would 
be expected from consideration of the mes. velocity profiles of 
the boundary layer. Despite this, typical diffuser efficiencies are 
far below comparable nozzle efficiencies. In addition to this re- 
sult many observers have noted that fluctuations occur in diffusers 
of even very small divergence angle. 

Both of the previous results are inexplicable in terms of the 
velocity gradients of the mean flow, but if one admits the picture 
of small stalls very near the wall that arise from the inherent flow 
model of the wall layers of the turbulent-shear layer in adverse 
pressure gradients, as described in [11], then an explanation can 
be provided. As noted in Section 1, increases 
verse pressure gradient increase the transverse s, 
length of the small streaks of stall, and increase ti. .amber of 
such streaks occurring. As reported in [11] each such streak is 
associated with the production and break up into eddying fluctua- 
tions of a longitudinal vortex system arising from the wall layers 
Thus the increased number and transverse size of the streaks of 
stall imply the generation and breakdown of an increased number 
of longitudinal vortex systems of increased size as well as in- 
creased mixing due to the streaks of stall. These facts, taken to- 
gether, imply increased losses, increased pressure pulsations, and 
increased Reynolds stresses at greater distances from the wall. 

It is also instructive to analyze the thermodynamics of the flow 
in an adverse pressure gradient. Consider a particle in a diffuser, 
for example near the wall just downstream of the throat in Fig. 
10(a). Any such particle of fluid in the diffuser, which has a total 
pressure less than the exit pressure, cannot move out the end of 
the diffuser unless a certain minimum amount of work is done 
upon it. This follows from the fact that, if the particle is de- 
celerated to zero velocity, it still will not have a pressure as great 
as the exit pressure. An explicit proof of this fact is now given. 
We begin with the energy equation for the steady motion of a 
particle through the control surface in the form: 


he value of ad- 
crease the 


dQ = dhy + dW, (2 


By definition hy = e + p/p, and dW, is the work done by the 
particle exclusive of flow work. In the present case we are con- 
sidering adiabatic flow, and hence dQ is zero. Noting that the 
only internal energies stored in the particle are the internal ther- 
mal energy e, and the kinetic energy V?2/2 we can then write 
Equation (2) as 


1 
dhy = de, + pi ( ) +-dp + VaV = —aW, (3) 


where the minus sign denotes work input. Furthermore, for one 
pure substance in the absence of effects of fluid shear, capillarity, 
and external fields, and for the observer who rides on the particle, 
the first law, second law, and state principle of thermodynamics 
require that: 
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Tds = pd (’) + de, (4) 
p 

For a particle undergoing an adiabatie process the second law of 
thermodynamics also dictates that the entropy of the particle 
may not decrease. Consequently, the sum de, + pd(1/p) must 
be greater than or equal to zero; the greater than applies to any 
irreversible and the equality to any reversible process. Under the 
best possible conditions, that is, for a reversible process, a given 
particle must therefore obey the equation 


-dp + VdV = —dW, (5) 
p 


If the work input is zero, the maximum possible pressure rise is 


then 
P—-p= —pV aV 
JV 


Equation (6) is, of course, nothing but Euler’s equation and 
could have been used at the outset. However, if the more gen- 
eral form, equation (3), is also used, the minimum quantitative 
amount of work required for a given pressure rise can be ex- 
pressed. 

Suppose that the following process is carried out. Let the 
particle move downstream reversibly, adiabatically, and without 
work interchange until its velocity is zero. The pressure rise 
created is then given by equation (6) and the final pressure 
achieved is stagnation pressure by definition. However, it was 
assumed initially that the particle has a stagnation pressure less 
than the exit pressure of the diffuser. Since the velocity V of 
the particle is now zero, equation (5) dictates that any further 
pressure rise can only occur if 


(6) 


(7) 


that is, a certain minimum work input is required. The value of 
this minimum work input is the same for any reversible path be- 
tween given end states, and it may thus be found for the process 
just discussed by equation (5). It is consequently 


Pexit 
—(W,) mio = 
Po Pp 


- dp (8) 


For an incompressible flow, equation (8) integrates immediately 
to give 
-(W), = 


(Pexit — Po) (9) 
p 


or more generally, we can write by use of the mean value theorem 


—(W,) = — po) (10) 
p 

where f is a suitable average density which will always lie between 
the extreme values of p involved in the integration. Since p is 
always greater than zero by definition, no ambiguity of sign can 
occur in either equation (9) or equation (10). It therefore follows 
that the requirement of a work input exists only for particles that 
have a deficiency in total pressure. Furthermore, the minimum 
work requirement is, at least to a first approximation, propor- 
tional to the difference between total pressure and exit pressure. 
It is also evident that it is impossible for such a work requirement 
to exist in a favorable pressure gradient zone since by definition if 
dp/dr < 0 then 


Pexit < DP < Da 


In simple diffusers, where the only possible source of the work 
required on the particles with deficient stagnation pressure is the 
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kinetic energy of the main stream, a large fraction of the work re- 
quired for low-speed particles will necessarily be accomplished by 
shear effects and will thereby increase the total losses. Despite 
this, no present-day analysis of diffusers accounts for losses of this 
type. Since equation (10) shows that the work required is very 
sensitive not only to the character of the inlet boundary layer but 
also to the excess of leaving pressure over stagnation pressure of 
the low-energy particles, it follows that in units operating with 
high recovery it is to be expected that the amount of transient 
effects will increase as one progresses down the wall toward the 
exit. The analysis also suggests that such units probably will 
have some local transient backflows of appreciable size even 
though the mean flow velocity is forward at all points. In ad- 
dition, other things being equal, the effect of inlet conditions will 
be more pronounced in a unit with higher recovery and hence 
more noticeable as one moves down the wall of a given diffuser 
toward higher area ratios in an apparently unstalled flow. The 
observations of Moore [9] and the results of Chapman, et al. [19], 
also show that inlet conditions have a very strong influence when 
large areas of stall occur. Thus there is a general tendency for 
the effect of inlet conditions to become more important as the 
geometry is altered in the direction of movement upward or to 
the right on Fig. 2(a). 

Verification of the increased effect of inlet conditions at higher 
recoveries is shown in the data of Uram [30]. Increased losses 
due to increased thickness of inlet boundary layer are visible in 
the results of Uram [30] and Copp [32]. Excellent quantitative 
verification of the increase in transient effects appears in the recent 
paper by Robertson and Calehuff [22]. They report detailed 
measurements of mean velocity profile, shear and of u’ and v’ rms 
fluctuations at several stations in a conical diffuser with a total di- 
vergence angle of 7.5 deg and an L/R, of 15.6. This geometry lies 
only slightly below line a-a in Fig. 6, and thus we would anticipate 
that strong fluctuations involving streaks of reverse flow near the 
walls would occur, but that a complete reversal of the main flow 
would not. If the succession of states described in Section 1 in 
connection with Fig. 4 is appropriate, then in addition it would 
be expected that the magnitude of these reverse flows would in- 
crease in the downstream direction as also suggested from the 
thermodynamic analysis just given. These predictions are sub- 
stantiated by Robertson and Calehuff’s data. The mean velocity 
profile nowhere reverses, but the rms magnitude of the u’ fluctua- 
tions increases steadily in the downstream direction; the rms 
value of u’/U near the wall reaches 70 per cent just before the 
exit. Since the mean velocity in this same region does not exceed 
10 per cent of U, it is clear that very strong backflows must occur 
locally despite the forward mean flow. 


Conclusions Regarding the « Concept 


The great disadvantage of the o concept is the present inability 
to calculate its value quantitatively. Despite this it appears to be 
at least an important missing part of the problem of stall since it is 
sufficient to rationalize all known forms of boundary-layer con- 
trol and also to rationalize a number of otherwise inexplicable 
results. 

The o concept is based on the observation that production of 
stalled fluid arises primarily from regular three-dimensional, 
transient backflows very near the walls. This idea seems central 
to a full understanding of stall processes, and further discussion of 
it is given in the final section. 


3 RELATION BETWEEN DIFFUSER PERFORMANCE 
AND BOUNDARY-LAYER THEORY 


Preliminary Remarks 


In Sections 1 and 2 a number of results have been given which 
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demonstrate that classical steady boundary-layer theory alone 
is not sufficient to explain the observed stall performance of 
passages. In addition to boundary-layer concepts the stability 
of the over-all flow pattern, particularly as affected by mixing 
between the main stream and the wall layers apparently is im- 
portant in determining the stall characteristics of passage 
flows. The purpose of the present section is to assess further the 
meaning of these results and thus hopefully to suggest approaches 
by which an adequate solution to the problem of stall in pas- 
sages may possibly be achieved. 

In order to avoid any misunderstanding, it is stated at the out- 
set that the utility and validity of boundary-layer theory as a 
whole are not subject to question. What is under question is the 
limit of validity of such theories in two specific ways: (a) Is 
classical boundary-layer theory alone adequate for dealing with 
flows at or very near stall and at very high values of adverse 
pressure gradients? (b) Can the same correlation, boundary 
layer or otherwise, be used to describe the stall characteristics of 
both external flow and passages of moderate and high L/W? The 
discussion of these questions is preliminary and suggestive rather 
than final or definitive; while it hopefully clarifies some aspects 
of the problem, further data and study definitely will be required 
before final conclusions can be given with adequate assurance, 


A Simple Force Analysis 


To make clearer the nature of the physical processes occurring 
near stall, and hence to suggest what must be looked for, it is use- 
ful to make a simple force balance on an element of the wall 
layers of the flow. The wall lavers are in general the source of 
production of stalled fluid, and are thus the crucial layers. The 
intent of this analysis is to find what forces act, not to examine 
their nature in detail; it is thus appropriate to use the simplest 
possible momentum analysis. Such an analysis is constructed on 
the basis of the control volume of Fig. 12. 


Fig. 12 Control surface for force analysis of wall layers 


Fig. 12 shows a control surface including a small section of the 
wall layers with the outer surface taken parallel to the wall. In 
Fig. 12 we define 7, as the average shear, laminar and turbulent, 
on the outer surface ab. The control surface is drawn so that the 
surface ab is parallel to the wall at a distance 6. The dimension 6 
approximates the total thickness of the so-called laminar sublayer 
and buffer layer. We adopt the point of view that a steady flow 
does exist with a mean motion of the wall layers in the forward 
or downstream direction, and we then look for the equilibrium of 
forces in the z-direction required to fulfill this assumption. In 
this point of view it is justifiable to assume that 6(0p/dy) = 0. 
The momentum theorem then yields for incompressible steady 
flow 
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pd + + pu% = 


¥ 
(> + ar) ryder + o(. +— ar) 6 + puv dx 
or or 


Cancelling first-order terms, dividing by dz, expanding 


and rearranging gives 
op... ou 
(r, —T,) = 6 + 2pu + pu 


Also continuity requires 


pub = p (« + 6 + pv dx 
or 


(12) 


Inserting Equation (12) into Equation (11) provides a cancella- 
tion of terms which gives 


3 Op + Ou 
2 
ae” 


Dividing Equation (13) by 6(0p/dzx) to normalize yields 


ou 

or 
dr 


1+ 


if l’ is the free-stream velocity, then by definition u < U. 
Furthermore, if we demand that the mean flow of the wall layers 
be forward over an appreciable distance on the wall of a diffuser 
then 0u/dxr < U/z; since u/U <0.2 and if U decreases by as much 
as 20 per cent, then 0u/dx > U/z would require a mean flow up- 
stream near the wall after a short distance. Finally, to at least a 
first approximation 


Op 
= —pU 
or or 


and therefore 


This argument merely states that the mean momentum of the 
wall layers is of the order of u? and thus in the absence of back 
flows in mean velocity the steady forces arising from changes in 
the momentum flux of these layers is small compared to the pres- 
sure change for large changes in U since Ap is of the order of AU?. 

Thus the force equilibrium of the wall layers for mean forward 
flow contains only two significant terms; namely, a retarding 
force 6(Op/dxr)dz and a balancing forward force (7, T,,dz. 
Accordingly, the necessary condition to maintain a steady mean 
forward flow of the wall layers is that these two forces balance, 
that is 


6 


(15) 
OF 
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Kquation (15) has a number of important implications. It is 
clear that sc far as the crucial wall layers are concerned the per- 
tinent nondimensional parameter has nothing to do with either 
length in the flow direction or the dynamic pressure of the free 
stream since both of these parameters cancel out in the ap- 
propriate normalization. This same conclusion was emphasized 
by Clauser [14]. Despite this a number of workers still utilize 
the conventional Euler number (z/q)0p/oxr in attempts to 
correlate results on stalls. Such a correlation can be expected 
to work only if there is a unique relation between the shear 
and the mean velocity distribution such that 


— = (16) 
Apparently such a relation does exist for certain cases of families 
of equilibrium flows. However, there is no immediately obvious 
reason why Equation (16) should be generally true. A similar 
comment relates to normalization based on wall shear 7,, alone; 
Equation (15) shows that it is the excess of Ty over 7, that is 
crucial, and thus normalization on wall shear values taken from 
zero pressure-gradient flows is certain to provide misleading re- 
sults. What is more, it is questionable whether a correlation 
parameter employing only wall shear as suggested by Clauser [14] 
is sufficient. This follows from the fact that the two parameters 

op 


and 
T. Of 


(7, = T,) Of 


will be the same only if there is a unique relation between 7,, and 

Finally, and most important, the force analysis shows clearly 
that the crucial quantity in preventing stall is the shear stress 7, 
since it gives rise to the only force of appreciable magnitude acting 
on the wall layers of the flow in the direction needed to prevent 
complete stall. 

In a turbulent boundary layer the dominant term in the shear 
T, arises from momentum transport effects, that is, from a Reyn- 
olds stress rather than from laminar shear. As shown in [11] 
the pertinent stress appears to be due to the mixing arising from a 
transient three-dimensional instability in the wall layers which 
gives rise to streaks of back flow even at relatively mild adverse 
pressure gradients. 

At present not enough is known about these instabilities in a 
turbulent shear layer to make meaningful detailed calculations 
concerning the term 7,; however, the foregoing remarks make 
clear that the transient mixing effects are crucial in determining 
stall onset and behavior since they give rise to the dominant part 
of the critical 7, term. It must therefore follow that complete 
understanding of the problem of stall of turbulent shear layers 
must encompass more than merely description of the mean 
velocity profiles unless there is an entirely unique relation be- 
tween the mean profile and the fluctuating terms for all possible 
turbulent shear layers. 

The inherently three-dimensional nature of the motions of the 
wall layers reported recently by a number of observers [11] do 
not necessarily prohibit the use of a two-dimensional boundary- 
layer theory so long as one remains in the small transitory stall 
region; in that region, the three-dimensional aspects of the flow 
are repeated a sufficient number of times, even on relatively small 
walls, so that it may be possible to represent the shear stress 7, 
quite adequately by a suitably defined two-dimensional average. 

The foregoing remarks about possible two-dimensional averages 
should not be construed as implying that such methods can be 
extended to include the prediction of the onset of large stalls in 
passages of high L/W,. Since the stail inception in that case in- 
volves large three-dimensional transient flows of the same order 
of size as the passage, it is quite unlikely that any purely two- 
dimensional, steady theory will be successful in predicting the 
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behavior of such a flow regime. Furthermore, the observations of 
Robertson and Calehuff [22] and the visual studies reported in 
{11] both show quite clearly that 7, does increase strongly as the 
flow goes toward separation. The values of u’/U measured in a 
7.5-deg diffuser by Robertson and Calehuff reach 5-10 times the 
maximum values found in typical zero pressure-gradient layers 
before the occurrence of any large-scale stalls were found. This 
makes clear the risk inherent in using intensity, mixing length, or 
“eddy’’ viscosity values taken from zero pressure gradient or pipe 
flows as a means for determining the constants required for calcu- 
lation of the turbulent layer in adverse pressure gradients. 

Perhaps even more important than the preceding remarks in so 
far as stall in passages is concerned is the relation between the 
shear 7, and the o-concept discussed in Section 2. This relation 
can be used to clarify somewhat further the possible reasons for 
the considerably different stall behavior of internal and external 
flow reported in the foregoing. Consider what happens if at 
some section of the wall the shear term 7, is not large enough to 
balance the pressure forces; that is, Equation (15) is not satisfied. 
Then a mean forward flow of the wall layers cannot occur, and the 
unbalanced forces will cause accelerations in the wall layers in the 
upstream direction resulting in the piling up of stalled fluid near 
the wall. If this process results in pushing the main stream away 
from the wall, as is apparently the case in external flow and in the 
fully developed stall regime in passages, then no compensating 
rise in 7, need occur; it is then easy to visualize a breakdown of 
the entire flow pattern until some new, relatively steady equi- 
librium condition is achieved. On the other hand, in a narrow 
passage with constant through-flow, if stalled fluid begins to pile 
up on the wall, the main flow is constrained by the opposite wall 
to remain in close proximity to the growing stall region. Under 
these conditions, the observations of [11] suggest, but definitely 
do not prove, that the mixing would be increased, and hence 7, 
would increase. This increase in 7,, if taken together with a 
temporary alteration in the pressure forces due to the brief 
existence of the finite stalled region in the channel, might well be 
sufficient to provide the periodic increases in o that are necessary 
to maintain the large transitory stall pattern. If these remarks are 
correct, then it should follow that stall prediction based on data 
taken in external flow would predict stall in passages far sooner 
than it actually occurs. 


Use of Classical Boundary-Layer Theory to Predict Stall 


Perhaps the most thorough study of the applicability of 
boundary-layer theory to the fluid motions all the way to and in- 
cluding stall is that of Hewson [23]. Unfortunately, this work 
is not generally available; however, it shows that in the region ap- 
proaching a fully developed stall the Karman boundary-layer in- 
tegral equation is not obeyed. Hewson reports that the flow in 
this region is quite unsteady. However, by making rough meas- 
urements of the pressures he found that large values of dp/dy did 
occur, and that if these measured dp/dy-values were used to com- 
pute a correction to classical boundary-layer theory in a form sug- 
gested by Squire, then about two thirds of the 100 per cent dis- 
crepancy between the data and the predictions of the Karman 
integral equation could be eliminated. It is not clear whether the 
remaining third arises from Reynolds’ stress or uncertainty in 
the data. Hewson’s view of the problem is that incorporated in 
the classical stall model, but his remarks suggest that transitory 
stalls did occur in his experiments before the point of full stall 
more or less as described in connection with Fig. 4 in Section 1. 
Consideration of the sharp curvature which occurs as a streak of 
stall turns back downstream near the wall, Fig. 3, makes it rela- 
tively easy to understand how such dp/dy-terms could be gen- 
erated on the average well upstream from the point where fully 
developed stall occurs. If this view is correct, then Hewson’s 
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results can be interpreted as the average or steady-state manifes- 
tations of the remarks made, in the foregoing discussion, on the 
importance of the mixing between the free stream and the wall 
layers. 

However, Hewson’s result also demonstrates a discrepancy from 
classical theory quantitatively in another sense since a necessary 
condition for use of the normal boundary layer equations is that 
dp/dy is small. If this condition is not obeyed, and Hewson’s 
work shows clearly that it is not for some distance upstream from 
the point where fully developed stall commences, then for this 
reason alone it is not to be expected that classical boundary- 
layer theory will be sufficient to predict separation. From this 
same point of view, it is quite apparent that boundary-layer 
theory cannot really be sufficient to predict what occurs exactly 
at a point of complete separation since Fig. 1(c), showing the 
classical stall model, demonstrates that strong streamline curva- 
ture must occur in the main flow, and hence large dp/dy-terms 
must occur near the nose of the separated region. 

In assessing the possible utility of boundary-layer methods 
for practical calculations of flows with adverse pressure gradients, 
one other result due to Coles [24] is very important. Coles has 
made extremely careful comparisons of the data from the best 
available observations by a number of workers on the applicabil- 
ity of the Karman integral equation of the boundary layer. In all 
cases Coles finds excellent agreement for flows with negative, zero, 
and very slightly positive pressure gradients. On the other hand, 
for flows with moderately strong adverse pressure gradients and 
near full stall no agreement at all is found. The complete reason 
for this disagreement is not understood by Coles (or anyone else 
apparently) at the present time. It may well be due to any or 
some combination of dp/dy-effects, transient effects, or lack of 
two-dimensionality in the flow. The foregoing discussion con- 
cerning streaks of stall at least suggests that the transient effects 
and the dp/dy-effects are closely related, and it could probably be 
tentatively concluded that the difficulty arises from neglect of 
these terms were it not for the fact that the tremendous sensitivity 
of the boundary-layer velocity profile to remarkably small three- 
dimensional components in the r ain flow has been demonstrated 
by a number of workers. Since the stall data reported here in- 
clude large-scale three-dimensional effects in some instances, it 
is clear that the problem will require further study before a final 
conclusion on the complete reasons for the discrepancy between 
the Karman integral equation and the measured data can be made 
clear. 

In the meantime, it is also clear that any prediction of stall 
which assumes that dp/dy is small, or relies on the Karman inte- 
gral equation for the basic computation method must be viewed 
as a dubious procedure. 

However, this definitely does not rule out the possibility of 
some form of velocity-profile similarity up to, including, and past 
full stall, since such correlations are empirical and do not rely on 
the assumptions of boundary-layer theory. Such a result for 
separated flows has been achieved in fact by Coles [24] for at least 
a few cases of external flow in the form of a remarkable correla- 
tion which he has called the “law of the wake.”’ 


Comparison of Predictions From Internal and External Flow 


The direct observations and the over-all data both indicate that 
the growth of stall in passages of high L/W, and in external flow 
are quite different. The more detailed force analysis also sug- 
gests that the stall should occur later in passages of high L/W, 
than in external flow. If this is true then, even if a definite 
similarity of mixing effects and velocity profile exists for external 
flow all the way to stall, L/W, is a parameter that is out of control 
for the case of passage flows, and it may be necessary to make a 
sharp distinction between passage flows and external flows in 
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order to achieve uniformly correct predictions of stall by any 
means. This idea of a missing parameter is certainly in keeping 
with the one fact that is common to the many methods of stall 
prediction, that is, they all work in some cases but not in others. 

A recent survey of the empirical data has been given by Bam- 
Zeilovitch He determines a stall parameter from normalization 
of the Navier-Stokes equations; this parameter he expresses as 
(6/q)(Op/dxr). He then shows that there is a reasonably con- 
stant value of this parameter for the data from external flow. 
Using this same value for diffusers he then ventures a prediction 
that a conical diffuser with a total included angle of 6 deg will 
stall completely, essentially at the throat, if it ic preceded by two 
or more diameters of straight pipe just upstream from the en- 
trance. However, this result is totally at variance with the data 
of Gibson [26] as shown in Fig. 6. Gibson has a longer entrance 
pipe than that assumed by Bam-Zeilovitch, but nevertheless the 
data show no large stalls will occur until an L/R, of 30 to 40 is 
reached. This result is characteristic of the difficulty encountered 
in using external flow correlations in passages of high L/W,. 

In Fig. 13 results of a portion of calculations performed by 
members of a graduate class at Stanford University’? are com- 
pared with the line a-a from Fig. 6. The methods of computa- 
tion suggested by Doenhoff and Tetervin [33] and Ross [3] are 
presented. The inlet conditions and Reynolds numbers used 
were taken to correspond to the data of Cochran [10]. It is in- 
teresting to observe that the methods of Ross and Doenhoff and 
Tetervin give equivalent results for the whole range of interest at 
least with these inlet conditions. It is also clear that, while both 
methods give a reasonable result for low values of L/W,, they 
predict stall at values farther and farther below the observed in- 
ception of large transitory stall as L/W, increases. Thus at 7 deg 
both calculations predict stall at L/W, of 9, but in reality no large 
stalls are observed until L/W, reaches 25. Since W, in these 
computations was 3 in., this corresponds to an error of some 48 in. 
in wall length. 

In 1954, Clauser [14] introduced a more rational method for 
correlation of turbulent boundary-layer characteristics based on 
the concept of ‘equilibrium’’ flows. This work has been con- 
siderably extended by Coles [4] and Townsend [5, 2]. Both 
Townsend and Coles have shown that an equilibrium turbulent 
layer is characterized by a constant value of Euler’s number in the 
form (2/q)(Op/dzr), and that a limiting value for this parameter 
exists. Coles suggests that this limit represents a continuously 
separating layer and Townsend remarks that it probably repre- 
sents an upper limit of “equilibrium’’ boundary-layer theory. It 
is useful to compare these results with those obtained from the 
data of Fig. 6 and the empirical methods of Ross and of Doerhoff 
and Tetervin. These comparisons must be interpreted with 
caution since the results of Townsend and Coles apply strictly 
only to equilibrium flows coming from upstream infinity with a 
constant Euler number everywhere, but in a straight-walled dif- 
fuser the ideal Euler number constantly increases. Nevertheless, 
it is clear from Fig. 13 that the results of Coles for equilibrium 
boundary-layer theory do not provide a means for prediction of 
stall. The results of Townsend [5] have not been plotted since 
Coles’ result appears to be in better agreement with the available 
data from external flow. However, it is worth noting that 
Townsend's result. would have precisely the same slope in Fig. 13 
as that of Coles but would lie a factor of two higher at all points. 
Thus while it would be closer to agreement it would still fall below 
the results found from the semiempirical methods plotted and 
would thus also fail to predict the diffuser results. 

In Fig. 13, the results from equilibrium theory appear as a line 
of constant slope minus 1, the results from the semiempirical 
methods are represented by a line of slope approximately minus 


12 Thanks are due to Messrs. R. W. Fox, R. E. Lundberg, R. A. 
Storholm, D. P. Jordan, and M. E. Davenport for these results. 
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OC Computed results method of Hoss (3) 
OC Commuted results method of Doenhoff and Teterwin (33) 
___. Equilibrium theory Coles (4) 
a-a High turbulence line from figure 6 for inception.of 
large transitory stall 


Total Divergence Angle 


Fig. 13 Comparison of line a-c with computed results of empirical 
methods and equilibrium theory 


0.62, and the line a-a has a slope of approximately minus 1/2. 
Furthermore, as anticipated in the discussion of the effect of 
L/W, on stall, the actual stall inception diverges systematically 
from the results of the predictions, as L/W, increases. At low 
L/W, the predictions of the semiempirical methods, the results 
of equilibrium boundary-layer theory and the data at least ap- 
proach order of magnitude agreement, but at high L/W, all pre- 
diction methods indicate stall far too soon. This result definitely 
tends to confirm the suggestion made in the foregoing that the 
stalls in passages of high L/W, are affected by nearby walls in 
such a way that the onset of large stalls is delayed. In comparing 
these various results, it must be remembered that the boundary- 
layer methods all predict a two-dimensional, steady, complete 
stall. Thus in one sense they should be compared with the fully 
developed stall model shown as line b-b in Fig. 2(a). Despite 
this considerable “benefit of doubt’’ given the prediction methods 
they still all predict stall far too soon in passages of high L/W,. 
This again emphasizes the need for inclusion of stability con- 
siderations and of transient elements in the flow models for pre- 
dicting the onset and behavior of stall in passage flows. These 
remarks suggest that the answer to both of the questions raised 
concerning use of boundary-layer theory at the beginning of this 
section are negative. It also follows from the foregoing remarks 
on transient mixing effects that the underlying but unstated 
problem still remains the construction of an adequate method for 
prediction of the behavior of turbulent shear layers. Further 
careful experimental work should make clear the physical facts 
involved, but whether or not a theory can be formulated that is 
adequate but is still sufficiently simple for engineering purposes 
cannot yet be foreseen. 


Conclusions 


The major conclusions of the three sections of the paper taken 
together appear to be as follows: 


1 Stall in passages is a spectrum or series of stages of condi- 
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tions including transient and three-dimensional, as well as steady 
and two-dimensional, effects, 

2 Ina turbulent boundary layer, small streaks of stall occur 
very near the wall even for relatively modest values of adverse 
pressure gradient; consequently, the use of a parameter express- 
ing the ratio of the rate of production of stalled fluid to the steady 
maximum possible rate of removal by main-stream forces pro- 
vides a more adequate and useful description of stall than the 
conventional stall or no-stall description. 

3 The data on vaned diffusers and the correlation of optimum 
recovery data from all known results, suggest that the stall charac- 
teristics of passages with high values of length-to-width ratio are 
not the same as the stall characteristics of airfoils and other ob- 
jects in external flow. In passage flows, the stall characteristics 
are greatly influenced by the stabilizing effect of nearby walls. 
This conclusion is substantiated by preliminary comparison of the 
available prediction methods with diffuser-performance data. 

4 The considerable preponderance of evidence available, in- 
cluding particularly the results of Hewson and the vaned-diffuser 
data, suggested that boundary-layer theory alone is not sufficient 
to predict the onset or the behavior of stall. This remark applies 
primarily to calculations based on the assumption that dp/dy is 
zero across the shear layer inasmuch as direct correlations of 
velocity profile including stalled and reattaching flows have al- 
ready been achieved for some cases. 

5 Complete analysis of either the losses inherent in adverse 
pressure-gradient flows containing boundary layers or the pre- 
diction of the onset and behavior of stalls apparently requires 
knowledge of inlet conditions and must involve analysis of the 
transient as well as the steady behavior of the flow. 

6 Further correlations of the type shown in Fig. 6, careful 
study of the various stall data to account for the L/W, effect, ad- 
ditional studies of not only the mean flow but also the transient 
characteristics of both boundary layers and of stalled flows, and 
more fundamental studies on the basic flow models of the turbu- 
lent shear layer are probably all needed in order to achieve a com- 
plete and reliable means for understanding and predicting stall 
behavior. Until at least considerably more data of these types 
are available, it is questionable whether any theoretical method 
can be firmly enough grounded in physical fact to insure a much 
more successful solution to the stall problem than those already 
achieved by the extremely numerous methods now available. 
In the meantime, it is likely that predictions of stall based on cor- 
relations of the type shown in Fig. 6 will supply not only simpler 
but also more reliable results for passage flows than any available 
theoretical method 
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DISCUSSION 
Jules L. Dussourd'* 


In Reference [10] of the paper (as a Stanford University report 
rather than NACA TN), Cochran and Kline have formulated 
(pages 70 and 71) design criteria for straight-walled, wide-angle 
diffusers with vanes. Of these, Criterion 4 sets the optimum 
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length for the vanes. Application of this criterion yields vanes of 
considerable length; in fact, nearly equal to the over-all diffuser 
length, for a diffuser designed for optimum pressure recovery. 
This may be shown as follows, using the symbols of Cochran 
and Kline: 


vane length 

upstream vane spacing 
diffuser inlet width 
diffuser exit width 
diffuser divergence angle 
number of vanes 

diffuser wall length 

a(n + 1) 


4 for near optimum recovery 


= 7 deg 
Combining this yields: 


whereas, Criterion 4 calls for: 


= 
a 


Examination of the test data contained in the same reference, 
however, indicates that optimum recovery is achieved when the 
length of the unit vanes is approximately equal to one half of the 
over-all diffuser length. It would be of considerable usefulness 
to have the author express his most up-to-date thinking on this 
subject. 


Author’s Closure 


In answer to the question raised by Dr. Dussourd, the follow- 
ing may be of assistance. The result of vanes nearly as long as 
the passage stems directly from Dr. Dussourd’s assumption that 
W/W, = 4. Asshown in reference [8], there are several different 
optimums of technical significance, and W,;/W: = 4 will not cor- 
respond to all of them; it is a special case. Moreover, in design 
practice one must deal frequently with situations which cannot 
be made optimum and the question of best vane length under 
nonoptimum conditions required by initial passage shape is 
therefore of significance. In both instances, that is, for optimum 
and nonoptimum outer passage shapes, best performance may 
occur with vanes running the full length of the outer passage or 
with far shorter vanes depending upon the shape of the original 
unvaned passage. Actually, as can be seen from a cross plot of 
Figs. 20 or 26 of the report to which Dr. Dussourd refers, per- 
formance is relatively insensitive to vane length provided the 
vanes are reasonably long but not so long that any individual 
passage has a geometry lying above the line of appreciable stall, 
line a-a of Fig. 6. Maintaining individual angles near seven 
degrees, on the other hand, is important in performance. These 
design matters are discussed in more detail than is possible here 
in references [8 and 10). 

Since preparation of this manuscript, several additional rele- 
vant reports have been called to the author’s attention or have 
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appeared in print. These will be cited briefly for completeness 

First, recent papers by Stratford, [34, 35] have independently 
verified the existence of transitory stall in a boundary layer be- 
fore full stall. In studies of a layer which was almost but not 
quite entirely separated, Stratford observes, “a special region 
of flow with very high turbulence level close to the wall.’’ This 
is consistent with the remarks in connection with Fig. 4. It is 
also consistent with the description of the behavior of the basic 
unstable model of turbulence as a turbulent boundary nears 
complete stall given by the author and P. W. Runstadler in [11]. 

Second, some comment should be made on the validity of the 
results obtained by Hewson [23]. As noted by the writer, and 
as re-emphasized by Prof. F. H. Clauser in oral discussion at the 
ASME stall symposium in December, 1958, there is some doubt 
regarding the results arising from lack of a check on the two- 
dimensionality of the flow by Hewson. Much of this doubt is 
removed by the work of Newman [36], which was called to the 
author’s attention by Prof. C. Nicholl. Newman independently 
found that the Karman equation did not hold near a stall region. 
The discrepancy was composed of two terms, one representing 
dp/dy forces (see discussion above), and one representing appar- 
ent shear terms which were much larger than found in boundary 
layers far from separation. The magnitude of the dp/dy term 
is in general agreement with Hewson’s result. Newman did 
check the two-dimensionality of his flow with care. 

Third, the suggestion advanced by the author that velocity 
profile correlations might hold up to full stall and that turbulent 
boundary-layer separation should be correlated on the basis of 
intermittent separation (short of the section where the wall 
shear vanishes) have been verified by a remarkable correlation 
due to Sandborn [37]. These results are too lengthy for com- 
plete discussion here, but it should be noted that this correla- 
tion shows the profiles at stall are a two-parameter family rather 
than a one-parameter family and hence explains the inconsistent 
results obtained by several earlier attempts involving one-pa- 
rameter velocity profiles. The turbulent correlation achieved is 
not found by setting C,; = 0 and indeed shows a small but 
finite value of C, at stall inception. Those results, taken to- 
gether with the physical observations of the author and a re- 
analysis of the data of Stratford [35], will be the subject of a 
further paper by Sandborn and the author shortly. It is hoped 
that this work will shed further light on both the correlation and 
the physical picture of stall. 

Finally, the author would like to reiterate that, while this dis- 
cussion hopefully adds to the physical insight on the problem of 
stall, ‘the story is by no means yet complete and will not be until 
we are able to give a mathematical theory which will describe 
the phenomena observed and give consistently reliable predic- 
tions. The author hopes that continuing studies on these prob- 
lems now in process will in some measure contribute toward 
such a result. 
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Bs EMPHASIS of this paper is on design considera- 
tions; references to underlying fluid mechanical considerations 
are given where pertinent. The methods used and the data 
covered have definite limitations and blank spots; however, the 
suggestions given represent the best solutions available in terms 
of present data. 

The two basic problems encountered in the design of straight- 
walled diffusers discussed in this paper are: 


(a) Prediction of over-all flow regime. 
(b) Design of optimum straight-walled diffusers 


All available studies show that adequate theoretical methods, 
either exact or approximate, do not exist for the solution to 
either problem (a) or (b). Detailed reasons for this are given in 
[2, 11];?. subsequent studies have reinforced this conclusion 


It is therefore appropriate to formulate an empirical scheme 
using the existing data for the predictions desired. The amount 
of data is scant, and hence it is very useful toemploy a correlation 
method between the data for various geometries in order to make 

1This work was commenced under financial support from the 
National Advisory Committee for Aeronautics and is continuing 
under the financial sponsorship of the Air Force Office of Scientific 
Research, Contract AF 49(638)-295. Reproduction in whole or in 
part for any purposes of the United States Government is author- 
ized. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulic Division and presented at the Annua! Meeting, New York 
N. Y., November 30-December 5, 1958, of Tue AmerRIcAN Socrety 
or MEcHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to | 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August ! 
1958. Paper No. 58—A-137. 


Optimum Design of 
Straight-Walled Diffusers 


The four common optimum problems in diffuser design are defined. These optima are 
located in relation to the over-all flow regimes in terms of geometrical parameters for 
straight-walled units. Using an empirically derived transformation of variables between 
the conical and two-dimensional geometries, all available data for optimum recovery 
at constant ratio of wall length to throat width are correlated by a single straight line. 
This line lies slightly above and parallel to the line of onset of large transitory stall on 
the chart of over-all flow regimes. The correlated results are based on a literature survey. 
The range of conditions for each investigation is tabulated for convenient future reference. 


the best use of what few data are available and to generalize the 
results. An extensive literature survey has shown that the fol- 
lowing two types of data are available: 


1 Performance data on recovery and effectiveness 


2 Maps of flow regime to be expected 


The first type of data is available primarily for conical diffusers 
and two-dimensional flat diffusers. The second is available only 
for two-dimensional flat diffusers. It is therefore desirable to 
relate the flow regimes to the performance curves and to associate 
the parameters of the flat units with those of the conical units 

Two pitfalls exist in this work: (a) There are several different 
kinds of optima for which performance data may be given. (b) 
There is not a complete correspondence between flow regime 
found and a particular value of recovery; that is, even though the 
same values of certain parameters may locate the optimum re- 
covery for two units, the value of recovery at the optimum in 
general will differ between the units. The same remark applies 
to the value of recovery found at other points along the per- 
formance curves. 

In this paper four different types of optimal problems are de- 
fined, and methods of prediction are given for each type. The 
Hlow-regime charts given, together with the method developed for 
correlating the various geometries, should allow good prediction 
of the location of optimum conditions and/or the general type of 
flow to be expected, assuming reasonable inlet conditions, straight 
walls, and low Mach numbers. Some tentative remarks also are 
made about possible application when these conditions are not 
satisfied 


Flow Patterns in Flat Two-Dimensional Diffusers 
Effects of Geometrical Parameters. The flow patterns in flat two- 


Nomenclature 
A, = area ratio (A,/A,) 
1 
- PidA, 
Cpr = actual pressure recovery 


iA 


= — P,)/q (one-dimensional) 


CpRiag = ideal pressure recovery (1 — 1/A,?) 
H, = head loss due to dissipation 
= nondimensional head loss (H, 


P = static pressure 
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q = dynamic pressure (pV?/2g.) 
V = one-dimensional velocity of flow 
W, = throat width 
6* = boundary-layer displacement thickness 
n, = pressure effectiveness (Cpr 
p = density 
), = inlet to diffuser 
( )» = exit of diffuser 


6 =*99 per cent boundary-layer thickness 
6** = boundary-layer momentum thickness 
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dimensional units have been studied in detail and are reported in 
references [13] and [2].* Reference [11] discusses some addi- 
tional implications of these results. It is noted that, while it is 
convenient to divide the flow patterns found into distinct regimes, 
in reality they represent an essentially continuous spectrum, with 
lower pressure gradients and shorter diffusers giving less stall 
and smoother flow (other things being equal). 

If the diffuser-divergence angle is continuously increased from 
zero degrees while the inlet-flow conditions, the wall length, and 
the throat width are held constant, the following regimes of flow 
are found: 


| A region of no “appreciable” stall in which the main flow is 
well behaved and apparently unseparated. 

2 A region of large transitory stall in which the separation 
varies in position, size, and intensity with time. This is « regime 
of highly pulsating flows. 

3 A region of fully developed stall in which the major portion 
of the diffuser is filled with a large triangular shaped turbulent 
recirculation region extending from the diffuser exit to a position 
close to the diffuser throat. The main flow follows along one wall 
continuously, and relatively smoothly. 

4 A jet-flow region in which the main flow is separated from 
both walls. The separation begins slightly downstream from 
the throat, and the flow does not reattach until well downstream 
from the diffuser. This occurs only at quite high angles of di- 
vergence. 


For a more detailed description of these flow regimes and the 
nature of the transitions between them, the reader is referred to 
{13], [2], and [11]. 

These flow regimes are reproduced for convenience in Fig. 1. 
It is to be noted that this figure applies to the following conditions: 
(a) Thin inlet boundary layer compared to passage width, (5) flat 
velocity profile outside boundary layer at inlet, (c) low Mach 
number and high Reynolds number, (d) flat, straight-walled 
passages, and (e¢) downstream tailpipe or partially blocked exit. 
Also, the jet-flow regime lies at still higher angles of divergence 
than shown in Fig. 1, see [11] or [13], but is omitted here since the 
lower angle region is that of interest in most diffuser design. 

Effects of Nongeometrical Parameters. The effect of entering tur- 
bulence level is shown in Fig. 1. For internal flow the curves 
marked high turbulence level will normally apply. What tests are 
available indicate that the source of the turbulence is not of 
critical importance; so long as it is high and of relatively large 
scale, more or less the same over-all effects are observed. 

It is believed that the geometry of the passage downstream from 
the diffuser may have an effect on the location of the lines a-a and 
b-b; particularly b-b at high angles and low L/W,-values. This 
effect and the downstream blockage effect in general are defi- 
nitely in need of further study. At present there is no rational 
means for predicting the importance of such effects. Small ef- 
fects of this kind also have been reported by Robertson and Holl 
[20] in a unit operating just below line a-a. 

Data relating other types of effects to the flow regime to be an- 
ticipated are either few or nonexistent. The following remarks 
are made, therefore, purely as the best available ‘“guestimate,”’ 
and not as final conclusions. 

In regard to the effect of inlet boundary layer, preliminary 
visualization studies of alteration of inlet profile completed at 
Stanford University in 1957, in which both laminar inlet layers 
and fully established turbulent profiles were employed, suggest 
that inlet boundary-layer profile apparently has relatively little 
effect on flow regime. This quite surprising result has also been 
verified to some extent both by Norbury‘ and by Uram [25]. 
Uram varied his inlet boundary-layer thickness by a factor of 3, 


3 Some recent unreported additional data are also includéd herein. 
‘ By private communication. 
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Fig. 1 Flow regimes in plane-wall two-dimensional subsonic diffusers 


but found that his shape parameters (6*/6,** etc.) in the down- 
stream flow were still essentially unaltered. Since the shape 
parameters correlate fairly well witb stall conditions, this tends to 
verify the lack of sensitivity of flow regime to inlet boundary- 
layer conditions. 

The explanation for this strange result apparently lies in the 
fact that increased mixing effects generated by relatively large 
adverse pressure gradients as discussed in [21] markedly decrease 
the history effect of the boundary layer as compared to events in 
zero or negative pressure gradients. 

The reader is cautioned that inlet boundary layer does have a 
large effect on losses and recovery. Furthermore, if a large area 
of the whole inlet flow which is deficient in stagnation pressure 
occurs near one wall, stall definitely will occur sooner than shown 
in Fig. 1 or 2; that is, lines a-a and b-b are markedly lowered. 

The whole problem of inlet conditions needs systematic study. 
Such an investigation is currently under way at Stanford Uni- 
versity under sponsorship of the General Electric Company and 
hopefully will be the subject of a later paper. 

The effect of throat-aspect ratio on flow regime is entirely 
negligible as shown by data of [13] covering the range from 20:1 
to 1:4. The effect of Reynolds number on the flow regime within 
the range of available data is slight or small. The effect of Mach 
number is unknown but is probably small up to the occurrence of 
local choking. 

Thus, while the data of Fig. 1 are subject to the restrictions 
given in the preceding section, some of these restrictions can be 
relaxed enabling the data to be used over a considerably wider 
range of conditions as discussed in the foregoing. Such extrapola- 
tions are currently necessary and useful even if not tetally re- 
liable. 

In Fig. 1, line a-a is drawn for the condition of high inlet turbu- 
lence since the usual mechanical-engineering system has a high 
turbulence level. Actually, reference [13] shows that there is 
some small effect of turbulence level on line a-a. However, the 
uncertainty in the data is relatively large and the amount of data 
is relatively small at high values of 20 where the change in turbu- 
lence level has the greatest effect. The line shown can be con- 
sidered reiatively well established for L/W, > 4, but for a number 
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Fig. 2 Typical diffuser performance curves. 


of reasons, some of which will appear later, should be used with 
caution for L/W, < 4. 


Correlations of Two-Dimensional, Conical, and Annular 
Geometries 


In order to make the best use of the existing data it is ad- 
vantageous to employ a correlation method between the data for 
various geometries. 

Fig. 3 shows the curves for conical and two-dimensional flat 
units superimposed. It is noted that the correlation is based on 
the following association of variables: 


Flat 
20 


L/W,——>_ L/R, 


Use of equivalent cone angles or L/D, for the conical units does not 


Conical 


appear to correlate the results even though superficially it 
might appear more logical. 
the idea that the area ratio be made the same at least up to first 
order in terms of the variables employed, and at the same time 
the expansion angle should be preserved. 
the data. 

For flat units 


The association given is based on 


This is suggested by 


A» 
A, 


For conical units 


Flat Unit 
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28 
Rectangular diffuser, Cochran (2). 


Comparison of the two expressions for A, shows the basis of the 
relation. However, the second-order terms in these expressions 
are not small at the higher angles and L/W)-values. Despite this, 
the correlations work well, in so far as flow regime is concerned, 
for all comparable data thus far available even at large L/W, 
and 26-values. It is noted that this correspondence does not 
extend to the value of recovery, but it does seem to work well for 
location of flow regime. This is further substantiated in the 
section on optimum designs. 

Following this scheme for annular units, either of two expres- 


sions can be used. The first is 


Flat Annular 

20 — > 26 

L/W, ——_ L/R, 
This association is also derived by comparing the area-ratio ex- 
For an annular unit the area ratio can be written as 


L L 3 
sin? @ — 
R; sin 6 ( 2, ) in 6 ( R, ) 


pressions. 


Ap = 


Annular Unit 


If B, = 0, then the denominator becomes unity. In this case the 
correspondence of area ratios will in general be better than for 
conical units since the two terms involving squares tend to cancel. 
An even better correspondence can be found in the case where the 
two walls of the annular diffuser are parallel. 
area ratio becomes 


In this case the 
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Fig. 3 Comparison of conical and rectangular diffusers 


L 
Ap = 2 — sin 6 


and the appropriate association of variables is 


Flat Annular 
26 > 20 
L/W, > L/(R, B;) 


(Note that the + sign is correct even though 2, — B, = W,.) 

The association of variables given is surprisingly good for cor- 
relating conical and flat units regarding flow regime. Not enough 
annular data exist to provide any real check on the correlation 
suggested for flat and annular units. However, the method has 
heen applied successfully in two cases. 

It is believed that the vane systems described in [2] also should 
he applicable to conical and annular units using the correlation of 
variables given in the foregoing and the same criteria given in [2] 
for flat units. 
carried out successfully. 


At least one instance of such a design also has been 
Where possible, some radial spacers also 
should be employed as stabilizers in such round geometries to 
prevent a spiraling form of transitory stall, 


Optimal Design and Diffuser Performance 


Relation Between Flow Regime and Performance. [1 | iv. 2 the 
correlation of flow regime with location on the performance curve 
developed in references {2, 11] is reproduced. It shows that op- 
timum recovery at constant length occurs at or slightly above the 
line a-a which marks the border between no appreciable stall 
and large transitory stall. From the design point of view it should 
he noted that the regions between points 2 and 3 in Fig. 2 repre- 
sent a region of large pulsations and very unsteady flow. It also 
should be noted that the flows found at angles above point 4 are 
much steadier although not without some fluctuations. Further- 
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more, since the recovery curve passes through « minimum near 
point 4, in some instances a larger divergence angle may be better 
than an intermediate value. It can be seen from Figs. 1 and 2 
that this minimum point on the Cpr curve lies slightly above the 
line b-b in the regime of fully developed stall. In such instances, 
the use of flat vanes designed according to the procedures sug- 
gested in [2]* often can be employed to advantage. These short- 
vane systems, if properly designed, can give good recovery, 
smooth flow, and uniform exit-velocity profiles up to divergence 
angles of at least 45 deg. 

Diffuser Losses. In discussing performance it is very useful to 
derive an explicit relation between head loss, ideal recovery, and 
actual recovery. This is readily done as follows: 

By definition, for steady one-dimensional incompressible flow, 


( P, V;? ) ( P, 5) 
H,  \p 29. 


(Pi — (P2 + q2) (1) 


Rearranging Equation (1) yields 


q 


(la) 


Using the equation of continuity, the definition of Cpr, 
and Equation (1a), it can be shown readily that this is equivalent 
to the following: 


* Reference [2], pp. 69-71 and 80-81. Several other means of 
boundary-layer control are also known to be effective alone or in 
combinations. Discussion of these effects is beyond the scope of this 
paper. 
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Ay = Crider — Cer 
This function is plotted in Fig. 2 from the data in reference [2]. 
It is seen that 77, is a monotonically increasing function with in- 
creasing divergence angle. This is quite meaningful up to the 
angle that corresponds to that for optimum recovery (slightly 
above the line a-a) and in this region it needs no special interpreta- 
tion. However, for the region beyond optimum recovery, it 
must be interpreted with caution for the following reason: The 
loss of head, /7,, is a measure not only of dissipation in the flow 
but also of the leaving loss; that is, 7, charges the diffuser not 
only with the head loss due to dissipation but also with the excess 
of kinetic energy leaving the unit above that which would occur 
with a one-dimensional exit-velocity profile. For some purposes 
this is a measure of loss desired, but for other purposes it is not. 
In particular, if a tailpipe or downstream duct is added to the 
diffuser, some of the leaving loss arising from nonuniformity of 
velocity profile at the exit of the diffuser usually will be re- 
covered downstream. 

Optimal Design of Simple Passages. Four important optimum 
problems are commonly encountered as follows: 


1 Minimum loss of total pressure is desired for a given pres- 
sure rise. 

2 Maximum recovery for a given area ratio is desired regard- 
less of length in the flow direction. 

3 It is desired to design for optimum recovery within a given 
length in the direction of flow. 

{ Optimum recovery for any possible geometry is desired for 
the given inlet conditions; this can be called the best optimum. 


Other optimum problems can be formed, but these four are be- 
lieved to be the most common and important. It is reiterated 
that the location of these optima are all different. This can be 
demonstrated in part as follows: 

The curve of pressure effectiveness, np, given in Fig. 2, il- 
lustrates the fact that the maximum of 7p occurs at an apprecia- 
bly smaller 26 than does the maximum of Cpr. (This phe- 
nomenon also was noted by Reid [19].) Using the definition of 
Np and Cprigay it can be shown readily that this must be so. 
Consider a diffuser having W,, L/W,, and all inlet conditions held 
constant as the included angle is increased continuously from zero 
degrees. At 20 = 0, the diffuser is simply a pipe in which a de- 
crease in static pressure occurs due to losses; thus Cpr < 0 and 
n, = —®. At some small positive value of 20 the momentum 
conversion will just offset the frictional static pressure loss; there- 
fore both Cpx and np will be zero. As 26 is increased, the rate of 
increase of Cpr is reduced by the additional losses and by the 
production of a less uniform exit-velocity profile. It can be seen 
from the definition of np that the logarithmic increase of np is 
equal to the difference of the logarithmic increases of Cpr and 
CPR tes 

Mp = Cpr 
and 


In = In Cpr In 


To find the maximum of np as a function of 20, we differentiate 
and equate to zero. This yields 


n = » -- n 
A PR 6 PR ides! 
or l PR of "PRides 3 
(3) 
‘'pp 06 CPRideni 06 


® This relation can be extended readily to two or three-dimensional 
flows, but the extension merely complicates Equation (2) without 
adding to the physics 
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Equation (3) shows that when 7p is a maximum the fractional 
rate of increase with angle of Cpy and Cpry,,, are identical. 
Further, since Cpr at this point is positive and since by definition 
both ANd are positive, Equation (3) shows 
that the rate of increase of Cp with angle, at the point of maxi- 
mum effectiveness, np, is always greater than zero. In other 
words, the maximum of Cpr cannot occur at the angle of maximum 
np. For any divergence angle greater than that required to obtain 
maximum effectiveness, the ideal pressure recovery increases 
proportionately faster than the actual pressure recovery and 
hence np decreases with further increase in 20, but Cpr will con- 
tinue to increase so long as 0(CprR)/00> 0. 

In fact, by employing Equation (2), it can be shown that the 
rate of increase of losses equals the rate of increase of Cpry,, at 
the point of maximum Cpr. 


= Crane — Con (2) 


Differentiating and equating OCp_/O6 to zero yields 


off, OC PR ident OC px 
06 
0 
Therefore, when Cp, is a maximum, 
off, OCPRiten (4) 
06 00 


Thus, as 26 is increased above the angle which gives maximum 
effectiveness, the actual pressure recovery will continue to rise 
with increase in angle until the added losses and increased rate of 
momentum efflux (brought about by the increase in angle) bal- 
ance the theoretical gain in recovery made possible by the in- 
creased angle and the concomitant increase in area ratio. 

It is also instructive to examine under what conditions we 
would expect this balance to occur in terms of the flow regimes 
plotted in Fig. 1. The nondimensional loss term, /7,, is com- 
posed of two parts: (a) Dissipation due to wall shear and mixing; 
(b) leaving momentum loss. 

As mentioned in the previous discussion, the angle at which 
the pressure increase due to increasing area is just offset by the 
sum of wall friction and mixing losses in an apparently unstalled 
flow pattern is of the order of 1 deg total divergence. Conse- 
quently, it is unlikely that wall friction and mixing effects will be 
sufficient to cause a reversal of the trend of the Cp, curve so long 
as the flow pattern contains no appreciable stalls. Similarly, the 
leaving loss will increase smoothly and slowly as a function of 
angle so long as the exit-velocity profile corresponds to an es- 
sentially unstalled flow pattern. Thus the maximum recovery 
is not likely to occur so long as the major flow pattern contains 
no appreciable stalls. 

On the other hand, as soon as large stalls begin to appear, 
whether transient or steady, both the mixing loss and the leaving 
loss will rise sharply; mixing losses due to bluff drag are known 
to be an order of magnitude higher than those due to skin fric- 
tion alone, and any stall which occupies an appreciable area of 
the exit plane (on the average over both time and space) will in- 
crease the leaving loss inversely as the square of the effective exit 
area. Thus a relatively small amount of stall can cause a down- 
ward trend in the recovery curve, and hence we should expect to 
find the point of maximum recovery as a function of angle very 
soon after we are first able to discern large transitory stalls as 
shown by line a-a in Fig. 1. As will be shown later, this is indeed 
the case. 

With the aid of Equations (2), (3), and (4) and the available 
data we are now in a position to find the location of the four dil- 
ferent optima enumerated in the foregoing: 
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Minimum Total Head Loss Per Unit Actual Pressure Rise. Minimum 
total head loss per unit actual pressure rise is coincident with opti- 
mum effectiveness. This is easily demonstrated as follows: 

From Equation (2), 


A, — Cer 


Cer Cpr 


Since 9, < 1 this function is a minimum when 7, is a maximum 
inasmuch as this gives both the largest denominator and the 
smallest numerator. 

Gibson [5] and Reid [19] show that optimum effectiveness 
occurs at an angle of approximately 7 deg for all but very short 
diffusers. This value of 7 deg is total included angle of dif- 
fusion, and it is the same for both the conical and flat units despite 
the fact that the pressure gradients differ in the two cases. Thus, 
to design for minimum loss, it is only necessary to use a total 
divergence angle of 7 deg, and the length required to provide the 
necessary area ratio. The only precaution to be observed is that 
L/W, or L/R, should not exceed about 25 if large fluctuations 
are to be avoided, Fig. 1. 

Optimum Recovery for Given Area Ratio. §=[xamination of the data 
of Reid [19] also shows that the optimum of this type (optimum 
recovery at constant area ratio) is very flat in the zone of steady 
flows. Thus, so long as the design is such that it falls below line 
a-a in Fig. 1 which shows the flow regimes, almost any convenient 
length of diffuser cen be selected without appreciable penalty. In 
fact, the curves are so flat that the gains to be realized by altering 
length to the optimum value are probably more apparent than 
real owing to the uncertainty in the data. This remark holds 
only for the region below line a-a. Above line a-a, geometrical 
area ratio rapidly loses design significance as noted in the follow- 
ing. 

Optimum Recovery for Given Length. As explained previously, 
maximum Cpr as a function of angle will occur only when the 
rate of increase of losses become large, i.e., after the average 
amount of stall in the diffuser begins to increase rapidly. Thus 
we would expect to find optimum recovery, as angle is increased 


Table 1 


at constant L/W), at a point slightly above line a-a. This con- 
clusion is entirely in agreement with Fig. 4, which shows that 
optimum recovery at constant L/W, lies very close to a fixed 10 
per cent above line a-a. 

Fig. 4 shows the correlation of all the data on optimum re- 
covery for a given length, available to the authors, and a sum- 
mary of the ranges, conditions, and so on, of the data is given in 
detail in Table 1. The lack of scatter is remarkable, but despite 
this, the curve must be used with some caution due to the large 
number of parameters noted previously. No data for high Mach 
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were poor, but the results appear consistent. 
© In this table W; represents channel width for two-dimensional units, and in conical units represents R; to agree with correlation of Fig. 4. 
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number based on W, and inlet conditions; Mi = Mach number at inlet. 
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reasonably adequate and of wide enough scope to establish a curve and optimum value of recovery. 
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numbers or badly distorted inlet profiles are available. Nor are 
optimum data available on performance with plenum-chamber 
exit conditions at high divergence angles. Conservatism in de- 
sign is desirable in the region of high angles until the further data, 
referred to previously in connection with downstream geometry 
effects, are available.’ 

Best Optimum for Any Geometry. The best of all such optima, 
that is, the best recovery possible for given inlet conditions with 
any geometry of diffuser is not clearly established; a trend is 
visible, however. Noting just the conical data in Fig. 4, it can be 
seen that the value of recovery increases uniformly as L/W, in- 
creases and 26 decreases. However, the rate of increase is slowing 
rapidly and probably ceases near or not far beyond the last point 
at 20 = 7 deg in Gibson’s data. The only sufficient data for the 
flat case are Reid’s and they show a similar trend. Thus it is 
probably a good guess to take 20 = 7 deg and L/W, of 25 to 30 as the 
general neighborhood of the best optimum. This choice is further 
substantiated by the data of Cochran [2]. In all tests run by 
Cochran, which include a considerable range of variables, the 
best recovery was achieved when the vanes were designed in such 
a way that each individual passage lies in the region just de- 
lineated. Still further evidence for this choice lies in the fact 
that it represents the intersection of the line of minimum loss per 
unit actual pressure rise (7 deg) with the line of maximum length 
possible without large stalls. Thus it represents the largest area 
ratio achievable along the line of minimum loss without the ap- 
pearance of large stalls. A design for lower area ratios in the seg- 
ment between the line a-a and a 26 of 7 deg will decrease recovery 
as shown by the data in Fig. 4. Design into the region to the 
right of or above line a-a will of course bring on large stalls. De- 

? Reid’s data seem to check this idea. Also Reid's unit had a 
thicker inlet boundary layer and lower inlet turbulence which may 
affect his results. The uncertainty in locating optima in Reid's data 


is also high due to the few points taken near the maximum of the 
curves. 


sign in the region below 7 deg and line a-a will increase losses for 
a given actual pressure rise. This suggests that the losses may 
rise faster than the increase in recovery due to increased area ratio 
on line a-a below 7 deg and hence that 7 deg may represent a 
balance between wall friction loss and mixing loss such that their 
sum is minimized. This last conclusion cannot be checked due 
to lack of sufficient data at very high L/W, and low angles. 

Diffuser Performance. Fig. 5 shows the curves of recovery 
plotted in design-chart form for the two-dimensional data of 
references [2, 19, 27, and 34]. All the known data are given. A 
bibliography of all pertinent references is included. Despite the 
length of this bibliography, the available data are not nearly 
adequate since many of the references contain little information of 
use to the designer. 

Since the available data are not nearly as extensive as might be 
desired, some remarks of use in applying judgment are pertinent. 
With thin inlet boundary layers, both the conical and flat data 
tend to follow the curve of ideal recovery fairly closely up to some- 
what beyond the angle of optimum effectiveness. This implies 
that the performance at low angles of divergence is primarily a 
function of area ratio, and hence that the flow is nearly one-dimen- 
sional as is assumed in the simple theory. Thus in this region 
design is relatively straightforward. Predictions that will be 
reasonably close can be made on the basis of the one-dimensional 
theory. For first estimates frictionless flow is probably sufficient 
in many cases. For close estimates a suitable effectiveness factor 
must be applied. This is more difficult since all factors influencing 
effectiveness are not really known. It can be stated that conical 
units will give higher recoveries by a few points than flat or 
square units if other conditions are equal (Fig. 3). The data show 
that performance is also affected by inlet boundary layer and 
Reynolds number. 

In regard to the effect of inlet boundary layer, the data con- 
tained in Fig. 4 include a threefold variation in 6,*/W, without 
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any perceptible alteration in the location of optimum recovery. 
It is to be expected that thicker inlet boundary layers and lower 
Reynolds numbers will give poorer performance, but the amount 
of such effects is unknown. It is also believed that higher aspect 
ratios in flat units will give lower recoveries, but no data on this 
point are available. 

The few available points suggest that increase in inlet Mach 
number up to 0.5 or somewhat higher does not appear to alter the 
losses and hence the performance, provided the design point is as 
much as 5 or 6 deg below line a-a at constant L/W,. However, if 
the design is close to line a-a, then the losses appear to increase 
steadily with Mach number. This conclusion is based on the data 
of Little and Wilbur [12] and Copp [3]. It consists of only a few 
curves, but they all agree with the conclusion stated. The con- 
servative units show flat performance up to choking followed by 
a sharp rise; the units designed near what would be optimum for 
low Mach numbers show increasing losses as Mach number is in- 
creased over the whole range of Mach number. Since the rate of 
increase of losses in the units increases with increasing Mach 
number, and since transitory stalls actually commence before line 
a-a, the probable explanation for this behavior is that the transi- 
tory stalls initiate some choking effects by flow blockage before 
line a-a is reached. This implies that optimum diffusers for high 
subsonic inlet Mach numbers probably lie a few degrees below 
rather than a few degrees above the line a-a. Sufficient data to 
substantiate this conclusion are not available. However, some 
degree of conservatism in design would appear warranted. 

Again it is emphasized that correlation of flow regime does not 
imply correlation of recovery value. More variables enter into 
determining recovery than into determining flow regime. Thus 
Reynolds number, aspect ratio, and inlet boundary layer (within 
limits) do not appreciably affect flow regime, but they do affect 
recovery and losses. 

In the region of optimum recovery and at still higher angles the 
situation is unfortunately even more complex than at lower 
angles, and is even less understood. The following remarks may 
be of some aid to the designer who must sometimes use passages 
in this region without any means for stall prevention. At quite 
high angles, in particular above line b-b of Fig. 1, area ratio of 
the diffuser is no longer significant since the flow does not follow the 
walls. This effect actually begins below line a-a, but does not 
hecome large until line a-a is approached. Thus area ratio be- 
comes less and less significant as a variable as the angle increases. 
At very high angles the important parameters governing re- 
covery are believed to be L/W,, inlet conditions (including 
boundary-layer thickness and turbulence), and downstream 
geometry, but these remarks cannot be verified at present. The 
scatter in the region above line b-b is enormous, with recoveries 
ranging from 5 per cent to 50 per cent reported in what super- 
ficially appear to be comparable data. For good recovery, high 
L/W,, high inlet turbulence, and thin inlet boundary layers are 
desirable. A partially blocked exit or tailpipe is also preferable 
to a plenum discharge in this region. Beyond these admittedly 
inadequate remarks, judgment is the only recourse at the present 
time. 

In applying such judgment, the concepts of stall developed in 
|11] should be of assistance. In particular, it is pertinent to note 
that the losses due to wall shear can be estimated from available 
data, but these are not sufficient and generally give an estimate of 
losses that is far too low (often by a factor of 10 or more). The 
reason for this is that the primary losses are due to mixing of 
stalled fluid with oncoming flow, and no means for estimating 
this loss is now known. In addition, the recovery is reduced still 
further by distortions of the exit-velocity profile, and at present 
this effect cannot be predicted either. For these reasons, pre- 
dictions of performance can now be made relial:ly in the region 
above line a-a only when entirely comparable data exist, and this 
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almost never occurs unless specific flow tests of the system under 
design are made. In general, the discrepancy between predictable 
effects based on one-dimensional flow and wall-shear losses be- 
comes larger and larger as the divergence angle of the passage in- 
creases. 


Conclusion 


Under many conditions a fairly reliable prediction of the loca- 
tion of optimum performance and/or of flow regime to be an- 
ticipated can be made for various geometries based on the correla- 
tions presented. The value of losses and recovery to be found at 
these conditions cannot yet in general be predicted. 

Although the correlations given have little rational and no 
theoretical foundation at the present time, they nevertheless 
appear to give correct predictions for a greater percentage of the 
time for straight-walled passages than any known method based 
on boundary-layer theory alone. In addition, they are ex- 
tremely simple and rapid in use. 
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DISCUSSION 
Robert C. Dean, 


The authors and the others who have contributed to the dif- 
fuser research program at Stanford are to be congratulated for 
bringing order to an important subject over which there has been 
considerable confusion for many years. The discovery and 
classification by these investigators of the various regimes of 
flow occurring in diffusers was the key of their success. This 
break-through was achieved primarily by visualization studies 
with simple test apparatus. The success of this attack where 
many others utilizing elaborate probing techniques have failed is 
an important lesson in fluid mechanics research. It points out 
clearly that, in problems where the flow is unstable or may be un- 
stable, point by point methods are often so difficult to correlate 
in time and space that they cannot be used to reveal the over-all 
flow pattern. Because instabilities, particularly stalling, must 
be suspected in all unknown flows, visualization should be pre- 
scribed as the first exploratory step. Of course, in cases where 
the over-all flow characteristics are well understood, point by 
point probing is a valuable technique. However, many of our 
most common flow configurations still lack today this over-all 
picture of the flow pattern to be expected. Professor Kline and 
his co-workers have demonstrated again the great power of en- 
lightened observation. 

The discusser has employed the results of the Stanford program 
several times in the design and development of diffusing systems 
These results verify and even suggest broader applicability of the 
authors’ results. Only at high subsonic Mach numbers was a 
divergence of results discovered. However, the authors now tell 
us that one should not design on line a-a, Fig. 1, in such cases, 
as we did, so that even our discrepancies may now be resolved in 
a qualitative manner. 

As a contribution to the little evidence available on engineering 
application of the authors’ results to diffusers of significantly 
altered form, two actual cases will now be presented. 

The first is a diffusing elbow of area ratio 4.8 converting from 
an annular passage to a rectangular passage. The ratio of the 
length of the sharply-curved centerline to the outer radius at inlet 
was about 3. The inside radius of curvature in meridional plan 
was 68 per cent of the annulus outer radius at inlet. This elbow is 
sketched in Fig. 6. It represents a short diffuser of large diver- 
gence angle and very sharp turn. 

Since one would expect virtually zero recovery in such a pas- 
sage, a set of turning vanes was designed to split the flow into 
ten diffusing channels each of which was designed according to 
the authors’ results. The only cognizance given to the curvature 
of each passage was to design its outer wall by streamline curva- 
ture methods in order to produce a variation of velocity over the 
inner wal! which matched the computed one-dimensional velocity 
variation associated with the authors’ two-dimensional diffuser 
of the same 20 and L/W). The potential effect of curvature upon 
the location of line a-a in the authors’ Fig. 1 was ignored. Several 
other approximations were made to account for sidewise diver- 
gence, the Kutta condition at vane trailing edges, and so forth, 
but they are not important to this discussion. 

The authors’ results, with our approximations, indicated that 
we should achieve a pressure recovery effectiveness 9 of 75 per 
cent. The measured value based on bulk mean velocities and 
averaged static pressures at inlet and exhaust was close to 100 per 
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The second example shows the effects of a large alteration of inlet 
geometry from that used by the authors. This flow passage was 
tested in many forms, two of which are shown in Fig. 7(a and b). 
The diffuser was developed using water at a Reynolds number 
based on throat width of about 100,000. The L/W, of these 
diffusers was about 3.5; the total divergence angle was varied 
from about 5 to 30 deg. In every case, no matter what the inlet 
configuration, we found that the onset of large transitory stall 
occurred close to the authors’ line a-a and that the pressure re- 
covery Was maximum there. ‘The value of maximum pressure 
recovery did depend, however, on the inlet configuration. We 
were not able to produce a fully developed stall at 20 = 30 deg 
which implies, according to Fig. 6, that our inlet turbulence level 
was high. This was to be expected in the wake of the upstream 
center body. 

It is hoped that this evidence of the success of the authors’ 
criteria in actual applications will encourage others to use this 
method. The discusser hopes that the authors and others will 
Fig. 6 build upon this excellent base by exploring the many secondary 
variables such as passage curvature, inlet flow configuration, 
Reynolds number, Mach number, and soon. He urges serious st- 
tention to the problem of the design of arbitrary diffusing pas- 
sages, for it is turning, twisting passages of varying sectional shape 
that are the common lot of the fluid machinery designer. Of first 
importance is the influence of passage centerline curvature upon 
the flow regime chart, Fig. 1, and upon the location of maximum 
recovery, Fig. 4. 


Authors’ Closure 


The authors would like to express their thanks to Dr. Dean for 
his excellent illustration of the methods suggested, for encourage- 
ment during the past course of the work, and for his suggestions 
on future efforts. In regard to future work, additional studies are 
under way at Stanford University on two aspects mentioned by 
Dr. Dean; (i) effect of inlet conditions on flow regime and 
performance, (ii) effect of wall curvature on flow regime and per- 
i formance. It is hoped that useful results from these works can be 
reported at a later date. 

Since preparation of the original paper, one other reference has 
also been called to the authors’ attention, an abstract of work by 


a 
Fig. 7(a) Fig. 7(b) 30: 
i 
cent at a bulk mean Mach number of 0.5 aad similar Reynolds 20 t 
number of 2 X 108. We know, however, that strong wakes of up- 15: + 20 
stream struts distorted the inlet velocity profile without, however, 
leading to gross asymmetry of the inlet flow. These distortions 10: > 
were responsible for the unusually high value of recovery based aS 
on bulk mean conditions. The distortions were measured with- 28 ee | | 10 
out the elbow attached to the upstream pipe, but could not be 
measured in the diffusion tests. If they were similar in both cases 4. . 
and if momentum flux integrals were used for recovery calcula- 
tions, the recovery effectiveness is estimated to have been 75 3 5 
per cent or higher, but certainly no lower. These details should 25; , 
not obscure the fact that the authors’ criteria applied approxi- 2: 7 
4 mately to a grossly different diffusing passage yielded excellent 15. 3 
results. The significant lesson, we believe, is that for optimum ‘2 
that often occurs in fluid handling devices. The authors’ criteria iS 4 56 2 30 50 
: apparently allowed us to circumnavigate this pitfall and still load L/W, 
the diffuser sufficiently to produce high recovery in a tight space. Fig. 8 Typical design curve, straight-walled diffusers 
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Ripp! [40]. This work contains additional data on conical units. 
Although it is difficult to be certain from a translated abstract 
(complete original work not currently available to authors), it 
would appear that Rippl’s observations concerning stall onset 
and trends of data are consistent with the discussion of the present 
paper. However, the location of optimum recovery at constant 
L/R, lies consistently 30 per cent below line a-a on Fig. 4 and 
is thus in disagreement with the data of Gibson. Although the 
uncertainty in location of optima in Rippl’s data are large, it does 
not appear sufficient to explain this entire deviation. Rippl’s re- 
sults are in disagreement not only with Gibson but also with a 
number of design applications checked in this country in conical 
units. The preponderance of evidence thus suggests some type 
of difficulty in Rippl’s results; the authors plan to check this 
further as soon as the complete work of Rippl can be obtained. 

In the oral discussion on the present paper a question was 
raised concerning design charts prepared from the data of Fig. 5. 
Such a chart cannot be prepared in universal form since the re- 
covery is a function not only of flow regime but also of Reynolds 
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number, aspect ratio, inlet conditions, and Mach number. How- 
ever, a chart can be prepared readily from any given set of data 
showing both isoplots and optimums. Such a figure has been pre- 
pared from the data of Reid [19] and is shown in Fig. 8. On this 
figure the line of optimum effectiveness, y-y, and optimum re- 
covery at constant L/W, a-a, are shown; the penalty for 
deviation in a given design is also readily seen from the lines of 
constant effectiveness and recovery. However, it must be re- 
membered that these numbers apply only to the particular con- 
ditions studied by Reid. 

Finally the authors would like to add that while the informa- 
tion given does appear to represent some progress in means for 
design, it is not yet totally satisfactory since it does not supply an 
analytical basis nor a means for calculating performance. 


Additional Reference 
40 Ek. Rippl, “Experimental Investigations Concerning the 
Efficiency of Slim Conical Diffusers and Their Behavior With Regard 


to Flow Separation,’ Monthly Technical Review, vol. 2, March, 
1958, p. 3. 
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Labyrinth-Seal Leakage Analysis 


The leakage flow through labyrinth seals in turbomachinery has been the subject of in- 
creasing concern as refinements and advaxces in design are made. Accurate knowl- 
edge of seal leakage is necessary in at least three areas of design: (a) Estimating 
the effect of seal leakage on performance; (b) regulating the leakage flow required for 
cooling purposes; (c) determining the thrust-bearing load which is a function of the 
pressure drop through the seal. This paper is concerned primarily with the fluid-flow 
aspect of gas leakage through labyrinth seals of the types commonly used in gas and 
steam turbines. This includes staggered and ustaggered seals of the axial type, which 
are most commonly used in turbomachinery. The attention to fluid-flow considerations 
does not imply that material compatibility ad operating problems of expansion, 
deformation, and rub-in are unimportant. In fact, these mechanical considerations 
may overrule the fluid-flow considerations. For the foregoing reasons, it is desirable 
to be able to predict seal leakage flows, and thus this aspect of seal design has been singled 
out for consideration here. 


- AVAILABLE methods for estimating labyrinth 
seal leakage are numerous. Each method is based on certain 
simplifying assumptions which necessarily restrict the areas of 
applicability of the method. Thus 200 per cent differences are 
possible when using the different methods in calculation. The 
authors have reviewed the literature so that the state of the art 
could be evaluated. Information from the most pertinent 1 The shape of the teeth. 
references has been extracted and appears throughout the paper. 2 


Geometrical Considerations in Seal Leakage 


The leakage through any given seal is, of course, primarily de- 
pendent upon the clearance, over-all pressure ratio, and entrance 
pressure and temperature of the gas. In the design of the seal 
itself, the two most important variables are: 


2 The size and shape of the chamber between teeth. 

A method is developed in the paper for predicting leakage past 
the most commonly used seal, the straight-through labyrinth. 
The method is general in application, easy to use, and yields re- 
sults accurate within 20 per cent of available test data. 

No tests have been made in conjunction with this analysis. 
However, the available test data have been used to illustrate the 
correlation between theory and experiment. 

Seal effectiveness is defined so that it may be used by design en- 
gineers in determining seal performance. It also ean be employed 
as a relative measure for seal improvement. 


Contributed by the Fluid Mechanics Subcommittee of the Hydrau- 
lics Division and presented at a joint session with the Instruments 
and Regulators Division at the Annual Meeting, New York, 
N. Y., November 30—December 5, 1958, of Tue AMERICAN Society 
or MecHANICcCAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 8, 
1958. Paper No. 58-—A-118. 


NO menciature 


The effect of the tooth shape results from two factors: 
(a) Ratio of tooth-tip thickness to clearance, b/h. 
(b) Angle the front face of the tooth makes with the flow, @. 


The ratio of tooth-tip thickness to clearance, or relative sharp- 
ness of the tooth, has a significant effect on the coefficient of dis- 
charge. Fig. 1 shows that for a constant pressure ratio the dis- 
charge coefficient, and consequently the flow, will vary as much as 
20 per cent. The effect of tooth-tip sharpness is marked at small 
clearances. Here a slight rounding of the edges will cause the 
tooth to perform as a nozzle. 

The flow across a relatively broad tooth is described in a paper 
by Kearton [1]! as being composed of three stages. In the first 
stage, there is a sudden contraction of the stream accompanied by 
a fall in pressure to a value less than the discharge pressure. In 
the second stage of the process, the stream probably enlarges so as 
to fill the constriction completely and there is a recovery of pres- 


! Numbers in brackets designate References at end of paper. 


area, sq in. 

chamber width, in 
tooth-tip width, in. 
coefficient of discharge 
seal effectivenes : 
friction factor 

function of 
gravitational constant, ft/sec? 
chamber depth, in. 
clearance, in. 

seal length, in. 

pitch, in. 


difference 
Mach number 
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hydraulic radius, in. 
number of restrictions 

total absolute pressure, psia 
static absolute pressure, psi: 
gus constant, ft/deg F 
Reynolds number 

total absolute temperature, deg R 
velocity, ips 

weight rate flow, lb per sec 
distance along seal, in. 
ratio of specific heats 


angle subtended by tooth 


angular deg 


absolute viscosity, Ib-see/sq in 
gas density, lb/ft® 


upstream or initial condition 
downstream or outlet condition 
2 intermediate seal conditions 
Superscripts 
y¥-1 
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sure. The subsequent flow, forming the third stage of the flow 
process, takes place in what is practically a very short channel of 
constant area, and the pressure will fall steadily owing to surface 
friction. The flow across relatively sharper teeth will consist of 
only the first, or first and second stages. 

The angle which the front face of the tooth makes with the flow 
can have an appreciable influence on flow resistance. Data from 
Trutnovsky [2] on the resistance to flow of fins at various angles 
of attack indicates optimum resistance for a tooth angle of 40 deg. 
Data on discharge coefficients for various shapes of teeth are not 
available to any great extent. The most useful of the available 
data are shown in Fig. 1, where the discharge coefficient is shown 
to increase as the pressure ratio p,/Po decreases. For this reason, 
a seal does not actually “choke’’ at the critical pressure ratio. The 
weight flow will increase by more than the increase in upstream 
pressure because the effective area increases with pressure ratio. 

The size and shape of the chamber between teeth affect the 
strength of the vortex and eddies which convert the kinetic 
energy issuing from each tooth into internal energy. The chamber 
geometry has two important variables; the chamber width B 
and the chamber depth H. The literature considers each of these 
variables independently and often presents the data in nondimen- 
sional] form with the carry-over or resistance plotted against B/h 
or H/h. The depth of the teeth does not have as great an effect 
on limiting leakage as does the chamber width. Work by Jerie 
[3] in flow visualization and experimentation on leakage through 
low-pressure seals indicates that the optimum tooth depth is 
equal to or slightly less than the pitch. Work by Trutnovsky [2] 
confirms the existence of optimum depth. 

Optimizing the pitch of the teeth to secure minimum leakage in 
a given length seal deserves more attention than has been ac- 
corded to it in the literature. In optimizing the number of teeth 
in a given length seal, it is necessary to secure the proper balance 
bet ween making the pitch as large as possible to reduce carry-over 
of kinetic energy and making the pitch as small as possible in 
order to get the greatest number of throttlings per unit length. 
The effect of tooth spacing on discharge coefficient is an additional 
consideration. It is well known that upstream or downstream 
disturbances tend to increase the discharge coefficient of an orifice. 
Thus there is further reason to increase the pitch in an effort to 
reduce the effective leakage area. Several sources present experi- 
mental data which suggest that an optimum pitch does exist. 
The data do not correlate too well, unfortunately, and indicate 
that this is an area where further experimentation would fill a gap 
in the fund of knowledge. 

Data by Jerie [3] indicate that close spacing of the teeth can 
lead to a diffusing action of the seal with the resultant leakage 
higher than that passed by a single tooth. These test data may 
seem incredible at first, but one must consider the conditions 
under which the tests were conducted. The pressure ratio was 
very close to unity resulting in a single tooth-discharge coefficient 
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of approximately 0.61. In the case of a two-tooth seal, the pres- 
ence of another tooth apparently upset the contraction of the 
stream and resulted in higher discharge coefficients for the teeth. 
The increase in discharge coefficient caused the leakage flow to be 
greater than for the single tooth, despite the additional pressure 
loss from the second throttling. Work by Egli [4] and Trutnoy- 
sky [2] also indicates that the pitch/clearance ratio can be op- 
timized for minimum leakage. 

Method for Estimating Leakage in a Straight-Through or Unstaggered 
Labyrinth Seal. The straight-through labyrinth seal is most 
commonly used in present-day turbomachinery. Several different 
methods for estimating leakage have appeared in the literature. 
These include Martin’s formula [5], procedure followed by Egli 
{4], procedure followed by Jerie [3], and others. Each of these 
methods is limited by the assumptions made in its derivation and 
will yield correct estimates only“when the assumptions apply. 
The methods are characterized by the analysis of the problem as 
a series of orifices with corrections for tooth shape and geometry. 
An exception to this approach is that by Trutnovsky [2] who in 
1943 wrote a treatise on the subject of labyrinth-seal leakage. 
Trutnovsky looked at seal legkage from an over-all standpoint 
and treated it as flow in a roygh pipe. His solution of the basic 
equations describing the flow is quite complicated and difficult to 
use. 

This paper presents a method which is outlined later and is an 
extension and simplification of the method used by Trutnovsky. 
The flow through an annulus is comparable to Fanno line flow; 
i.e., flow in a constant-area channel with friction but without heat 
loss or addition. In a labyrinth seal the roughness is very large 
compared to the hydraulie radius, but the mechanism of pressure 
loss is still the same as that of the smooth-wall tube. 

The equations describing Fanno line flow are derived in several 
references on compressible fluid flow, e.g., Bailey [6] and Shapiro 
[7]. In brief, the equations are developed so that the friction 
parameter, fyx/2m, relates the change in Mach number from inlet 
M, to outlet M, with the distance x across which the gas must 
flow in the constant-area annulus of hydraulic radius m and flow 
friction f to bring about this Mach-number change. 

The total pressure at the seal inlet must be known as well as 
the static pressure at the outlet. With this information, it is 
possible to determine the relationship between the weight-flow 
parameter at the inlet, Wo(T M)'/*/CAyPo, and at the outlet, 
W,(T,,R)'/?/CA,p,. 

Since Wo = W,, Ao = A,, and T, = 7, 
W(ToR)'/* Po 

CAP, 


W(T)R)'/* 
CAp 


then 


= 
CAP,” 


CAp, 


and 


Therefore Mo and M, are related by the pressure ratio across the 
seal. The friction parameters are also a function of Mach num- 
ber. 


where 


and (iyz/2m)o-, can be calculated for a given seal, 
When both the friction parameter and weight-flow parameter 
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are satisfied by the same values of Mo and M 
can be calculated since 
W(T 
CAP, 


the leakage flow 


a 


The Fanno line-flow relationships have been plotted in Fig. 2 
for y = 1.4 and in Fig. 3 for y = 1.2. In estimating leakage the 
curves are entered at the pressure ratio of interest. At the cal- 
culated value of (fyx/2m) for the seal the weight-flow parameter 
is read. For known operating conditions the weight flow can be 
calculated. The value for the discharge coefficient is read from 
Fig. 1 at an average value for the pressure ratio per tooth. It 
should be recognized that this procedure for selecting the dis- 
charge coefficient may be in error because of two factors. The 
first factor is that the pressure ratio is not the same across each 
tooth of the seal. Ip reality the pressure drop per tooth increases 
in the direction of flow. Hence, basing the discharge coefficient 
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on an average pressure ratio is not strictly correct. The other fac- 
tor regarding the discharge coefficient is that the data in Fig. 1 
were obtained for a single tooth with entrance and exit free from 
disturbances. Use of these values ignores the effects of upstream 
and downstream disturbances. When experimental data on these 
effects are obtained, the calculations will have increased accuracy. 
At present the estimates of discharge coefficient are considered 
accurate within +10 per cent. 

In cases where the friction factor varies significantly with 
Reynolds number, a trial-and-error solution is required. 
A Reynolds number must be assumed. For the specific seal 
geometry and assumed Reynolds number, a friction factor is ob- 
tained from Fig. 4. Using this friction factor the seal-leakage 
flow is calculated. Next, the Reynolds number based on this flow 
can be calculated directly and compared to the original estimate. 
If the resulting friction factors are significantly different, the 
weight flow should be recalculated. 


Transactions of the ASME 


= NEL Ni 

04 / 04 

06 0? 08 02 LN 

SEAL PRESSURE RATIO « 
Fig. 2 | 

— = = 
By 
\ 

tras — 

| 
IN 

oe € © 2 6 8s 

Fig. 

the 


h = 0.054" 


THEORY 
SEAL GEOMETRY 


0334" 


WO OF EFFECTIVE CONSTRICTIONS + 29 
LENGTH OF SEAL = 10” 


NOTE:- DISCHARGE COEFFICIENT 
ASSUMED CONSTANT AT O73 
| 
| 
02 o4 06 
OVERALL SEAL PRESSURE RATIO Pp /Po 


WEIGHT FLOW PARAMETER 


TEST POINT 
CLEARANCE 


Fig. 5 


A change in discharge coefficient will bring about a directly 
proportionate change in leakage flow. This is not true in the case 
of changes in the friction factor or length of seal. As an example, 
suppose that a seal is operating at a pressure ratio of 0.5 and the 
value of the friction parameter is 1.00. If the length of the seal 
or the friction factor is increased to double the friction parameter, 
only a 17 per cent reduction in leakage will be achieved. 

Figs. 2 and 3 can be used for estimating flow in a smooth-wall 
annulus where a friction factor of 0.005 is commonly used. The 
line for (fyx/2m = 0) is also the curve for a single restriction 
and represents the upper limit for leakage flow. 

In looking at the data on friction factor and discharge co- 
efficient several trends are evident. For a fixed pitch the friction 
factor decreases with decreasing clearance, thereby somewhat off- 
setting the benefits of a decreased flow area. In addition, for a 
fixed-tooth shape the discharge coefficient increases for a decreas- 
ing clearance, again tending to offset the decreased flow area. 


Comparison Between Theory and Test. The Fanno line-flow theory 
has been correlated to test data for several different configura- 
tions over a wide range of operating conditions. The readily ob- 
tained results, a sample of which is shown in Fig. 5, show that the 
theory yields estimates within 20 per cent of actual test data. 
This represents a improvement Over previous 
methods where estimates up to 200 per cent in error could be 
calculated. In the calculations of Fig. 5, the discharge coefficient 
was assumed constant at 0.73. This is a somewhat arbitrary 
value based on the data in Fig. | with a nominal allowance for in- 
crease in discharge coefficient because of the influence of adjacent 
teeth. If the seal teeth are expected to rub in, leaving rough or 
rounded edges, a discharge coefficient of 0.85 would be more 
appropriate. 

Leakage Through Seals in Series. To determine the loads on 
thrust bearings, the pressure between seals must be known. 
The interseal pressure must be assumed and then the weight flow 
through each seal calculated. If the weight flows are not the 
same, then a new pressure must be assumed and the solution re- 
peated. 

Staggered or Hi-Low Labyrinth Seal. The flow through a staggered 
seal can be analyzed quite easily if the assumption is made that 
all the kinetic energy developed at each restriction is transformed 
into internal energy in the chamber following the restriction. With 
this assumption, it is possible to write for each restriction the 
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then used in the construction of Fig. 6, where the discharge co- 
efficient was assumed constant from restriction to restriction. 

The actual leakage in a staggered seal will differ from these 
theoretical results because of carry-over of kinetic energy and an 
increase in discharge coefficient at the last tooth as the seal ap- 
proaches a choked condition. Kearton and Keh [8] show that a 
discharge coefficient of 0.67 is appropriate for a low-pressure ratio 
seal of the staggered-tooth type. 

Results obtained from Fig. 6 will give minimum values of leak- 
age for a given number of restrictions. 

The equations derived in the foregoing can also be used to 
determine the pressure distribution in the gland. This was done 
by Robinson [9}. 


Evaluation of Seal Effectiveness 


The effectiveness of a seal may be judged by comparing its 
leakage to that of two extreme cases: (a) The minimum possible 
leakage through a seal of a given number of teeth occurs when per- 
fect throttling exists between the teeth; (6) the maximum possible 
leakage for a seal with a given tooth design occurs when the 
number of teeth is reduced to one. This comparison is shown in 
Fig. 7. 

The definition of seal effectiveness as proposed herein is il- 
lustrated in Fig. 7. It is the ratio of the actual decrease in leak- 
age from the single-tooth case to the maximum theoretically at- 
tainable decrease in leakage. 

The data for a single tooth may be obtained from the (fyx/2m 
= (0) line on Fig. 2 or 3 and discharge-coefficient data for the par- 
ticular tooth shape. Representative data which are available on 
specific tooth forms are shown in Fig. 1. 

The leakage through a seal in which ideal throttling occurs be- 
tween teeth has been analyzed in several sources; viz., Kearton 
[8]. These data are presented in Fig. 6. Again, the discharge 
coefficient must be known. The pressure ratio across each tooth 
in a seal is usually not constant. Since the discharge coefficient is 
a function of pressure ratio, there will be a different C for each 
tooth. A mean discharge coefficient can be selected if the pres 
sure distribution is known accurately. From the paper by Robin- 
son [9], the pressure-ratio relationship between any two consecu- 
tive orifices may be obtained when ideal throttling is assumed. 
This enables the pressure distribution in a seal of any number of 
restrictions to be determined by a trial-and-error solution. A 
mean pressure ratio for the restriction may then be calculated 
and a mean value for C selected if the pressure distribution is 
known accurately. 

By plotting actual test results or seal-leakage estimates on the 
same graph, it is possible to determine seal efficiency. This 
graphical comparison permits the designer to see readily what a 
given design has accomplished and to determine the maximum 
possible improvement. 


Conclusion 


This paper presents methods for calculation of labyrinth-seal 
leakage in which theory and practice are within 20 per cent ac- 
curacy. This yields considerable improvement in accuracy over 
other existing methods for calculation of labyrinth-seal leakage. 
Furthermore, the method presented is easy to use and time for 
computation is very short. A definition of seal effectiveness is 
presented which enables one to evaluate the efficiency of a seal. 
This is valuable in checking test data and also in seal design. The 
experimentalist can easily determine whether his test data fall 
within the theoretical limits. The design engineer can calculate 
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readily the gain or loss in seal efficiency as he varies the seal 
parameters. 

The main areas which need additional work are the estimates of 
discharge coefficient and friction factor. There is little informa- 
tion available on the effect of adjacent teeth and tooth geometry 
on discharge coefficievt. Friction data for various tooth con- 
figurations are very limited and further investigation is needed. 
As these data become available, Figs. 1 and 4 can be drawn more 
completely. The characteristics of Fig. 4 may act as a guide for 
test on other seal geometries. Thus, with a limited number of 
tests, it is possible to span the field. 
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DISCUSSION 


W. G. Cornell? 


The authors are to be congratulated on an excellent and in- 
teresting contribution to seal technology. The use of an over-all, 
compressible flow model based on modern, one-dimensional gas- 
dynamics techniques is quite different from the detailed, some- 
times incompressible, tooth-by-tooth models of earlier investiga- 
tors. Like earlier models, empirical data on average tooth-dis- 
charge-coefficient are required. Unlike such models, a second 
parameter proportional to pressure gradient along the seal—the 
authors’ “friction factor’’—is introduced. Care must be taken 
to avoid confusion resulting from literal interpretation of the fric- 
tion factor as physically equivalent to the effect of fluid friction 
at the walls of a pipe. In usual seals, the effect of wall friction is 
much smaller than the effect of fluid mixing. Thus, as shown in 
Fig. 4, geometric parameters have a considerable effect on the 
friction factor. 

Consequently, it seems physically more reasonable to consider 
the authors’ model as that of flow through a tortuous passage 
characterized by a “pressure drop coefficient’? dp/(1/2)pv? = 
f(dz)/m rather than that of flow through a rough pipe charac- 
terized by a friction factor, f. 


J. L. Dussourd® 


The problem of designing a labyrinth seal capable of holding 
the leakage flow below a specified amount is an old one for the 
mechanical designer. Because treatises on this subject, in general, 
have been complex to apply, the designer more often than not 
finds himself in need of assistance from his more aerodynamically 
minded colleagues. In this respect, it is welcome news that a pro- 
cedure be made available that is practical and easy to use by a 
mechanical designer. The authors are to be congratulated for 
their simplified presentation which concerns itself with over-all 
effects, rather than the internal details of the flow process. 

In any scientific effort such as this, it is always highly desirable 
to document the theory with substantial amounts of test results 
when available. Not only is this essential for the sake of good 
scientific practice, but also is this a necessity if one is to “‘sell’”’ the 
procedure and stimulate confidence in its use. It is disappointing 
that only a few sparse test results have been included in the 
paper, especially in view of the fact that the authors had access to 
test data of their own in addition to the already appreciable 
amounts available in the literature. Curves of the type shown in 
Figs. 1 and 4 would be ideal for the presentation of large volumes 
of adequately reduced test information from various sources. It 
is realized that careful analysis, and perhaps additional sys- 
tematic tests, would be required to separate the frictional effects 
from those of the vena contracta at the throat; but such facts 
must be established if the proposed method of solution is to be 
accepted generally as something better than just a quick ap- 
proximation. 


A. S. Gertz‘ 


The problem of labyrinth leakage is, of course, important to all 
manufacturers of turbomachinery. It becomes even more im- 
portant in the case of centrifugal compressors designed for low 
inlet volumes of approximately 1000 cfm. The labyrinth clear- 
ances for large-flow machines cannot be reduced proportionally 
for small-flow machines owing to mechanical reasons; hence the 
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percentage leakage flow in small-flow machines becomes large 
and has a significant effect on performance calculations. 

This paper, therefore, becomes very valuable from two aspects: 
(a) It summarizes previous literature, pointing out the divergence 
in correlation among the various methods and presenting the most 
pertinent information from each. (b) It presents a method of 
calculation which correlates with General Electric test data within 
20 per cent. 

To become more familiar with this method of calculation, three 
hypothetical labyrinth configurations were selected and the leak- 
age was calculated for each configuration by both the Egli method 
and the method presented in this paper, using air asthe gas. A 
tabulation of the various seal parameters follows: 


Configuration........ A B 
Upstream pressure, psia.... . 30 30 80 
Downstream pressure, psia. 15 15 64 
Temperature, deg R. 625 625 625 
Radial clearance, in... 0.010 0.020 0 020 
Tooth-tip width, in.. 0 0625 0 020 0.020 
Diameter, in... .. 5 5 10 
Pitch, in..... 0.375 0.375 0.34 
Number of teeth. . . 4 4 20 
Seal length, in........... 1.1875 1145 ti 4s 


Nore: All configurations were of the A type shown in Fig. 4 of 
the paper. 


There was relatively good correlation between the two methods. 
In all cases the leakage flow by the Egli method was the larger of 
the two. Configurations A and B both gave approximately 17-20 
per cent less flow using the method described in this paper. Con- 
figuration C gave approximately 34 per cent less flow than the Fgli 
method. 

The ease of calculation was about the same for both methods. 
The basic calculation outlined in the paper is simpler but re- 
quires a friction-factor check owing to the steepness of the fric- 
tion-factor curves, which tends to even out the time required. 

Since, as mentioned in the paper, the roughness in a labyrinth 
seal is very large compared to the hydraulic radius, the friction 
factor differs in concept from the usual pipe friction factor. This 
would indicate that a large number of checks must be made of 
friction factor versus Reynolds-number curves for various seal 
configurations. 

It would be interesting to know whether any of the other 
labyrinth-leakage calculation methods indicated a satisfactory 
correlation with the test data in the authors’ analysis. 

The method of analysis presented in the paper appears sound 
and provides a good correlation with both test data and the Egli 
method as described in the foregoing. The authors are to be 
commended for re-examining the problems associated with 
labyrinth leakage and for the presentation of a new method of 
solution. 


Erik Vohtz° 


The authors have given a most valuable review of the available 
methods of analysis in a field of increasing concern in turbo- 
machinery design and have developed a useful and simple method 
for estimating the leakage past straight-through seals. 

It might be of interest to raise one point with regard to the 
authors’ remarks on staggered seals. 

A series of tests of various labyrinth seal arrangements has 
been conducted in the Stationary Air Test facility of the Large 
Steam Turbine-Generator Department of the writer’s company 
Fig. 8 shows the results of a test of a high-low, staggered-type 
seal. The calculation of this graph was made as follows: Seal 


*Turbine Fluid Mechanics Research, Large Steam Turbine- 
Generator Department, General Electric Company, Schenectady 
N.Y 
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leakage was measured by calibrated orifices; single throttling 
discharge coefficients were established by tests and range from 
0.70 to 0.73, according to the particular average pressure ratio and 
clearanee. 

It will be noticed that the leakage through this seal is less than 
the minimum leakage indicated for this type of seal in Fig. 6 of the 
paper. 

This fact may be explained by the formation of vortexes in the 
chambers between the teeth. These vortexes will make part of the 
velocity from one constriction effective as negative approach 
velocity for the following constriction. Consider the flow through 
constriction 2 in Fig. 8. The residual velocity from constriction 1, 
effective as negative velocity of approach for constriction 2 is 
(—6V;), pi is the static pressure in the outer filament of the vor- 
tex, equal to the throat pressure in constriction 1, and fh, is the 
enthalpy in the chamber. Characters with subseript 2 refer to the 
same properties after constriction 2. 

For adiabatic expansion through constriction 2 we have 

(6V;)? 


2S 9 
By assuming that the change in throat velocity from one con- 


striction to the next is small, we may substitute V; by V» and 
write 


>) (2Jg(hy — he)] 


The last term in this equation will be recognized as the term 
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Fig. 9 
that leads to the Saint Venant-Wantzel equation by the assump- 
tion of perfect fluid and by use of the continuity equation. 

Thus 
297 


7-1 
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This way, we are led to apply the factor (1 + 6)'/? to the 
weight-flow parameter. The minimum leakage past a staggered 
seal would occur if the velocity from one constriction was 100 
per cent available as negative velocity of approach for the follow- 
ing constriction. Thus the minimum leakage is 1/2 of that 
indicated in the paper. 

Fig. 9 gives the residual velocity coefficient for the high-low 
seal in Fig. 8. 


Authors’ Closure 


The authors are pleased to see the extent of interest in the sub- 
ject of labyrinth-seal leakage and wish to thank the discussers 
for their questions and stimulating comments. 

In reply to Mr. Cornell, we agree that the concept of the pres- 
sure drop coefficient is more reasonable from a physical stand- 
point than the interpretation of the friction factor f. Mr. 
Dussourd’s disappointment with respect to the limited publica- 
tion of experimental data is understandable. His own closing 
sentence, however, supplies the reason for our inability to supply 
substantial amounts of consistent test data to substantiate the 
theory. Few experiments in labyrinth-seal leakage have de- 
termined the single tooth-discharge coefficient, let alone the 
effect of upstream and downstream teeth on this coefficient. To 
accurately determine the so-called friction factor from the leakage 
flow data requires an accurate knowledge of the tooth-discharge 
coefficient. When these data are not available, an estimate for 
the discharge coefficient must be made. Where judgment is 
involved, it is extremely difficult to present a rigorous, conclusive 
correlation of theory and experiment. Improvement in the accu- 
racy of estimating from 200 to 20 per cent was felt to be sufficient 
advancement without waiting for the availability of carefully 
performed experiments where the afore-mentioned factors are 
separable. The authors have made several other comparisons 
between controlled experiment and theory and in each case good 
accuracy resulted. Figs. 10 and 11 show two additional such 
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comparisons. Credit for experimental data of Fig. 10 should be 
given to Mr. F. Schweiger and of Fig. 11 to Mr. P. W. Bauer, both 
of General Electric Co. Mr. Dussourd is referred to the discussion 
by Mr. Gertz if he needs to be further “‘sold’’ on this method of 
calculation. 

Mr. Gertz’s correlation with the Egli method represents a 
valuable addition to the paper. ‘The methods of Kearton, Jerie, 
and Martin were examined by the authors. As long as the limi- 
tation of these methods in respect to geometry and pressure ratio 
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were observed, general agreement was obtained. The difficulty 
for the average seal designer is that these limitations are not 
readily referenced and one method is generally used for all cases 
whether it applies or not. The advantage to the method de- 
scribed in this paper is that it can be applied to a wide variety of 
seal geometries over the incompressible and compressible flow 
ranges. Mr. Gertz states that this method of calculation and 
that by Mr. Egli requires approximately the same time. Yet 
Mr. Gertz has been familiar with Fgli’s method and not with 
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this. Thus, it may be concluded that once experience is gained 
this method will be faster. We find it considerably faster and 
applicable over a wider range of conditions. 

The analysis and concepts employed by Mr. Vohtz are quite 
provoking. The fact that the actual leakage data lie below the 
perfect throttling line could be explained by the fact that the 
discharge coefficient for the tooth was probably measured for the 
case of the tooth against a flat seat with the flow impinging di- 
rectly in the leakage direction. In the actual leakage test the 
flow approaches the tooth more or less perpendicularly to the 
leakage direction. The discharge coefficient, therefore, is likely 
to be less than that experimentally determined. It is not un- 
reasonable to expect the discharge coefficient to be as low as 0.5, 
causing a replot of the test data to fall above the theoretical 
minimum leakage. 

The use of a residual velocity coefficient should be a useful pa- 
rameter for comparing relative performance of various seal ge- 
ometries. In the derivation of the correction factor suggested by 
Mr. Vohtz, there seems to be an inconsistency in the use of 
symbols forenthalpy. If one interprets h to be the static enthalpy, 
then it appears to be a contradiction to write: 
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= total enthalpy, 
29 PY: 


since this implies that the static enthalpy at 1 is less than the 
total enthalpy. Acknowledging the existence of the vortex with 
its associated reverse flow in each chamber, it is none the less 
mandatory that at some point near the seal tooth a stagnation 
point exists. The flow on one side of this point is part of the 
vortex while on the other side is the leakage flow past the subse- 
quent tooth. At the stagnation point, the static enthalpy is 
equal to the total enthalpy. Thus, it seems more rigorous to 
write: 


The correction factor to the theoretical minimum leakage then 


1 
becomes 17 5° When 6 — 0, as for a staggered seal, the 


correction factor is unity. This result then agrees with the theo- 
retical minimum leakage as given in the paper. 
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Centrifugal Manometer 


Senior Research Officer, 


National Mechanical Engineering The operating principles and mechanical construction of a micromanometer, which ; 
Research Institute, utilizes air in lieu of a liquid as working fluid, are described. Some of the noteworthy 
South African Council for Scientific features of the instrument include its high sensitivity and accuracy, quick response, 
Pretoria, South Africa wide range, and ease of manipulation. Differential pressures of the order of 5 X 10 


mm water gage can be measured with an error of 1 per cent under normal laboratory 
conditions. The maximum range of the prototype described is 25 mm water gage, and 
the corresponding error at this value amounts to about 0.25 per cent. 


Introduction provements in turn enhances the over-all accuracy of measure- 
ment that can be achieved under practical conditions. 


N LOW-SPEED aerodynamic research and _ in 
ventilation studies, it is often required to measure small pressure F 
differences with high precision. The air flow in these siesta is Operating Principles and Basic Considerations 
generally of such a nature that pressure differences vary with the 
square of the flow speeds, the pressure differences thus becoming 
extremely small when the flow speeds are very low. 

Several extremely sensitive liquid manometers have been de- 
veloped for the measurement of very small pressure differences ¢.) D 
{1, 2, 3], but the use of a liquid in itself introduces sources of 
error, which have an increasingly detrimental effect on the ac- 
curacy of measurement as the flow speeds decrease. Evapora- 
tion, capillary action, wetting of the walls of containers or tubes, PRESSURE 
and differential expansion between the liquid and the metal com- GENERATOR 
ponents of the manometer are some of the sources of error asso- 
ciated with the use of a liquid in a manometer. 

Reichardt [4], Simmons [5], and Nickel [6] have devised dif- 
ferential pressure gages in which air displaces the liquid as work- 
ing fluid. The centrifugal manometer described in this paper is 


The operation of the centrifugal manometer may be explained 
with the aid of the schematic drawing in Fig. 1, where the instru- 
ment is shown connected to the two pressure tappings of a pitot- 


essentially an improved version of the Nickel type, although it q VP —— 
ean be claimed that the development of the new instrument was \ | INDICATOR iM 
carried out independently of the work by Nickel. Improvements 4 4 


associated with the new manometer include a more refined and 
accurate working formula, a more effective pressure-balancing 
technique, a lower internal-flow resistance, and a more accurate 
method of determining rotational speeds. Each of these im- 


! Numbers in brackets designate References at end of paper. 

Contributed by the Hydraulic Division and presented at a joint 
session with the Instruments and Regulators Division at the Annual 
Meeting, New York, N. Y., November 30-December 5, 1958, of Tue 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, April! 
25 1958. Paper No. 58—A-111. Fig. 1 


AIR FLOW 


The Centrifugal Manometer System (Schematic) 


Nomenclature 


a = sonic velocity P, = pressure rise in the disk of the Y = specific heat ratio for air 
¢ = annulus width in the pressure gen- generator ue = air viscosity 
‘ ? = error i J susurement ¢ “4 
erator Al error in the measurement of / 9 = ar danaty 
D = inner diameter of tube p = static pressure at r aa | of dick 1/ 
= tote al enee pec 
e = base of Napierian logarithm R = radius of disk bed rotational speed of disk, rac 
h = differential pressure in water gage R, = inner radius of housing 
Ah = error in the measurement of h r = radial distance from axis of rota- Subscripts 
L= length of tube tion 1 = axis of rotation 
= ati i i= re i t i al- 
n rotational speed of disk, rps i tangential speed of air at r, or ul e¢ = the equivalent tube 
P = differential pressure of the genera- ternately, mean flow speed in aps 
tor tube i = the indicator tube 
P, = pressure rise in the annulus of the z = axial distances (in cylindrical co- k,l, m = components in the pressure 
generator ordinates) circuit 
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static tube for the purpose of measuring local velocity heads in 
an air stream. 

The manometer comprises two cssential components, viz., a 
differential-pressure generator and a balance indicator. The 
generated pressure is applied to oppose and balance the unknown 
pressure head, and the condition of balance is shown by the indi- 
cator. When balance obtains, no flow occurs in the connecting 
tubes between the generator and the source of the unknown dif- 
ferential pressure—in this case the pitot-static tube. Hence the 
balance indicator can be made in the form of a “stagnation’’ or 
“‘no-flow”’ indicator. 

The accuracy of the system will depend to a large extent on the 
indicator’s sensitivity, which may be defined in terms of the small- 
est flow speed that can be detected by means of this device. Since, 
in practice, the indicator can never have an infinitely high sensi- 
tivity, a small flow will take place, even under balanced condi- 
tions, and a correspondingly small pressure drop, associated with 
laminar flow in the connecting tubes and other components of the 
pressure circuit, will appear as an error in the measurement. It 
is clear that, for an indicator of given sensitivity, this error will 
increase linearly with the effective internal resistance of the circuit 
to laminar flow. 

The development of a suitable balance indicator of high sensi- 
tivity is discussed under “The Balance Indicator’ and the impli- 
cations regarding circuit resistance are here analyzed on a quanti- 
tative basis. 

The pressure generator in Fig. 1 operates by virtue of the cen- 
trifugal forces acting on a number of radial air columns in a rotat- 
ing disk S. The disk is enclosed in a stationary, air-tight housing 
H, and a mercury seal D is provided where the driving shaft of the 
disk enters the housing. A similar seal C serves to transmit the 
static pressure at the center of the disk to a suitable tapping on 
the housing. Seal C also prevents internal circulation of air be- 
tween the periphery and the center of the disk in the spaces be- 
tween the disk and the housing. 

The static pressure at the terminations of the air columns on 
the periphery of the disk is transmitted across the annular space 
between the rim of the disk and the housing by means of small 
static-pressure holes. 

The pressure difference between the axis of rotation and the 
periphery of the disk can be calculated exactly from first princi- 
ples, and is a function of the rotational speed and diameter of the 
disk and of the density of the air. Transmission of the pressure 
radially across the annular space between disk and housing is 
accompanied by a slight increase of pressure, since centrifugal 
forces are also encountered in the annulus. This pressure rise 
calls for the application of an “annulus correction,’’ which can be 
calculated with good accuracy by means of the Navier-Stokes 
equations for fluid flow. 

In the following section a suitable working formula will be de- 
rived tor the differential pressure generator. 


Differential Pressure Generation 


Pressure Rise in the Rotating Disk. Under conditions of perfect pres- 
sure balance, there is no flow in the radial holes of the rotating 
disk. At any radius r from the axis of rotation, a positive static- 
pressure gradient exists which balances the centrifugal air forees 
so that 

dp 
—— = pwr (1) 
dr 
where 
p static pressure at r 
p = air density atr 
w = rotational speed of disk 


For low rotational speeds w, the density p of air in the disk can 
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be assumed constant. By integrating equation (1), it is then 
easily found that 
= (2) 
where 
= 


R= 


pressure rise in disk 
radius of disk 


At higher values of rotational speed w, the compressibility of 
air in the disk has to be taken into account. For this purpose, 
isothermal conditions may be assumed to prevail in the disk. 

According to the gas laws 


p= — 

where 
a= 


7, = 


sonic speed relating to the temperature in the disk 
specific heat ratio for air 


Dividing equation (1) by equation (3) yields the differential 
equation 


dp yw*r dr 


(4) 
p 


the solution of which is 


p= 
where p; relates to the pressure on the axis of rotation. 


3 
l+2+ 


2! 3! 
applied to yield the pressure rise P, in the disk in the form of 


a series: 
w*R? y vy? fwR\ 
If the peripheral speed wR of the disk is small in comparison 


where p; = air density at the axis of rotation. 

with sonic velocity a, equation (6) reduces to the same form as 
equation (2), where compressibility of the air is neglected. With 
the aid of equation (6) it can be shown that, under normal at- 
mospheric conditions, the error incurred in the calculation of P, 
when compressibility effects are neglected, will be less than 0.25 
per cent if the peripheral speed of the disk is lower than about 90 
ft per sec. 

The Pressure Rise inthe Annulus. The Navier-Stokes equations in 
cylindrical co-ordinates (r, z, @) [7] can be applied to assess the 
pressure rise P, in the annulus between the pressure transmission 
holes on the periphery of the disk and the collecting hole in the 
wall of the housing (Fig. 1). If the radial depth of the annulus is 
assumed to be small compared with the rim width of the disk, the 
flow in the vicinity of the pressure transmission holes will be 
essentially two-dimensional in nature. Axial and radial flow 
will be absent, while tangential flow speeds v (say), as well as the 
static pressure p in the annulus, will be functions of the radial 
distance r only, and not of axial and azimuthal positions z and 
respectively. 

If incompressible flow is furthermore assumed, the otherwise 
complicated Navier-Stokes equations reduce to the following 
simple equations: 


Since e? = ©, equation (5) can be 


dp 
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where 
radial distance from axis of rotation 
static pressure at r 

air density in the annulus 
tangential speed at r 


et 


The boundary conditions are the following: 


v = Rwifr = R, 
and 
v=0 ifr = R,. 


As before, & and w denote the radius and the rotational speed 
of the disk, respectively, while R, is defined by the expression 


R,=R+c (9) 


where ¢ = radial width of the annulus. 
The solution of equation (8) is 


(2 10) 
v= ( 
(R, +R)\ 


According to equation (7), the pressure rise P, in the annulus 
is given by the expression 


r= f (11) 
R r 


The value for » in Equation (10) can be substituted into equa- 
tion (11), and by integrating between the limits R and R,, the 
following expression is derived for P,: 


a p 2 


R 
- =} (12 
— (R, — RXR, + RP | 


CHROME PLATED 


If the annulus width c is assumed to be small compared to the 
radius R of the disk, equation (12) can be simplified appreciably. 
For this purpose the log term is developed into an infinite series by 
substituting (1 + ¢/R) for the term R,/R. If those terms of ¢/R 
which contain powers higher than the second are neglected in re- 
lation to unity, equation (12) then becomes 


(13) 
( 3k ) 
The Working Formula for the Pressure Generator. /!quations (2) and 


(13) combined yield the working formula for the pressure genera- 
tor: 


2c 
P = Py +P, = \14) 


In the prototype generator, the radius of : disk was made 114 
mm, and the radial width of the annulus 1 mm. ' With these 
values the pressure rise in the annulus amounts to about 0.6 per 
cent of the total pressure rise, so that the annulus correction can 
by no means be neglected if accurate measurements are envisaged. 

The most convenient practical form of equation (14), as ap- 
plied to the prototype generator, was found to be the following 


h = 13.58pn? (15) 
where 
h = differential pressure in terms of mm water gage 
p = air density, slugs per ft? 
n = rotational speed of the disk, rps 


In order to determine an unknown differential pressure with 
the aid of the centrifugal manometer, it is only necessary to 
measure the rotational speed n, and to calculate the density of 
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Fig. 2 Construction of the rotating disk and its housing 
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air under ambient atmospheric conditions from measurements of 
barometric pressure, and of dry and wet-bulb temperatures [8]. 


Mechanical Construction of the Prototype Pressure Generator 


The mechanical construction of the prototype pressure genera- 
tor is depicted in the drawing of Fig. 2 and in the photograph of 
Fig. 3. 

In Fig. 2 a half-sectional view of the disk and its housing is pre- 
sented. As the arrangement is similar to that in the schematic 
drawing of Fig. 1, only a few constructional features need to be 
explained. 

In the design, a special attempt was made to limit the internal 
tlow resistance of the apparatus, since this has an important bear- 
ing on the performance of the manometer system. Eight equally 
spaced radial holes, having a bore of 8 mm, are provided in the 
disk. Each hole is plugged with a perspex cap, which is machined 
simultaneously with the rim in order to obtain a smooth termina- 


tion. Each cap contains eight 1-mm-diam pressure-transmission 
he les, approximately 1 mm in length. 

The pressure is collected, via 64 evenly spaced l-mm X I-mm 
transmission holes, in an 8-mm X 3-mm annular cavity in the 
wall of the housing, whence it is transmitted to a single connecting 
nipple on the side of the housing. The pressure at the center of 
the disk is transmitted via the hollow driving shaft to a second 
nipple which is located on top of the housing. 

The two mercury seals were designed to function effectively at 
rotational speeds of up to about 2000 rpm. 

Provision was made to center all relevant components ac- 
curately, lest any pumping action should originate in the annular 
space between the disk and housing or at the mercury seals. It 
will be clear, from the description of the balance indicator, that 
any such pumping action would cause pulsations in the air column 
at the indicator, and would therefore have a detrimental effect on 
the operation of this device. 

The complete assembly of the pressure generator can be studied 


Fig. 3 The prototype differential pressure generator 
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with the aid of the photograph in Fig. 3. The disk is driven by a 
1/6-hp, de variable-speed motor, either directly by means of a 
belt drive (high speed range), or through a 1:20 worm reduction 
gearbox (low speed range). ‘A dual clutch is incorporated and is 
designed in such a way that the switch over from one range to 
the other is effected by the throw of a lever. 

Rotational speeds of the pressure generator are measured with 
high precision by means of a tachoscope, i.e., a combined revolu- 
tion counter and stop watch. Each measurement is taken over 
a period of approximately one minute, during which time the rota- 
tional speed is continuously controlled to maintain pressure- 
balancing conditions. 

The components comprising the variable speed drive are 
mounted on a duralumin plate, which in turn is bolted to a light 
tubular framework. The apparatus can be wheeled on the 
three rubber castors, or, if so required, can be carried by the 
upper part of the tubular frame which serves as a handle. 

The prototype was designed to have a maximum pressure range 
of 25-mm water gage. 


The Balance Indicator 


Operation and Construction. Of the several devices which were 
evolved and tested as possible balance indicators for the centrifu- 
gal manometer, the one depicted in Fig. 4 proved to be the 
most effective. 

The indicator tube is made of glass and is connected in series 
with one of the pressure leads from the generator. A fine mist of 
“atomized”’ oil is pumped into this tube and, by virtue of correct 
illumination, the movement of the minute oil droplets can be ob- 
served under a low-power microscope. 

In the process of balancing the unknown differential pressure 
against that developed by the generator, the rotational speed of 
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Fig. 4 Atomized-oil balance indicator 
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the manometer disk is adjusted until the oil droplets in the indi- 
cator tube become stationary. 

The oil atomizer consists of a container C, a short open tube B, 
and a second tube A, which is connected to the rubber bellows. 
The air jet issuing from A is directed on to the open end of B 
where it creates a suction. The liquid is caused to overflow at 
the open end of B, and is broken up into a fine spray by the turbu- 
lent action of the jet. 

Any light oil, such as instrument oil, is suitable for use in the 
indicator. Water or paraffin cannot be tised, as these liquids 
have too high a rate of evaporation. If tubes A and B are made 
to have a bore of 1 mm, the size of oil droplets obtained is of the 
order of 1 micron. These droplets will remain suspended for 
minutes on end, and will react to the slightest movements of the 
air column in the tube. 

A Zeiss Stereo microscope [9], having a magnification of 32, is 
used to observe the droplets, which have to be illuminated ac- 
cording to the scheme illustrated in Fig. 4, if the most effective 
visualization is required. A 15-w projection lamp is used as light 
source. If this lamp is set up in the same plane as the micro- 
scope, and on the opposite side of the indicator tube, as shown, 
the resultant intensity of reflected and refracted light from the 
oil droplets has a near maximum value in the direction toward the 
microscope. Provided that the two light spots X on the walls of 
the glass indicator tube do not overlap, as seen through the 
microscope, a good contrast is obtained between the illuminated 
droplets and their background. 

Sensitivity of the Balance Indicator. A simple flow apparatus was 
constructed for determining the performance of balance indica- 
tors. 

Water, flowing from an aspirator through a tall outlet pipe 
equipped with a suitable control valve, was used to draw air 
through the indicator tube. Mean flow speeds in the tube could 
be deduced from a knowledge of the flow rate and of the bore of 
the tube. 

Tests repeatedly indicated that mean flow speeds of 0.01 mm 
per sec or less could be detected by means of the atomized-oil 
indicator described. 

The sensitivity of this type of indicator is perhaps best demon- 
strated by the results of a velocity distribution test that was per- 
formed with an 8-mm-bore tube. Since the Stereo microscope 
has a very shallow focal depth, it can be focused on droplets 
moving along various streamlines in the tube. Flow speeds of 
individual droplets can be measured with the aid of the graduated 
eyepiece of the microscope and a stop watch. By applying this 
technique, the velocity distribution curve A in Fig. 5 was ob- 
tained. The dotted curve B depicts the ideal parabolic distri- 


SSS 
WALL OF TUBE 


CENTRE-LINE OF 


INDICATOR TUBE 


WALL OF TUBE 


NOTATION 


A. DISTRIBUTION AS MEASURED. 
B. IDEAL (PARABOLIC) DISTRIBUTION 


Fig. 5 Velocity distribution in the indicator tube 
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bution for laminar flow. By graphical integration, the mean flow 
velocity derived from curve A amounts to 0.142 mm per see, 
while the measurement of water flow rate from the aspirator 
yields a value of 0.137 mm per sec. The difference between the 
two values of mean flow speed is therefore less than 4 per cent. 

In the following analysis, the somewhat conservative value 
of 0.01 mm per sec will be used as sensitivity for the indicator. 

The Optimum Dimensions of the Indicator Tube. The problem to be 
considered is the following: For a given setup of the centrifugal 
manometer, and for a given sensitivity of its balance indicator, 
what are the optimum dimensions of the indicator tube with re- 
gard to the accuracy of measurement of an unknown differential 
pressure? 

The pressure circuit of the manometer system consists es- 
sentially of a number of tubes k, l, m, ete., connected in series. 
For the purpose of the analysis, all components of the circuit, 
with the exception of the indicator tube, will be represented by a 
single “equivalent”? tube, which, under laminar flow conditions, 
will yield the same volumetric flow rate as the circuit for a given 
pressure difference. 

The relative dimensions of the equivalent tube are given by the 
equation 


D¢ 
where L and D denote lengths and diameters of tubes, and sub- 
scripts e, k, l, m, ete., relate to the equivalent tube and to the 
components k, l, m, ete., in the pressure circuit. 

Due to the limited sensitivity v; of the balance indicator, a 
pressure drop AP will exist across the circuit, and this pressure 
drop will represent the error of measurement. For laminar flow, 
AP is given by the equation 


32u0,L, 


L, 
D2 


D? 


AP = 


where 
“M = viscosity of air 
v = mean flow speed in the relevant tube 


Subscripts e and 7 refer to the equivalent tube and to the indicator 
tube, respectively. 
From continuity, however, 


so that equation (17) can be written as follows 


Ly ] 


AP = 32ur; [ D2 (19) 


According to this equation the error AP becomes smaller as 
the length ZL, of the indicator tube is decreased. For given values 
of L,, L,, and D, and for a given sensitivity »,;, the optimum 
diameter D; of the indicator tube is obtained by differentiating 
equation (19) and equating to zero, and is given by the following 
formula 


(20) 


In practice it was found that the dimensions D,; and L; should 
not be made smaller than about 4 mm and 20 mm, respectively, if 
illumination and visualization of the oil droplets were to be per- 
formed successfully according to the technique illustrated in Fig. 
4. Bearing these limitations in mind, equations (19) and (20) 
can be applied to investigate the effect of circuit resistance on 
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Fig. 6 The effect of circuit resistance on the accuracy of balance indica- 
tion 


the accuracy of the manometer when the optimum indicator tube 
is used. The results of an analysis carried out along these lines 
are presented by the graph in Fig. 6. 

The circuit resistance is represented in terms of the length L, 
of the equivalent tube, whose diameter D, has been arbitrarily 
selected as 10 mm for the present purpose. The ordinates Ah 
represent the error, in terms of mm water gage, that arises as 4 
result of the limited indicator sensitivity of 0.01 mm per sec. 

For L, < 0.78 meter, the optimum diameter D, of the indicator 
tube is greater than the minimum practical value of 4 mm, but 
for L, > 0.78 meter, the value of 4 mm has to be used in order to 
obtain maximum accuracy. The optimum length L, of the tube 
is equal to the minimum practical value of 20 mm, whatever the 
resistance of the circuit may be. 

The lower part of the curve is of little practical value, since the 
internal flow resistance of the pressure generator, as illustrated in 
Fig. 2, already amounts to about 2 meters when expressed in terms 
of length L, of the 10-mm-diam equivalent tube. 

The curve indicates that the accuracy of the centrifugal 
manometer decreases with increasing resistance of the pressure 
circuit. Provided, however, that the manometer is used in con- 
junction with pressure probes or static pressure tappings designed 
to have a low internal resistance, the balance indicator functions 
with extreme accuracy. 
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Performance of the Centrifugal Manometer 


The Manometer as Calibrator. A most useful application of the 
centrifugal manometer is that of calibrator for other manometers, 
such as those of the capacitance type [10]. For this purpose the 
balance indicator is not utilized, and the instrument under test 
is connected directly to the differential pressure generator. Dif- 
ferential pressures indicated by the instrument under test can 
then be compared with the corresponding values as supplied by 
the generator, and a suitable calibration curve can be prepared. 

The performance of the centrifugal manometer when used in 
this role was investigated by connecting the generator in turn to 
a Betz projection manometer [11], a 13-in. Chattock-Fry 
Manometer [12], and a very sensitive electromagnetic micro- 
manometer [13]. The results of these investigations are pre- 
sented in Table 1, where hg and hy denote, respectively, the read- 
ings of the generator and the “test”? instrument. The excellent 
agreement obtained in all instances serves as an indication of the 
accuracy of the calibrating technique. 

Calibration of micromanometers according to this technique 
requires considerably less time and effort than in the case of exist- 
tng methods [14, 15]. 

Accuracy of the Manometer Under Laboratory Conditions. “Two series 
of tests were conducted in order to determine the performance 
characteristics of the centrifugal manometer, as used with the 
atomized-oil balance indicator. 

In the first series, a flow apparatus similar to the one used for 
the tests on balance indicators was constructed. Air was drawn 
through a steel tube, by the action of the water flowing from the 
apparatus, and the manometer was connected to two static 
pressure tappings of low resistance on the tube. The bore of the 
tube and the distance between the pressure tappings were care- 
fully measured. 

By determining flow rates from the apparatus, and by applying 
the Hagen-Poiseuille formula for laminar flow in a pipe, static 
pressure differences between the tappings could be calculated 
and compared with the values as measured by the manometer. 
The results are summarized in Table 2, where h, and hy denote 


Table 1 
Test hr he 
instrument (mm water gage) (mm water gage) 

Betz projection manometer 25.00 25 .02 

20.00 19.98 

10.00 10.06 

5.00 5.03 

2.00 2.00 

1.00 1.01 

13-in. Chattock-Fry manome- 3.324 3.319 
ter 2.493 2.491 
1.662 1.672 

1.329 1.333 

0.997 0.995 

0.665 0.662 

0.332 0.330 

Electromagnetic microma- 1.966 1.968 
nometer 0.983 0.981 
0.492 0.494 

0.197 0.198 

0.098 0.099 

0.049 0.050 
0.0098 0.0097 

Table 2 
hr 50.0 39.6 5.28 4.76 
he 49.9 39.1 5.33 4.83 


hy and hg in thousandths of mm water gage. 
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the readings of the manometer and of the flow apparatus, respec- 
tively. 

The results indicate that the accuracy of the manometer at 5 
< 10> mm water gage is of the order of 5 X 10-5 mm water gage 
(2 X 10~* in water gage), or better, since the flow apparatus 
itself is subject to inherent inaccuracies. 

In the second series of tests, the manometer was connected to a 
low-resistance, Prandtl-type pitot-statie tube which was set up 
in the working section of a small wind tunnel. At each of several 
constant air speeds in the tunnel, a large number of readings of 
velocity head, as measured by the manometer, were recorded. 
From these sets of readings, the repeatability (or inherent ac- 
curacy) of the manometer could be assessed. The repeatability 
was based on standard deviation as criterion. 

At a nominal velocity head of 1.54 * 107-* mm water gage, 
which corresponded to a flow speed of about 0.5 ft per sec, the 
standard deviation amounted to 1.38 per cent, so that the in- 
herent accuracy of the manometer is of the order of 4 X 10-* mm 
water gage. 

Similarly, at a nominal velocity head of 1 mm water gage, the 
standard deviation was found to be 0.076 per cent so that the 
corresponding value of inherent accuracy amounted to approxi- 
mately 1.7 X 10-3 mm water gage. 


Conclusions 


From these results it is evident that the centrifugal manometer 
is capable of measuring with an accuracy and repeatability be- 
yond the scope of manometers of liquid type. 

Apart from its high sensitivity and accuracy, the instrument 
has several other noteworthy features, of which some may be 
attributed to the fact that air is utilized as working fluid. 

By virtue of its small air capacity and the operation of its 
balance indicator, the apparatus reacts almost instantaneously 
to pressure changes, so that little time is wasted before a measure- 
ment can commence. 

In spite of its high sensitivity, the manometer is no delicate 
instrument that needs to be handled with particular caution. It 
is robustly constructed, easily transportable, and requires a 
minimum of maintenance. It can be used immediately after 
being moved and set up and can measure extremely small and 
relatively large differential pressures alternately and in quick 
succession without any loss in accuracy. 

The wide effective range of the manometer deserves comment. 
The prototype is capable of measuring, with errors of less than | 
per cent, pressure differences ranging from 25 mm water gage to 
5 X 107? mm water gage. This represents an effective range of 
5000: 1. 

The instrument has been applied to measure mean air speeds 
in moderately unsteady flow, for instance, at the outlet of a 
diffuser in which the flow had partially separated from the walls 

Finally, the differential pressure generator can be used to ad- 
vantage as a standard of calibration for other manometers. 
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The Aerodynamic Design of Two- 
Dimensional Turbine Cascades for 
Incompressible Flow With a High- 
Speed Computer 


A method for the design of large turning angle, turbine bucket cascades is given. The 
method, based on conformal mapping from the logarithmic hodograth, ts well adapted 


for use with high-speed computing machinery. Examples are given of bucket shapes 
designed by this method. A comparison is presented between design and test-measured 
pressure distribution for two cascades. 


in PRODUCTION of large steam turbines for power 
generation calls for the design and manufacture of machines 
which will meet the thermodynamic cycle and power output re- 
quired by the customer. The particular cycle chosen in each case 
is determined on the basis of fuel costs, capital charges, available 
cooling-water temperature, power output desired, and other fac- 
tors. As a consequence, it is found necessary by steam-turbine 
builders to maintain flexibility in design to meet the individual 
needs of different customers. Thus many individual stage de- 
signs must be made for differing pressure levels, stage loadings, 
diameters, and so on. Such a situation requires that a flexible 
design method for bucket sections be used for optimum per- 
formance. This paper describes such a blade-design method 
which is in use in the company with which the authors are asso- 
ciated. 


General Approach 


The problem of blade design for turbines has been treated by 
many writers. In some cases the three-dimensional problem has 
been attacked, but the greatest amount of work has been de- 
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the Society. Manuscript received at ASME Headquarters, August 
28,1958. Paper No. 58—A-141. 


Nomenclature 


voted to cascades. The cascade approach was adopted in this 
case. 

In selecting a design method for impulse-type steam-turbine 
buckets certain special characteristics of such blading must be 
kept in mind. In particular, it must be noted that these buckets 
have large deflection angles, as great as 130 deg. Blades must have 
mechanically strong cross sections to permit long life under 
heavy loading. In the design of such high-deflection, heavily 
loaded cascades, with the necessity of high efficiency, it becomes 
essential that the pressure distribution on the blade surface be con- 
trolled. Control of the pressure distribution enables the designer 
to avoid boundary-layer separation with the accompanying losses 
in performance. 

The requirement of control over the pressure distribution on the 
blade surface rules out the use of the many approximate methods 
of blade design and imposes the necessity for a mathematically 
rigorous system. However, due to the lack of manageable rigor- 
ous methods for cascade design with compressible flow, it was 
necessary, for the time being, to base the approach on incompressi- 
ble-flow methods. 

It is well known that the irrotational, plane flow of an incom- 
pressible fluid can be represented by an analytic function of a 
complex variable. The use of the complex variable then permits 
one to utilize the powerful methods of conformal mapping in the 
solution of the design problem. One such method, due to 
Weinig,' makes use of a mapping of the flow about a circular 


1F,. Weinig, “Die Strémung um die Schaufeln von Turbomaschi- 
nen” J. A. Barth, Leipzig, Germany, 1935, 
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dimensions logarithmic 
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= aconstant 
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leading-edge wedge angle 

logarithm to base e¢ 

co-ordinates of points on real 
axis of R-plane 

complex variable 

of auxiliary P- 

plane 

radius in R-plane 

co-ordinates of points on real 
axis of R-plane, or radii in 
R-plane 

radius in S-plane 


p + iq 


= se Ww 
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f — ig = complex conjugate 
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1/S 
blade pitch 
velocity component in z- 
direction 
velocity component y- 
direction 
= vector velocity 
(continued on next page) 


september 1959 / 349 


In = S 

C P;, Ps = § 

R 1 

t 

R = 

i- 

k = 


obstacle in a picture plane into the flow about a cascade. The 
mapping function is determined by imposing on the picture-plane 
flow field an analytic funetion which describes the complex con- 
jugate velocity, u — iv, of the flow about the cascade. The shape 
of the cascade profiles is then determined by a numerical integra- 
tion of the function 


dW (r) 


dz = 
— w(r) 


around the circumference of the circular obstacle in the picture 
plane. 

The method of Weinig permits one to design blades with 
rounded leading edges, and finite wedge angles, and thickness at 
the trailing edge. Further, Weinig’s method permits a study of 
the behavior of the flow under off-design conditions. It is found, 
however, that a satisfactory velocity distribution cannot be pre- 
scribed in advance, particularly for impulse buckets. Also, 
numerical difficulties may be encountered in designing impulse 
buckets. This difficulty is due to the mapping of a large portion 
of the blade surface into two very small regions of the picture 
plane circle. These regions are near the points representing the 
leading and trailing-edge stagnation points. 

An alternative approach, which was used in this case, is to 
utilize a mapping from the logarithmic hodograph plane to the 
physical plane. The co-ordinates of the logarithmic hodograph 
plane are related to the physical flow by the expression 


6 = & + in = In(u — iv) = (Inw) — 16 (1) 
if the physical flow is described by an analytic function 


Wz) =e +ip 


one then has 


iW 
¢ = In(u — wv) = In E +4 ot | = In = (3) 


2 


and a conformal mapping exists between the two planes. 
For a hodograph solution 


W(o) = n) + n) 


the transformation from the log-hodograph plane to the physical 
plane is given by the inverse of equation (3) as 


dg 


The use of the logarithmic hodograph mapping permits rather 
precise control over the suction-side velocity, and allows one to 
specify the leading and trailing-edge wedge angles. Further, in 


dz =e dg (4) 


Nomenclature 


view of the work published on hodograph methods in compressible 
flow, it gives promise of extension to a compressible flow design 
method in the future. The method as presently constituted is 
limited to the design of blades with sharp edges at the leading 
and trailing edges, and cannot handle the general case of a 
rounded entrance. This limitation is not considered to be serious 
for turbine-bucket design, and may be eliminated by future 
studies. 


Mj 


Fig. 1 Cascade nomenciature 


Properties of Conformal Mappings of Bucket Cascades 


In establishing a conformal mapping for the flow about an in- 
finite cascade of blades it is desirable to map to a single flow field. 
The mapping is thus made in such a manner that one of the in- 
finite number of identical strips of the flow field, say that between 
the streamlines y,, in Fig. 2, is mapped upon one sheet of an in- 
finity of identical Riemann surfaces. It can easily be shown that 
in such a mapping the flow at an infinite distance upstream from 
the cascade must map into a logarithmic singular point, which for 
incompressible flow has the form 
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Re real part 
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= flow direction in 2z-plane, 


measured from z-axis 


velocity potential described 
or 


stream function described by 


Transactions of the ASME 


| 
SUCTION SIDE 
/PRESSUPE 
YY My 
p 
q 


— (¢ — 


Wy Yi yyy 

Wy 


t 


The term cos @, In (¢ — (4) in equation (5) represents a sym- Wj) 
bolic source from which the streamlines emanate. The necessity “yy yy Y If 
for the streamlines to diverge from a point in the log hodograph “ll y 
follows from the uniform velocity and angle of the upstream flow, w/ 
represented by a single point in the log hodograph. The term i ry ] S 
sin 6, — £4) similarly represents a symbolic vortex, and re- 
sults from the requirement that the flow, at an angle to the real 5 Wi y, i 7 27) e 
axis, be infinitely repeating in y. 
ay a 


Fig. 3 Logarithmic hodograph of a bucket cascade flow 


the branch cut along which the Riemann surfaces are joined. It 
should be noted that this form of mapping applies to a cascade 
with sharp wedges at the leading and trailing edges, and with 
monotonic change in angle along the two surfaces. A nonmono- 
tonic angle change or a rounded leading edge will, in general, lead 
to a multiple-valued function W(¢) in the hodograph, and will 
not be considered here. 

The circulation about a blade in the caseade is given by the 
counterclockwise line integral 


—-T = = 


sin 0, + wol sin 0, (7) 


where 7 and di are the vector velocity and line element, respec- 
tively. The line integral also can be written as 


—-T = = $(udzr + vdy) = Re #(u — iv)(dx + idy) 


= Re de = Re fdW (8) 


Similarly, the downstream flow maps into a singular point of A path about a blade in the cascade is equivalent to a path in 


the form the hodograph enclosing the two singularities but in the clock- 
wel _ ig wise direction. An evaluation of the change in W for such 
In (¢ — (6) a contour gives, for the function 


Wl ibs 


and in equations (5) and (6) are the locations of each — 
singular point in the picture plane, and the nomenclature is that ad - 
of Fig. 1. we 
With these requirements in mind we indicate the form of the fdW = >~— e~"(—2mi) — >— e~“(—2mi) 
logarithmic hodograph of the flow through a cascade of buckets, ” aad 
Fig. 3. = —wyt sin 6, + wet sin 6, — i[wit cos 6, — wet cos 6} 


The stagnation streamline wWs:, emanates from the symbolic 
source-vortex at ¢, and flows to the leading-edge stagnation point 
L. The point L, because of the zero velocity, maps into — = 
—«, At L the streamline ¥,; branches along the blade cor- —-T = $dW = —w,t sin 0, + we sin 6, (9) 
responding to the two lines labelled “suction side” and “pressure 
side” in Fig. 3. At  — — © these branches are spaced apart and can conclude that the hodograph mapping yields the correct 
vertically by J, the leading-edge wedge angle. The bifurcated blade circulation. 
streamline closes at 7’, the trailing-edge stagnation point with the 
wedge angle 7. The pressure-side velocity being lower than that Development of Design Method 
on the suction side causes the pressure-side streamline to map to 
the left of the suction-side streamline. The other streamlines The basic problem to be solved in the design method is now 
map in the manner shown, with the streamline ¥,, representing seen as that of finding an analytic function W(t) in the log 


But continuity requires that wf cos 6; = wel cos 6. hence one ar- 
rives at 
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hodograph. This function must possess proper logarithmic 
singularities to represent the upstream and downstream infinities. 
The function also must have stagnation (saddle) points at points 
L and T in the hodograph, and its imaginary part must take on a 
constant value along the curves chosen to represent the mapping 
of the blade surface. Thus within the log-hodograph plane it is 
then possible to specify the important suction-side velocity dis- 
tribution and consequently the behavior of the boundary layer. 

In the development of the design method given here, many 
principles of applied mathematics, computing-machine applica- 
tion, and practical engineering design were involved. The 
authors believe that it is of interest to show the manner in which 
these affected the development of the final method. To do so 
it seems desirable to describe briefly the evolution of the method 
from an original idea to the final system. Since the method de- 
pends upon the use of the Schwarz-Christoffel transformation, 
the properties of this conformal mapping will be reviewed briefly. 


tin 


SUCTION 
SIDE 


Fig. 4 idealized logarithmic hodograph 


The Schwarz-Christoffel transformation is defined by the rela- 
tionship 


f= SCR ~ ry) 
(R — + fo, 


where ry <r. << ..<r,. It serves to map the interior of a closed 
polygon with n + 1 corners in the ¢-plane onto the upper half of 
the #-plane. The boundaries of the polygon in the ¢-plane map 
along the real axis of the /’-plane. Any corner of the polygon 
may be mapped into the point at infinity in the R-plane. The 
constants rT, 72, ... 7, are the co-ordinates of points on the real 
axis of the R-plane, and correspond to the corners of the polygon 
taken in counterclockwise order from that corner which maps into 
R— o, 

The value of a, in the exponent is the change in the direction 
of the polygon boundary as one passes through the corresponding 
corner. The sign of a, is positive for counterclockwise and nega- 
tive for clockwise changes in direction 


It is permissible to consider the poly gon to be closed at infinity 
in the ¢-plane. 
value to m for parallel boundaries. 

One r-value may be assigned arbitrarily. 


At such a point, the angle @ is taken as equal in 


The remaining r- 
values, the complex constant C, and an additive constant of in- 
tegration (> must then take on values which result in the correct 
polygon geometry and orientation in the ¢-plane. 

In applying this transformation, as a first step, the log-hodo- 
graph representation of a bucket, Fig. 3, was idealized by « poly- 
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gon asin Fig. 4. The interior of this polygon (the flow field) was 
transformed to the upper half of the R = p + ig plane, Fig. 5, 
by the Schwarz-Christoffel transformation 
R — — dR 
Sc [( ( 7)] 


(10) 


which locates corner 3 at the origin and corner 8 at infinity, with 
the singularities mapping into points R,; and R;. Conjugate 
image singularities were then located in the lower half plane 
making the real axis a streamline. The parameters C, Ps, Ps, Ps, 
P;, and {> were adjusted to give saddle points at the origin and 
at infinity in the R-plane and the correct geometry in the hodo- 
graph. Both ¢ and W were then known as functions of R. The 
bucket in the z-plane was found by integrating 


along the real axis of the R-plane. 


Rep tiq 


PRESSURE SIDE 


Fig. 5 R-plane representation of log-hodograph flow 


This appeared quite simple and straightforward, but proved 
rather difficult to carry out. The transformation (10) involves 
elliptic integrals and must be integrated numerically. This can 
be done with acceptable accuracy everywhere except near the 
singularities at the vertexes 4,5,6,and 7. To get the bucket shape 
we must integrate through all of these points. This also can be 
done, but not easily, since for each corner a different and fairly 
complex transformation of the independent variable of numerical 
integration must be made. Such transformations are difficult 
to program for a digital computer, and are well beyond hand 
calculation in a practical design system. 

This problem was solved by realizing that the sharp corners of 
the idealized polygon are neither necessary nor particularly de- 
sirable. The corners can be rounded by mapping two radial 
lines in the R-plate into the ¢-plane as shown in Fig. 6. Then 
another Schwarz-Christoffel transformation can be used to map 
the part of the R-plane included between these lines into the 


upper half of the S-plane, Fig. 6. This transformation is simply: 


by + 


(= 


The conjugate image singularities are then located in the lower 
half of the S-plane. The remainder of the method is the same as 
that previously deseribed using the S-plane rather than the R- 
plane. 
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Fig. 6 [ Introduction of S-plane; (a) {-plane, (b) R-plane, (c) S-plane 


(b) FINAL SKELETON POLYGON 


Fig. 7 Skeleton polygon revisions; (a) modified skeleton polygon, (b) 
final skeleton polygon 


With this method equation (10) still has to be integrated 
numerically but now the singularities can be avoided. A single 
numerical integration program can be used on the computer, 
provided that the computer automatically changes its increment 
size to satisfy a given maximum allowable error. This can be 
programmed easily. 

One bucket, designed with this method, was fairly satisfactory 
to the eye. It was immediately apparent, however, that the con- 
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stant velocity on the pressure side resulted in too much load on the 
trailing edge of the profile. Since with the then-existing numerical 
and analytical methods almost any Schwarz-Christoffel trans- 
formation could be integrated, the skeleton polygon and rounded 
flow field shown in Fig. 7(a) were proposed. The transformation 
for this skeleton polygon is 


(R — Py) ((R — — Ps)(R — — 


Upon further thought, however, it appeared that the vertical 
portion of the skeleton polygon between vertexes 9 and 10 was not 
essential. Its removal resulted in the skeleton polygon and flow 
field shown in Fig. 7(b), with point 8 as an infinite point in the 
log-hodograph. The transformation for this skeleton polygon is 


= SC P,)(R P) dR 


13) 
(R — Ps) ((R — — R + Se 


But his transformation can be integrated analytically in closed 
form. The need for the troublesome numerical integration has 
been eliminated completely and we now have a more flexible 
method. 


Design Method 


The four planes of the final method are shown in Fig. 8. The 
transformations from one to the other are given by 


From to Equation 


dw 
dz 


In 


“~ 


R = SC + 


by + by 


dW 


S z dz = e~itS) — 


dS (14) 


It will be noted that the dimensions j and / in Fig. 8() specify 
the blade-wedge angles, while k defines the angle of turn on the 
pressure side of the bucket. Similarly a, 6, and c, through their 
control of ratio of suction-side to pressure-side velocity, specify 
the bucket loading, and therefore the pitch-to-width ratio 
Thus the values of these six parameters have considerable 
effect upon the final bucket geometry. 

Polygon Determination. §Hiquation (13) gives the transformation 
of the skeleton polygon from the ¢-plane to the /?-plane in terme 
of the parameters: (, Py, Ps, Ps, Pz, Ps, and the constant of in- 
tegration 

In accordance with the requirements of the Schwarz-Christoffel 
transformation one of these parameters may be chosen arbi- 
trarily. The others must take on values that give the correct 
geometry and Jocation of the skeleton polygon in the logarithmic- 
hodograph plane. The flow field is further defined by the 
parameters and 6,. 

What is really desired, however, is not the skeleton polygon, 
but a satisfactory flow field in the log-hodograph plane. Such a 
satisfactory flow field must have a desirable velocity distribution 
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Fig. 8 Conformally related planes of final method 


on the suction side of the blade, and the correct values of the di- 
mensions a, b, c, j, k, and / of Fig. 8(6). 

We now have nine parameters, six of which may be defined by 
the six geometric conditions on the log-hodograph flow field, and 
one of which locates the flow singularities in the log-hodograph 
plane. The other two parameters may have arbitrarily assigned 
values. The effect of 5) on the polygon is easy to visualize; i.e., 
bo specifies how closely the suction-side velocity will approach a 
constant value. Therefore we will choose to specify its value. 
For the remaining conditions we will arbitrarily specify Ps, and (> 
will be adjusted to properly relate the locations of the singulari- 
ties in the ¢ and S-planes. 

We now must evaluate the remaining parameters in terms of 
the chosen dimensions, which will be done in the following man- 
ner: The dimensions j, k, and / in the ¢-plane apply at E> — ~. 
It is thus possible, by limiting processes on line integrals in the 
R-plane, to relate these distances to the six parameters of the 
transformation. The lengths a, b, and c may then be approxi- 
mated by line integrals along certain arcs in the R-plane between 
the radii at dy and 6,. Six equations between the parameters and 
the six geometric requirements will result. These equations can 
then be solved to evaluate the parameters. 

Proceeding to introduce j, we set 


R = re® (15) 


Equation (13) can then be written in differential form as 


(re? — Ps)(re® — 


re“idd + 


— Py) [(re® — Py)(re® — 


d=C 
(16) 


We now divide both the numerator and denominator of (16) 
by r? and permit r to become very large. The fraction then ap- 
proaches unity as a limit and with an integration path at con- 
stant radius (16) becomes 
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dt = (17 


An integration of dé from 6 = 65 to6 = m — 6, corresponds to 
an integration of df from the suction to the pressure side at point 
9, giving 


—i(j) = — by — (18) 


Thus the constant in (13) is 


C = “J 
w — (b) + 6) 


and (13) becomes 


j (R — Po)(R — dR 


ag — (6 + 6,) (R — — P,)|'7 R 


In much the same manner we evaluate the dimension / by an 
integral from 6 = 6) tod = 7 — 6, about point P3. 

Here we set R = re® 
small. 


in (20) and let r become vanishingly 
Equation (20) then reduces to 


dr 
— (bo + 6,) Food r ] 


where use has been made of the relationship 


Lim {((R — Pd)(R — = 
R—0O 
= —(P.Ps)'* (22) 
Upon integrating dé at constant radius from 6 = 6) to 6 = 
mw — 6,, we find the corresponding integral in € to be from the 
suction to the pressure side at point 3. This gives an evaluation 
of equation (21) as 
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—j 
v7, (w — 6, — bo) 23) 
— (6) + 55) Ps(P.Ps)'/? 


or 


p 
= (24) 
Ps(P.P;) ‘3 

The dimension k is introduced by means of a line integral along 
the path A of Fig. 8(c). The corresponding path of integration 
in ¢ extends from the pressure side at point 3 around the skeleton 
at point 7 to point 8, vertically at point 8 to the upper leg of the 
skeleton, and around point 6 to the pressure side at point 9. The 
imaginary part of the integration in the ¢-plane is thus seen to be 
equal to k. 

In performing the integral along the path A we note that in 
equation (20) the integral has only real values for values of R on 
the real axis. The parts of the line integral along the real axis in 
R from P; to Ps and from Ps to — © will therefore make no con- 
tribution to the imaginary part of the integral and may be ig- 
nored. There then remain integrals about P3, Ps, and at r— @. 

The integral about P; is evaluated from equation (21) as 


— Oo + by) 


The integral at r+ © is given from equation (17) as 
16 
J = 26) 
— (bo + w — (69 + 


In order to evaluate the integral about Ps we set 
R — P, = pe* 


and let p become very small. 


Equation (20) then gives, for p 
held constant, 


(Ps — Ps)(Ps — 
— (55 + [(Ps — Pd)(Ps — Po 
—ijr (Ps — Ps)(Ps — 
(bo + Ps[(Ps — Ps) (Ps P,))'? 


(27) 


Summing the results of equations (25), (26),and (27) and equat- 
ing to tk gives the desired relation 


+I) 
(6o + 6) 


—— : (28) 
mw — (6) + Ps[(Ps — Ps)(Ps — Ps)]'” 


To help solve for the remaining parameters we specify two ad- 
ditional quantities 


K, = Pee (29) 
and 
Kz = (30) 
where K, and K; are restricted by 
= >1 (31) 


since P, is greater than Ps; from Fig. 8(c) 
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(32) 


We then solve for P, Ps, P:, and Ps explicitly in terms of 6,, K,, 
and AK, from equations (24), (28), (29), and (30). 


P, = 
UB 
Py c \3 
where 
k 6, l 
- _ & [r+ 
B = ee K J (34) 
and 
(35) 
j Ke 
Py = (36) 
P, = (37) 
kK 
P, = 5 Ps (38) 


The parameters of the transformation are now known in terms 
of the dimensions j, k, and 1, and the parameters 6, K, and Ke. 
There remain the dimensions a, b, and ¢ of the log hodograph for 
the evaluation of 6,, K,, and K,. Unfortunately, no direct 
method exists for incorporating the remaining dimensions, so an 
approximate method must be used. 

The properties of the transformation between the R and ¢- 
planes are such that, if a circle of radius P; is centered at Ps the 
are between 6, and 4) very nearly maps into the line c. 
ares of radii Ps and Ps very nearly map into 6 and a. 
set R = re“ and evaluate 


. = 
a = Re -— 
f (bo + 


Ps) (re™® P;) 


(ree Ps) ((re 5 Ps) \' 


Similarly 
We thus 


(39) 


Py (re 


with similar expressions for b and ¢ involving rs and ry. 

These equations contain 6,, Ki, and K;, implicitly and must be 
solved by a trial-and-error iterative technique. The process fol- 
lowed is to first assign two sets of trial values to 6,, Ky, and Ke. 
The equations for a, 6, and ¢ are evaluated numerically by the 
computer for each set. The computer then selects new trial 
values, based on the previous results. The process is continued 
until satisfactory convergence is attained. 

With the parameters of the transformation known, equation 
(20) can be expanded into partial fractions as 


—j j dR 


P.P; dR 


PoP 


= (40 
tho ht ht hh + 40) 
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K 
Ps 
| 

3 


Evaluation of the integrals in equation (40) gives 
I, = 21n ((R — + (R — P,)'?] 


“PIP P) R 
(Ps + Ps) 
+ (42) 


and 


— P.)(Ps — 


Po — + 


x 


R—P, 


We thus have an explicit expression for ¢ as a function of R. 
Since FR is known as an explicit function of S from equation (11) 
we can calculate ¢ directly for any given value of S. 
Singularity Locations and Stagnation Points. The complex poten- 
tial function for the singularities in the S-plane, Fig. 8, is 
Wel 


W = e~% In(S — S,) — — e~™In(S — S,) 


wyl Wel 


In(S — — > 


In(S — 


By setting (w;t)/(2) cos 0; = 1, noting that continuity requires 
wit cos 0, = wet cos Oz, and recalling that @ = —7n, this becomes 
W = (1 + tan m) In(S — S,) — (1 + 7 tan m) In(S — 
+ (1 — ¢ tan m) In(S — — (1 — i tan m) In(S — 5) (44) 
where 

= 

= 

= 5 

= 

The flow in the S-plane must have stagnation points at S = 0 


and S = o; that is, we must have 


aw 


at 
dS 


(46) 


The condition at infinity is met by requiring that 
aWw(T) 
dT 


= 0 T =0 
where 7' = 1/S. 
This leads to 


daw 


dS 


y av 1 aw 
dT aS 


«T 
and the condition is therefore 


aW 
S? as at 


S—+ @ 


(47) 


If we now differentiate equation (44), express the result as a 
single fraction with a common denominator, separate the numera- 
tor into real and imaginary parts, and apply conditions (46) and 
(47) we obtain 
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— Pd(Ps — Ps) + — (Po + Ps) MR — Ps) — 21(Ps 


+m — [= (cos + sin tan cos n| 


$1 
— — E (cos — Sin tan m) cos 


Usually s; >>, so these equations are very nearly independent. 
We also obtuin an expression for (dW)/(dS) to be used in com- 
puting 


— — Ps)(R — Pd(R — 43) 


dw 
dS 


2[se? — + 2s,s,(tan sin COs — tan sin cos 4) )S 
(S — S,)(S - S)(S = S2)(S— 5) 
(50) 


Equations (48) and (49) may be solved for y; and v; if 8; and 8; are 
known. Thus the solution will be completely defined when s;, 82, 
and the real and imaginary parts of [> are determined. These 
constants are evaluated by relating the positions of the two singu- 
larities in the log-hodograph to their positions in the S-plane. 
Equations (11) and (40) define the relationship between these 
two planes as 
= + (51) 


The co-ordinates of the singularities in the ¢ and S-planes may 
be substituted into equation (51) to give 


& + im = + (52) 


+ im: = £(82, + 


Upon eliminating {> from these equations and separating into 
their real and imaginary parts there results 


& — = Re[{(si, m1) — £(s2, v2)] 


m — = 1) — (S82, 


(54) 
(55) 


Equations (54) and (55) are solved with equations (48) and (49) 
by iteration to determine s;, s2, 1, and v2 from the known values 
of &, & m, and m:. The constant {> is then determined from 
equation (52). 

Physical Plane Integration. The transformation from the S-plane 
to the physical plane is accomplished by integrating—from equa- 
tion (14) 


dWw 


iz = e~* — dS (14) 
dz =e as 


where ¢ is given as a function of S by equations (11) and (40) and 
(dW) /(ds) is given by equation (50). The numerical integration 
of (14) is facilitated by integrating in terms of the variables 


A =Ins (57) 
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Fig. 9(a) Typical impulse bucket 


d WwW 
dS 


dz = + idy) (58) 


With the help of this transformation we can traverse very large 
ranges in S numerically while keeping reasonable values of X. 
We also can approach as near to S = 0 as desired without having 
to integrate numerically across the S = 0 point. 

In practice it is found that we need not integrate to or from the 
exact leading and trailing-edge stagnation points on a typical 
bucket. An approach to within 10~¢* blade widths of these points 
is possible with quite moderate ranges of A, such as +10. 

The suction and pressure sides are integrated independently 
from a common point. The closure of the resulting profile at the 
other point provides an excellent check on the numerical accuracy 
of the over-all calculation, but has never been a problem. Inte- 
gration error tolerances are normally set to give closure errors less 
than 0.1 per cent of the bucket width. 


Typical Blade Designs 


Figs. 9 and 10 illustrate typical cascades designed by the 
method. In Fig. 9, (a) represents an impulse-type bucket, with 
the log hodograph given in (b) and the velocity distribution in (c). 
The points marked x in the log hodograph represent points on the 
blade surface not more than 0.001 of the blade width from the 
leading and trailing edges. Thus it can be seen that only a 
limited portion of the log hodograph is mapped into the actual 
blade surface. 

The velocity distribution, Fig. 9(c), illustrates the ease with 
which it is possible to approach a desirable uniform suction-side ve- 
locity on the blade, and also, how the maximum suction-side 
velocity may be held to a value only moderately higher than the 
discharge velocity. This close control of the maximum suction- 
side velocity permits the designer to eliminate the possibility of 
flow separation due to adverse pressure gradients. It is of par- 
ticular interest in this case to note how well the velocity dis- 
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Fig. %c) Calculated velocity distribution for impulse bucket 


tribution can be estimated from the shape of the boundary 
streamlines in the log-hodograph plane. 

Fig. 10 illustrates the blade section, log hodograph, and ve- 
locity distribution for a blade designed for a moderate reaction 
level. Here it will again be noted that excellent control over the 
suction-side velocity distribution has been attained. 

Several cascade models have been built with the blade shapes 
designed by this system. These cascade tests are carried out to 
determine the behavior of the designs with real fluids. 

Fig. 11 compares the theoretical with the measured pressure 
distribution for an impulse cascade of 128-deg turning angle, 
tested at two different discharge Mach numbers in air. The 
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correspondence of the actual and theoretical pressures is gratify- 
ingly close, particularly on the pressure side. The suction-side 
pressure deviates from the theoretical value due to the effect of 
the boundary layer and the compressibility of the air. 

Fig. 12 is a similar comparison of theoretical and measured 
pressure distributions for a cascade designed for moderate reac- 
tion; ie., 120-deg turning angle. Here the effect of compressibil- 
ity at the higher Mach number is somewhat more marked than in 
the impulse case. However, the correspondence between the 
theoretical and measured pressure distributions is still satisfac- 
tory. 


Conclusions 


The authors believe that the method given here not only pre- 
sents an interesting approach to the design problem for impulse- 
type turbine buckets, but also illustrates a general method of at- 
tack when using large computing machines in such problems. 
Further experimental work is being carried on with buckets de- 
signed by this method. It is planned to make a report on the ex- 
perimental results when sufficient information on the actual per- 
formance is available 
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Pressure distribution on an impulse bucket 
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DISCUSSION 
W. G. Cornell? 


Congratulations are due to the authors for an excellent contri- 
bution to the state of the art of turbomachinery design. It is re- 
freshing to see a very practical and modern application of the 
classical potential flow theory to the difficult configuration of 
highly cambered cascades. The authors are careful to point out 
the limitation of their analysis to incompressible flow. This 
limitation is not severe for the problem at hand, however. Just 
as the single “laminar flow’’ wing had superior performance at 
high subsonic Mach numbers, although designed for essentially 
incompressible flow, the present buckets should be good high 
speed buckets since the flat suction-side velocity distribution 
designed for low speeds will be gradually modified by com- 
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pressibility effects at higher speeds and sharp suction-side velocity 
peaks will be avoided 


Coda H. T. Pan® 


The authors deserve much credit for combining the skills of 
numerical computation and mathematical theories of conforma! 
mapping to establish a useful procedure for designing turbine 
cascades. 

In comparing this method with the picture-plane method, the 
authors mentioned that the latter has the advantages of permit- 
ting a study of the off-design flow conditions and of permitting 
more flexibility in edge configurations. Extension of the present 
method to include both of these features is more or less straight- 
forward. This may be accomplished if we recognize that S = 
f + ig, Fig. 8(d), is really a convenient picture plane; which is 

3 Engineering Training and Education, General Electric Company, 
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transformed into the turbine cascade with sharp edges by equa- 
tion (14). 

To study the off-design conditions of the sharp edged profile, 
one may retain the transformation relation, equation (14), and 
describe the off-design conditions in the plane S = f + ig. For 
aun entrance angle 


m’ =m + & (59) 


where €, # 0, one can no longer prescribe the vanishing of dW/dS 
at S = 0. Kutta-tail condition, which is presumed to remain 


valid, still requires vanishing of S? at S — oo, The 


W 
dS 
latter condition is given by equation (49) provided one substi- 
tutes for and 


ne’ = + & (60) 


for m. After a straightforward rearrangement one obtains an 
explicit expression of ne’. 

cos 

COB Ve 


When €, is very small one obtains approximately 


2 
€, for small 


cos 


sin 


tan + @&) = ctn ~ tan + 


(61) 


sin Ve 


sinY 


- (62) 
sin Vy 

which reveals that the exit direction is insensitive to the entrance 
direction when 8;/s: is small. When the transformation relation, 
equation (14), is held invariant, the velocity magnitude at off- 
design is related to the velocity magnitude at design for any point 
either on or off the cascade surfaces is given by 


dw 
dS 

~ aw 
dS (e 


w(€;) 


= 0) 


0) 


2 sin ¥; cos — — cos» } sin + — 1 
S 


s, \? 8) 
- ( ) +2 ) (tan 7 sin cos — tan sin 
82 


When € is very small, one obtains 


82 


cos sin + 


sin Vy COS Vy - 
Ne 82 


= 0) 


When 8;/8; is a small number, the effect of off-design is confined in 


the vicinity 
o(*) 


|S| = 0(s,) for small 
82 


! ! 
S| 8) 


82 82 


(65) 


Strictly speaking, equations (63) and (64) depict the off-design 
conditions with the same flow rate. For small s;/s2, since the 
exit direction does not change appreciably, this off-design con- 
dition is approximately the same if the exit velocity were kept 
invariant. Note that equations (63) and (64) blow up at S = 0. 
This is expected and is a necessary evil when one performs off- 
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design analysis of a sharp leading edge cascade with potential 
theory. 

In practice, a bucket designed by the present method would 
have to be rounded off at the leading edge in some arbitrary man- 
ner in order to minimize leading edge loss which is associated with 
the violent flow field indicated in the off-design analysis just 
given. At an off-design condition, the stagnation point shifts a 
distance which is usually very small in the case of a large turning- 
angle cascade. So long as this distance is not very large com- 
pared with the leading edge radius, as in the case of a large turn- 
ing-angle cascade, it is usually satisfactory to round off the leading 
edge more or less arbitrarily. For a small turning-angle cascade, 
arbitrary rounding off of the leading edge may produce surprising 
results. It is important for such cases that a rational procedure 
to design a round leading edge be established. 

Modification of the present method in order to specify more 
desirable edge configurations entails quite a bit of mathematical 
and computational difficulties. One may again treat S = f + ig 
as the appropriate picture plane; however, equation (14) can no 
longer be used for obtaining the cascade shape since the hodograph 
information is not available. To establish the transformation 
from S to z in order to achieve the desired edge configurations, it 
is necessary to specify In w on the real axis of S such that in the 
neighborhood of S = 0 it corresponds to the flow at the blunt 
nose of a profile. And if the trailing edge is to be closed, zero 
thickness, the following property of In w is required. 


— 
(f — — se) 
When a finite trailing edge is desired, equation (66) should be 


violated by a prescribed amount. Then the inclination angle of 
a tangent to the profile surface is calculated from ’ 


= Op + aw 


ln — + = — (66) 
WwW, Ti 


As) sis real (67) 


where the subscript 7’ refers to the trailing edge. And to define 


one has 


sin 

) 
cos (m 43, 
V2 COS V; ] cos 


Tr 


8) 


(ti4) 


— 8, cos yif 


iquations (66), (67), and (68) are results of applying Cauchy’s 
theorem to the analytic function In (dW/dz) in the S plane. 
Success or failure to adapt the proposed extension of the present 
method in order to specify desired edge conditions may well hinge 
on skillful computation technique to evaluate the improper inte- 
grals in the last three equations. 


Warner L. Stewart‘ 


In general, I found the approach described in this paper very 
interesting and was impressed by the agreement between specified 


(68) 


4 NASA, Lewis Research Center, Cleveland, Ohio. 
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velocity distribution and that obtained experimentally with the 
blades predicted to yield this velocity distribution. 

I have only two general comments, each of which is primarily 
a desire for additional effort along the lines described in this 
paper. First, since the method, as it was presented, represents the 
two-dimensional incompressible flow case with no boundary layer 
or loss effects, the usefulness of it in turbomachine blade designs 
is somewhat limited. Most turbine design procedures allow for 
the compressibility effect and include a loss estimate either by 
an assumed boundary layer build-up or total pressure loss. They 
also should be three-dimensional in nature, i.e., the effect of the 
streamline variations that occur as the result of radial equilibrium 
on the blade surface velocity distribution should also be in- 
cluded. These additional factors have a considerable effect on 
the velocity distribution through turbine blading and, therefore, 
must be considered in order to impose controls on the blade sur- 
face velocity distribution. It is hoped that extensions of the 
method described in the paper into these other areas will be forth- 
coming in order to improve its usefulness as a design tool. 

With respect to velocity limits imposed on the blade design, it 
appears that the method can be used to quickly evolve blading 
that can be investigated experimentally in two-dimensional cas- 
cades to study the influence of velocity distribution on blade loss 
and, hence, performance. Design controls used at Lewis cur- 
rently consist of placing a minimum distribution on the suction 
surface without allowing the total of that on both surfaces to ex- 
ceed a certain limiting value. Appropriate assignment of con- 
stants in the method could evolve groups of blading that could be 
used to further establish these limits or to perhaps obtain a better 
criteria for design. It is hoped that in the future additional 
uses of this method will involve effort such as this. 


Authors’ Closure 
The authors wish to thank the discussers for their comments. 
Mr. Cornell points out that the high-speed performance of these 
buckets should be good due to the flat suction side velocity dis- 
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tribution. Cascade tests on buckets designed by this method ver- 
ify his opinion. In general, it has been found that the per- 
formance level is retained into the transonic regime. The suction 
side velocity distribution retains its favorable characteristics up 
to discharge Mach numbers at which strong trailing edge shocks 
begin to impinge on the suction surface. 

Mr. Pan shows that the discharge conditions from the cascade 
with large deflections is virtually independent of small changes of 
the inlet angle. This agrees with the authors’ experience in de- 
velopmental work as well as that found using another type of cas- 
cade analysis. His prediction that the off design effects are con- 
fined to a small region near the leading edge are also confirmed by 
test. Mr. Pan’s extension of the method to produce rounded 
leading edges is of interest. However, the authors have found 
that judicious rounding of the leading edge leads to very satisfac- 
tory results and are thus somewhat reluctant to undertake the 
large additional effort involved in this extension to the theory. 

In response to Mr. Stewart, the authors wish to point out that 
they are very cognizant of compressibility, viscous, and three- 
dimensional effects. The steam turbine designer, however, find 
that most of his stages operate at quite low Mach numbers and 
have little sidewall divergence. These characteristics make a 
two-dimensional, incompressible design system more acceptable 
to the steam turbine engineer. The extension of the system to 
account for compressibility, however, is under study. The addi- 
tion of three-dimensional effects due to radial equilibrium phe- 
nomena is a difficult problem and will require rather extensive 
research. 

Methods for predicting the boundary layer behavior on high de- 
flection cascades such as these are being explored by the authors’ 
company, but as yet no sufficiently reliable methods have been 
found. For this reason the authors place much more reliance on 
the results of cascade and running stage tests than on analytical 
predictions of the blading performance. Such testing work is 
part of the continuous program carried out by the authors’ com- 
pany for the improvement of steam turbine performance. 
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An Analysis of Axial Compressor 
Cascade Aerodynamics 


A method is presented whereby complete potential flow solutions for any cascade geometry 
may be obtained with comparatively great rapidity on desk calculators. This solution 1s 
carried out for the case of symmetrically cambered airfoils such as the 65-series com- 
pressor and circular arc airfoils and the results presented in a compact graphical form 
completely account for the potential flow effects of camber, profile thickness, stagger, 
solidity, and angle of attack. Real fluid effects will be assessed and correlated in Part I 
using the present results as a supporting theory. 


Potential Flow Analysis With Complete Solutions for Symmetrically Cambered Airfoil Families 
G. L. MELLOR 


Assistant Professor of Mechanical Engineering, Princeton University, Princeton, N. J. 


1 Introduction 


ASCADE information to assist in the design of 
axial compressors and fans today exists mainly in the form of a 
comparatively sketchy number of experimental data and some 
empirical rules which have limited ranges of application. The job 
of correlating data to correctly include the effect of the various 
cascade variables is frustrating and perhaps impossible in the 
absence of a supporting theory. As Carter [1]? pointed out in 


!The work on which this paper is based was done at the Gas Tur- 
bine Laboratory, Massachusetts Institute of Technology, Cambridge, 
Mass., under the joint sponsorship of Allison Division of the General 
Motors Corporation, Curtiss-Wright Corporation, General Electric 
Company, Office of Naval Research, and Westinghouse Elec- 
tric Company. The author wishes to thank Prof. E. 8S. Taylor and 
Mr. Kurt Schneider for their encouragement and assistance. 

? Numbers in brackets designate References at end of paper. 


Nomenclature 


1950, the then existing methods of conformal transformation or 
extensions of thin airfoil theory often involved several weeks of 
ralculations. He also correctly noted that, for the designer of 
multistage axial compressors who may have to consider the per- 
formance of a wide variety of cascade geometries before the de- 
sign is finalized, such a procedure is out of the question. In 1955 
Schlichting [2, 3] reported that he had reduced the time require- 
ment to obtain the potential flow performance for one cascade 
geometry from 20 days (he referred to [4 and 5]) to 20 hours on « 


Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., November 30—December 5, 1958, 
of THe AMERICAN Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Au- 
gust 5, 1958. Paper No. 58—A-83. 


co-ordinates normal and paral- 
lel to the cascade axis 

co-ordinates parallel and nor- 
mal to the blade chord 

also used as transformed chord 
co-ordinate; z/e = (1 — 
cos 

blade chord 

blade gap 

maximum blade thickness 

blade camber (defined by 
Equation (2a) in the text) 

circular are camber (the in- 
cluded angle between tan- 
gents to the camber line ex- 
tremities) 

stugger angle 

air angles relative to the cas- 
cade axis 

air angles relative to the blade 
chord 
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air deviation angle relative to 
blade trailing edge angle, 
—X 

air velocity 

induced velocities in x and y 
direction 

blade force in axial and tan 
gentia! direction /chord - span 

lift foree/chord span 

drag force /chord span 

static pressure 

stagnation pressure 


lift, pressure coefficient, ete. 
(nondimensionalized on 
pV,,*/2) 

vorticity distribution 

source and sink distribution 

(with subscripts given in text) 
normalized blade surface ve- 
locity function; induced by 
distributed vorticity 


(with subseripts given in text} 
normalized blade surface ve- 
locity function; induced by 
distributed sources and sinks 

(with subscripts given in text 
cascade coefficients 

ratio of pressure rise on blade 
surface to over-all cascade 
pressure rise 


Subscripts 
id = an ideal or lossless flow 

plane far upstream 
plane far downstream 
the mean velocity or angle 
camber terms 
thickness terms 

= angle of attack terms 


suction and pressure blade surface, 
respectively 
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desk calculator. This was an order of magnitude improvement. 
What is offered here is several more orders of magnitude improve- 
ment while at the same time increasing the degree of accuracy. 
Furthermore, complete solutions are presented for circular 
are, 65-series compressor blade camber lines, and other similar 
symmetrically cambered airfoils in a form which is convenient to 
apply and which separately demonstrates the effect on the pres- 
sure distribution and lift coefficient of each caseade variable. 
Airfoil G tric P. ters. The airfoil itself may be de- 
scribed by a camber distribution y.(2) and a thickness distribu- 
tion y(x). An airfoil family may be described by f, (a/c) and 
f{a/c) which are sealed up or down by the constants Cb and t/c, 


so that, 
Ye — Cb (*) 
c c 


tis the maximum thickness of the airfoil and f, therefore reaches a 
maximum value of one. 


(1a) 


(1b) 


Cb is defined by the equation 


d 
Cb =2 cos 6 dé 
o ade 


and by substituting (1a) in (2a) we obtain 


cox = 1 


where # is the transformed chord position, r/c = a 4 Cb 
is often written as C,, or C,, and, as will be seen later, is theoreti- 
cally the lift coefficient for an isolated airfoil at the design angle of 
attack, 
between an actual geometric parameter and a resulting aerody- 
namic parameter. 


However, the use of these symbols gives rise to confusion 


In a caseade, the lift coefficient is not, in gen- 
eral, equal to the value Cb at the design angle of attack. For 
some airfoils, such as the 65-series airfoil, the value of Cb is given 
directly as the means of identifying the airfoil. 
are the camber is given by the are angle 0. 


For « circular 
If the equation for 
an are is substituted in (2b) Ch and 0 may be related 


Cb = — 0.050%) [0 is given in radians | (3) 


(3) contains only the first two terms in the series relationship. 


Cc de G tric Parameters. 


The cascade geometric parame- 
ters may be specified by c/s, the solidity, and A, the stagger angle 

Aerodynamic Parameters. lig. 1, which may be derived easily 
from momentum and continuity considerations and from the 
definition of stagnation pressure loss, describes the relationships 
between the cascade geometry, the velocity vectors, and the re- 
sulting aerodynamic foree vectors. In this presentation the 
velocities V, and V2 are, respectively, reckoned at stations far up- 
stream and far downstream where the wake has fully mixed out 
This also applies to the statie pressure rise, Ap = po — pi, and 
the stagnation pressure loss, Ap) = pn — pw. FV, is defined as 
the vector mean velocity with components V,,, = Va = Ve, and 


Vim (Va + Vez)/2. 


The ideal lift force L,g and pressure force 
8 

Fa = — Apia are the hypothetical lift and pressure forces that 
c 


one would obtain for the actual velocity vectors and for D = Apy 
= 0. These forces may be related to the vector geometry ac- 
cording to the following equations: 


Fe = —pV,AVs (4a) 
c 


Journal of Basic Engineering 


Fig. 1 Velocity and force diagram 


(F).ia = pVenAVe (4b) 


Lia = — pV.AVe (4c) 


(4d) 


The relationships among the forces when D # 0 may be ob- 
tained directly from Fig. 1. There is no need to append the sub- 
script id to Fg since Pg = (F¢)ia. Liais the total resultant force 
for this ideal case, which may be written in nondimensional form 

Lia/e s AVs 


(Ci)ia = - y (5) 


For the remainder of this paper we will deal only with an ideal 
or inviscid flow and we therefore take the liberty of leaving off 
the subscript id. Now the circulation about one airfoil may be 
simply determined by taking the line integral § D-dr on a closed 
path comprising two streamlines s distance apart and joined by 
two lines parallel to the cascade (9-direction) one far upstream 
and the other far downstream. The result is = sAVs. 
When inserted into (5) we obtain: 


which, of course, is the Kutta-Joukowski law. 
The strength of the vortex sheet comprising the airfoil camber 
line is defined according to the relation 


(7) 


where V(r) and V,(.r) are, respectively, the velocity on the suc- 
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tion and pressure surface of the airfoil. By Stokes’ law the total 


c 
circulation equals f, ydz and therefore 


(8) 


2 Results of Applying the Present Theory to Symmetrically 
Cambered Airfoils in Cascade 


A complete derivation of the theory and method of calculation 
will be presented in Section 3. However, since calculations for 
airfoils cambered symmetrically about their midchords have been 
completed, it has been decided to first present these results as they 
are fairly general and usable without recourse to the details of the 
theory. It should be understood that it is only the results of the 
present section that are restricted to symmetrically cambered 
airfoils and the methods of Section 3 may in the future be applied 
to the nonsymmetrical cases. 

The derivative of an airfoil camber distribution symmetrical 
about z = c/2 is antisymmetrical 


- (9b) 
c c 

One result of this is that the design angle of attack is zero for 
a single airfoil and we can therefore say that Cb is equal to the 
theoretical lift coefficient at zero angle of attack. 

Velocity Distribution. With the understanding that « full deriva- 
tion will be given in Section 3 we can write down the result for 
the blade surface velocity distribution 


V 
— | + 27 + 2rA,- + Cb- Tox 


+ sin A-I'yo + sin A- T's, 


t 
+ += (19)! 
c 


(+ suction surface; — pressure surface) 


where the terms [' and Q are normalized functions of z/c and are 
plotted in Figs. 2,3, and 4. The values of Ao and A, are obtained 
according to the following equations: 


Ct 
Ao = + Aog On + Ags: 
c 


(lla) 


Cb 


t 
A; = an +} A: (11b) 
2r c 


where the cascade coefficients, Ava, Aot, Ata Are are 
plotted in Figs. 5 and 6 as functions of c/s, A, and Cb. In Section 
3 the general method of approach is to imagine vortexes and 
source and sinks to be distributed along all the blade camber lines 
in the cascade which induce velocities every where in the flow field 
according to the Biot-Savart law. One can then determine the 
distribution which correctly satisfies the blade boundary condi- 
tions. Asa result of this, it will be seen in Section 3 that the func- 
tions loo, Tm, and oz are the components of the blade surface 

+A more exact expression may be obtained by substituting cos am 
for 1 and by multiplying cos a» and the last four terms by 1 + 
(dy./dz)*. For the angles of attack where there is any physical 
validity to potential flow solutions and for the low cambered airfoils 
used in compressors, these are negligible corrections. 
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(a) Poo = (1 + cos 6)/27 sin @ (solid line); (dashed line obtained in 
reference |6], page 82, for t/e = 0.10) 


1 1 


02 04 
(b) To = sin 6/x 


02 


A... i i J 


X/C 


= 


| 


(c) = sin (2n + 1)0/(2n + (for 65-series compressor 


n=1 
blade camber line or NACA a = 1.0 mean line); [yy = 0 (for circular are 
air-foils) 


Fig. 2 Self-induced velocity functions due to vorticity distribution 


velocity induced by the blade’s own vorticity whereas I'y. and I's; 
are induced by the vorticity on the remainder cascade. Qo and Qz 
are source-induced component functions due to the blade itself 
and the remainder cascade, respectively. Q and Qx directly re- 
flect the effect of blade thickness. 

Lift Coefficient. The three I’) terms, because they are preceded 
by a plus sign for the suction surface velocity and a minus sign for 
the pressure surface velocity, are the only terms that contribute 
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Fig. 3 Cascade-induced velocity functions due to vorticity distribution 


directly to the airfoil lift. Since y = V, — V, we see that the 
absolute value of the sum of the three I’) terms is equal to y/V,, 
and if this is inserted into (8) we obtain 


Cy = 2wAy + 249A, (12) 


Therefore it is seen that I and I as plotted in Figs. 2(a) and 
2(6) have been normalized so as to produce a unit contribution to 
the lift coefficient. Iz represents the details of the velocity (or 
vorticity) distribution and integrates to zero. 

By inserting (11) into (12) we obtain 


Ct 
C, = + + (13) 
c 


where the coefficients A,, Ag, A, simply represent the combination 
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of terms, Ao. + Are, Ava + Aia, Aor + Ais, respectively, and 
are plotted in Fig. 7. 

In Fig. 8 a comparison of the relative effects of camber, angle of 
attack, and thickness on the lift coefficient is shown for a particu- 
lar case. Although a full comparison of theory and data is post- 
poned until Part II, the data for this particular case are also 
plotted in Fig. 8 where it may be seen that agreement between 
theory and experiment is very good. 

The Pressure Rise Through a Compressor Cascade. In Appendix 2 
and later in Part IT we will use an approximation for 'yxand Iz, 
namely, 


2 2 c 2 2 
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For any Cb value 


Fig. 5 Cascade coefficients in the equation 
A = Ay (Cb/27) + Avalsin an) + Aoilt/e) 
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(b) Cascade-induced 
Fig. 4 Velocity functions due to source distribution 
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Fig. 6 Cascade coefficients in the equation 
A, = A\(Cb/2r) + Ajalsin am) + Aidt/e) 
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Fig. 7 Cascade coefficients in the lift equation 
= AACb/27) + Aalsin a,,.) + Adt/e) 


where £ and & are obtained from Fig. 3 according to the relation 
& Thus, although the approximation for I's; is 
better than it is for yo, the slopes of both yo and I's; are suf- 
ficiently accurate for our latter needs since the average slopes are 
exactly equal to &/2 and §/2. Now & and &, are plotted in 
Fig. 9 and it is also sufficiently accurate to say 


where & = &. 


(14) 
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Fig. 8 Illustration of the relative importance of angle of attack, camber, 
and thickness and a comparison of theory and data for the 10€4/25/50 
airfoil (10 per cent C4 profile, © = 25°, circular arc) \ = 42.5°, c/s = 1.333 
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Fig. 9 Ratio of pressure rise on blade surface to over-all cascade pres- 
sure rise 


20 


Some significance may be attached to & by considering that the 
difference between the trailing edge pressure and the leading edge 
pressure may be written from Bernoulli’s equation 


Pre. — Pie, _ ( V 
2 m 


If, for our purpose here, we disregard the thickness function Qs 
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and Qy in Equation (10), we obtain by substituting (10), (12), and 
(14) into the Bernoulli equation 


Py: 


(15) 
8 


From Fig. 1 it can be seen that 


Pde 


Pue 


== sin 
2 


(16) 


where Pae — Puw is the difference in pressure between downstream 
infinity and upstream infinity. Dividing (15) by (16) we obtain 


sin A 
sin 


Thus the blade surface does not ‘‘feel’’ the entire pressure rise 
and the ratio of blade “‘effective’’ pressure rise to over-all pressure 
is given by (17). 

Range of Application, Approximation, Corrections. The approxi- 
mations will be mentioned specifically in Section 3, but a brief 
discussion may be in order at this point. An exact determination 
of errors is impossible, but it may be stated that errors exist (be- 
cause of basic approximations in the analysis) which are propor- 
tional to Cb? and (t/c)* and which are about 1 per cent for Cb = 
1.0(0 = 36°) or fort/e = 0.10. Truncation errors in the infinite 
series solution appear to be negligible with an exception noted 
later in connection with Weinig’s solution. [,, = (1 + cos @)/2x 
sin 4 in Fig. 2(a) which is exact in the t/c — 0 limit may be re- 
placed by the isolated airfoil solution (such as given in [6]) for 
finite thicknesses. Notably, the leading edge velocity in the 
finite thickness case is not infinite as given by the analytical ex- 
pression and as seen in Fig. 2. 

(Qo may also be replaced by a more exact solution of the isolated 
airfoil case as shown in Fig. 4(a). 

It should be noted that the second harmonic I = sin 20/24 
can be ineluded in (10) if it is felt that a higher degree of 
accuracy is required. Its coefficient A, has been calculated in 
Section 3, but it will be seen to be fairly small (it is zero for the 
isolated airfoil case) and has been neglected in (10). It would 
not be small in the case of nonsymmetrically cambered airfoils. A 
major simplifying result of the calculations is that the coefficients 
of the higher harmonics, sin n# (n> 2), are to a very good 
approximation determined independent of c/s and \ then lumped 
into the single function [oz. | Physically speaking, small details 
of the airfoil camber line slope result in a detailed velocity dis- 
tribution, Tz, which is negligibly affected by blade to blade 
interference. 

Weinig’s Solution. In 1935 Dr. F. Weinig [7], using methods of 
conformal transformation, solved the flat-plate problem which, 
when Cb = t/c = 0, reduces to determining a value K or “lattice 
coefficient’”’ in the equation C,; = 27K sin a,,. The values given 
by Weinig’s theory as seen in reference [8] check exactly with the 
present author’s Ag (Cb = 0) with the exception that at the ex- 
treme condition c/s = 2.0 and A = 60° there is a 5 per cent dis- 
crepancy which entirely disappears when either c/s < 1.50 or 
A < 45°. The error probably would have been entirely elimi- 
nated by carrying more terms in the infinite series solution, but 
since it is so small (at least below c/s = 2.0) there is no need to 
lengthen the calculation procedure. 

Weinig’s solution, therefore, serves as a check on the solution 
given here, and adds confidence to the further predicted effects 
of camber and thickness. 

The Limiting Case of the Isolated (c/s —> 0) Thin (t/c —> 0) Airfoil. 
For the symmetrically cambered thin airfoil at c/s = 0, it can be 
seen from Fig. 7 that 


Pr.c. 
Pdw ~ 


(17) 
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(18a) 
(18b) 


and therefore C, = 2m sin a,, + Cb (19) 


It is therefore seen that one of the features of this solution is 
that it reduces exactly to the classical isolated airfoil equation as 
c/s — 0. 

The Limiting Case of Closely Packed (c/s —> ©) thin (t/c —> 0) Airfoils 
in Cascade. For circular arc blades it is possible to say that the 
trailing edge angle relative to the chord line is —O/2 where 9 is 
also related to Cb in Equation (3). 

The limiting case of closely packed airfoils is presumed to be 
the case where the air leaves the airfoil in a direction parallel to 
the trailing edge. Values of A, and Ag may be obtained for this 
case by writing (5) in terms of the flow angles (see Fig. 1) 

=2 


cos B,, (tan — tan (20) 


We now perform the following steps: 
a) Substitute tan 8; = 2 tan 8, — tan B» (see Fig. 1). 
b) Set Bs = A — O/2. 


c) Expand cos 8,, = cos (A + a,,) and tan 8, = tan (A + 
a,,) according to trigonometric indentities. 


0 
d) Set tan 


and cosa,, = 1.0 


The result after rearranging terms is: 


12 


—c/s 
Fig. 10 Comparison of potential flow solution and result obtained by 


assuming zero deviation angle (the second-order effect of Cb is not 
considered) 
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) 
cos A + sind 


{sin a@,,]. (21) 


cos + sin A 2 


Noting again that Cb 3 0, we obtain the coefficients A, and 


A, by comparing (21) to (13), 


— s/c 


A,(c/s > = (22a) 


cos X + sin AO/2 


2 
— 


Ag (c/s = (22b) 


cos A + sin 

In Fig. 10 we compare the values of A,(Cb = 0), Ag (Cb = 0) 
from Fig. 7 and Equation (22). If we think in terms of deviation 
angle 6 = 6B, — Br... we see that deviation angle due to angle of 
attack is effectively zero when c/s > 1.3, but that the deviation 
angle due to camber is quite large even at c/s = 2.0. 

The Deviation Angle and Constant’s Rule for Thin (t/¢ = 0) Circular 
Arc Blades. We first set 8. = \ — 0/2 + 6 in step b above and 
obtain, 


{1 — 6/0/2] 


( _ 


; sin 
cos A + sin 2 


990 


620.24 0M 


1.0 


— & - > 


1.5 20 


Fig. 11 Comparison of circular arc deviation angle obtained from po- 
tential flow solution and Constant’s rule (the second-order effect of Cb and 
cases other than a,, = t/e = 0 are not considered) 


where both sides of the equation should now represent true values 
of A,. 


Rearranging, we obtain 


80 


10 20 30 4 


Fig. 12 An aid to transform from the variables, : 
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A, is now determined from Fig. 7. In Fig. 11 we compare the re- 
sults with Constant’s rule 6 = m0 +/s/c where m has been set 
equal to 0.24 [reference [1] gives m = m(A)] and where 6 = 
6(0 = 0); A, = A{Cb = 0). Itis seen that the simple rule does 
show some agreement with the comparatively exact results pre- 
sented here in the middle solidity range. It should be noted that 
Equation (24) applies only to circular arc blades where t/c = a,, = 0. 

Choice of Working Parameters. As will be seen in Part II, this 
author likes to work directly in terms of @» (or some function of 
a,, Such as tan B,,) and C, = 2(s/c) AV6/V,, (or AVs/Vem = (c/s) 
C,/2 sin B,,) even when applying the cascade information to 
the compressor design problem since it is felt that this reduces 
computational labor and, in fact, expresses some of the interest- 
ing compressor parameters directly. However, for those who 
like to think in terms of inlet and exit angles, more inclusive 
determinations of the deviation angle 6(c/s, A, Cb, t/c) can be 
obtained by straight forward computation using Fig. 12 and 
Equation (13). 


3 Potential Flow Analysis and Method of Calculation for 
Airfoils in Cascade 


The reader who is familiar with classical isolated thin airfoil 
theory‘ will have no difficulty understanding this extension to a 
cascade of airfoils since the basic theoretical structure is essen- 
tially the same. Of course, aside from the terms in the isolated 
airfoil problem, the cascade equations are cluttered with a good 
many others, and we are faced with the difficult numerical solu- 
tion of those terms which cannot be integrated analytically. 
The main contribution here is that the method of numerical 
analysis combined with the theoretical approach yields results in 
the form (10), (11), and (13) which are fairly accurate and which 
require comparatively little computational labor. We therefore 
cease to solve for a cascade case (specified by c/s, A, Cb, t/c); we 
solve for all cases. As previously mentioned, Schlichting reports 
that he has reduced the time requirement for one cascade geometry 
from 20 days to 20 hours on a desk calculator. Corresponding to 
his calculation for one cascade geometry 40 geometrical solutions 
have been calculated in this paper in 40 hours; but the forms 
(10), (11), (13) allow for an infinite number of combinations 
among the variables c/s, A, Cb, and t/c and therefore plots such 


‘Originally developed by H. Glauert. The author referred pri- 
marily to reference [9] where a concise derivation is presented. 


Tox 


vorticity ot x on source atx on 
the the piade: 


Fig. 13 Contribution of a dx segment of the distributed singularity at 
any point x on any blade to the velocity at a point x, on the n = O blade 


Contribution of q dx 


370 / septemBER 1959 


as Fig. 7 can be made which tell the whole story about the varia- 
tion of C, (c/s, A, Cb, t/c, a,,). 

Induced Velocity Equations. In Fig. 13 the contribution of y dx 
vorticity and gdz source at x on the nth blade to the velocity at z, 
on the Oth blade is shown according to the Biot-Savart law. 
Summing up all the blades from — to + and integrating them 
all at once from x/c = Oto z/c = 1 yields 


1 


where 
R (> 


—nsind 
s 


— 
n sin + n?eos?d 


2 

-- nsin) + n? cos? 

Cc § 
Pistolesi [10] has found that #2 and /, which can be called the cas- 
cade influence functions, may be expressed in closed form. His 
derivation is repeated in Appendix 1 where it is shown that R and 
/ are actually the real and imaginary parts of a complex function. 
Scholz [11] has already tabulated these numbers and we have 
merely reproduced Table 1 from his work. 

It will be seen that in determining distances in (25a, 6) we 
have ignored the effect of camber displacement. Thus the first 
term on the right side of (25a) (which by the way is the only term 
remaining for the thin isolated airfoil ease) should be exactly 
written 


It has been assumed that (® "y« 1.0. 
Zo 

In Equation (25a, 6) and in the future development of the 
theory it is assumed that the difference between the induced 
velocity on the blade surface and on the camber line are negligi- 
ble. Inspection of this assumption discloses errors proportional 
to Cb? and (t/c)? as discussed in Section 2. 

Profile Thickness. The addition of profile thickness to the 
Scholz [11] and Schlichting [3] originally derived the basic 
equations entirely in terms of complex numbers, e.g., w(z) = u iv 
which eliminated for a time the necessity of carrying separate equa- 
tions for u and v. However, they must be subsequently separated 
to obtain numerical solutions. 
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Fig. 14 The profile thickness boundary condition 


camber line is accomplished by superimposing sources and sinks 
on the camber line. 

If we consider a segment of the profile (Fig. 14) dz in length, the 
condition that no fluid crosses the blade surface is obtained from 
the equation of continuity; 


. du dy, 
(V,, + uy, + qdz = +u 4 dx y, + —— dz 
dx dr 


dy, ‘ d(uy,) 


or = 
dx dx 


m (26) 
q representing the strength of the source distribution at is the 
amount of imaginary fluid injected at the camber line. 

It may be shown that the variation of u/V,, in the y direction 
within the profile is of the order (t/c)*. It therefore has been 
considered constant. 


If we assume that 


is small, (26) becomes simply 
dr 


q dy, 
= = (27) 
Vv. de t ) ‘ 


which, in fact, represents the solution of q since “tq is known 
dx 


We will later determine in Appendix 2 the correction resulting 
] d(uy) 
dz 
may, in fact, be neglected entirely except where extreme ac- 
curacy is required. 


from the inclusion of the term It is quite small and 


The condition that the integrated source and sink distribution 
he zero for a closed body is automatically satisfied 


¢ 
0 J 0 dr 


It should be mentioned that although the profile shape f, (a/c) 
used in the previous solutions was the 65-series compressor blade 
| 12] the results should apply generally to other airfoil-like shapes 
since again the effects of the details of one blade’s profile (or 
source distribution details) on adjacent blades are attenuated. 
It is only necessary to substitute the correct isolated airfoil solu- 


tion in Qo [Fig. 4(a)]. 


Solution for the Vortex Sheet Distribution Which Satisfies the Boundary 
Conditions 


The cambered airfoil is built up by superimposing a distribution 
of sources and sinks, the determination of which has been given, 
and vortexes on the camber line. The airfoil is approached by a 
velocity V,, at an angle a,,. The object of the problem is to find 
the correct distribution of vorticity which, together with the 
source and sink distribution, will induce the amount of velocity, 
up and vp (in the z and y direction), which just cancels out the 
component of V,, normal to the blade camber at zo. This con- 
dition of flow tangency may be written, 


V,, sin a,, + wu dy Xo 
= = Chf.’{ — (28) 
V,, CO8 + dr Jo c 

where y, is the camber distribution. 
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The Kutta-Joukowski condition which states that the flow 
must leave the blade at an angle parallel to blade trailing edge is 
automatically satisfied by stating that any solution we obtain 
for the vorticity distribution must have the value zero at the 
trailing edge. 

= 0 (20) 


If it were not zero, the flow would skirt around the trailing 
edge with zero radius of curvature and with an infinite velocity. 
However, it should be noted that the flow will, in theory, have a 
zero radius of curvature and an infinite velocity at the leading edge 
which is alleviated in a real flow by separation at the leading 
edge of an infinitely thin airfoil and in conventional airfoils by 
the finite nose radius of a thickened blade profile. 

We next assume a Fourier expansion as a solution for in 


the form 


1 + cos 
= 2A, +4 A,, sin né (30) 


sin 6 
m n=l! 


All terms satisfy the Kutta condition |y le, = 0. 
Now (30) and (27) may be substituted into (25a, b) and (25a, b) 
may be substituted into (28) vielding 


A,g, = sin a,, — Ch 
0 


t 
4 cb >> 1h, ChB (31) 


where 


Jo (0, r) =i + = + cos 
+ 2h sin sin 
2 8 Jo 
1 
ho (0, =, = + cos 
28 Jo 
h,, (4, r) = sin sin > O 
8 2 8 Jo 
B (0, = - f 
2 Jo 
eR 
- sin 
x [— 0 — cos 8 
2 Jo 


where we have omitted the functional dependency of R and J in 
the notation, ie., 


s 
8 2 


and where we have utilized two well-known equations which are 
derived in many textbooks (the present author referred to [13]): 
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Q dx 
‘ 
0 
} 


(1 — cos 


9 ©08 6 — cos 


2. A,, cos 


A, sin nO sin 

Essentially, the basis of the analysis by Schlichting was to cal- 
culate numerically and tabulate functions similar to g, h, B, and T 
for every c/s, X and at many chord intervals 4) (or zo/c). He then 
fitted Equation (31) to the boundary condition (28) at three of 
the chord positions to give three simultaneous equations which 
may be solved for Ao, Ai, and A». 

In this report, we proceed with a Fourier analysis analogous to 
that performed in thin airfoil theory. If we now multiply every 
term of Equation (31) by cos k@ and integrate from 0 to 7, we 
have 


A,9nk = Sin — 


n=0 


Cb f.'(00) cos A, 
JO 


t t 
+ Cb — CbB,-— 7, (32) 


n=0 


= bx + RO + cos 6) cos dé 


c 
— f 2R sin n@ sin 6 cos n> O 
27 Jo Jo 


c/s 


+ cos 0) cos dO dO 


c/s 


= ] sin cos dO dO 


cos 6 — cor 4% 8 
cos kB, me dO dO, 


( 1.0 when 


l/r 


where 


n=k 
0 when n#k 


If we set c/s = t/c = 0 in (33) we would obtain exactly the re- 
lations that one obtains in isolated airfoil theory. 


Ap = sina, — d0 
™ Jo 
Ch 
cos nO dé 
Jo 


Determination of the Double Fourier Integrals 


It is now necessary to solve numerically the double integrals of 
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Fig. 15 The camber line boundary condition 


Fig. 16 tl ing the 
of Equation (32) 


thod of obtaining the double Fourier integrals 


Equation (32) for any c/s or \. These integrals are in the form 


= r) F(9, (33) 


g(c/s), d) = R 
0 0 


1 — cos 0 
2 c 2 
(33) may be transformed back to z and 2, 


Using the Equations — = = — sin 6 dé, 


1 1 = c 
g(c/s, d) R (* r) 
0 Cc 
c c c 


where the g used here could be g,,, h,,, B,, T, of Equation (32) 
and R could be either R or J. F(6, 0) could be sine, cosine, basic 
thickness, or basic camber functions of the variables @ and ,. 
A straightforward way of evaluating the integral would be to 
numerically integrate through z/c holding z/c constant. Many 
integrations would be necessary so that a second numerical inte- 
gration through z)/c could be performed. This process would 
have to be performed again every time new values of \ and c/s 
were chosen. 

We will now present a method which will greatly reduce the 
calculation labor when it is necessary to calculate the double in- 
tegrals for many values of c/s and X. 

Let us look at an z/e versus x)/c plot in Fig. 16 upon which 


Of course, 2 is also 


constant on these lines. The integral of Equation (33) may be 
imagined to be a solid whose base is 1 X 1 and whose height at 
2 
_ =) If we can find 
c 
the volume of the solid we will have evaluated the integral. 

The first step in the numerical process is to determine the 
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lines of constant have been drawn. 


— 
any 2o/c, z/c point is R ( 


4 
Ns 
te 
4 
oS, 
© 
rio 
hake: —_ 
hoe 
—Zz 
c 
= 
c 
x F 
T, (<, 
: 


a/c = 1(or0) and z/e = O(or 1). 


xo/c). Let us denote this by 


priate R. Therefore, 


of c/s and X. 


Therefore 


or 


g(A, c/s) = R *) ,c/8, a] A 


To 


R(O, = — 0, — 


Fig. 16 since R | ———— ) is antisymmetric about ——— 
c 


z 


value of a particular section of the solid exclusive of the value R. 
That section is bounded by lines of constant ors ) + 


-2) and the edges 


Now Fig. 16 shows such a section which is further broken up 
into smaller segments. We can therefore find the volume of each 
section by adding up the areas A%(z/c, 2/c) of each segment 
which Kas been multiplied by the appropriate value of F(2/c, 


Since # is constant in the section the value g may be determined 
by adding up all the sections after multiplication by the appro- 


*) ] (35) 


The point is that once the Ag’s have been determined and tabu- 
lated once and for all, it is only necessary to perform the simple 


2 
numerical integration of Equation (35) for each R (® —*) 


function given in Table 1 and corresponding to the various values 


Actually, it is necessary to operate on only half of the square of 


(36) 


Table 1 Cascade infivence functions (from Reference [11]) 


Now Equation (33) could just as easily be written 


o Jo 


x F(x — 0, — — — 0) (37) 


Combining (33) and (37) and making the substitution (36) 
yields 


8 
0 0 


The interesting thing about Equation (38) is that if the integra- 
tion is carried over half of Fig. 16 divided by the line (z» — z)/ce 
= 0 the result is equal to the result of integrating over the other 
half. 


Furthermore, if /(@, 0) is symmetric or if 


g(A,c/s)is then zero. Thishappened to anumber of theintegrals of 
sin? — sin? — 60) a 
2 
0 in the integrand making the whole integral equal to 0 while, on the 
sin? cos — sin? — 0)cos (x — 4.) 
2 
= sin? @ cos @. In the case of the function f,’ and f,' we 
simply evaluate the integral based on a ‘new’ function 
— — 8))/2. 


In Table 2 we show the Ag’s that were obtained from Equation 


(34), where Fig. 16 had been broken up into a(* *) = 0.1 


Equation (32). For example, gio would give 


other hand, gi, — 1 would give 


sections. Actually, it was found to be accurate enough to use an 

increment A corresponding to a( = 0.2 
c c 


which simply means that the rows of numbers in Table 2 may be 
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I | 1 I 1 1 I | 4 1 
° ° ° ° ° ° ° ° ° ° 
| 0.05 | 0.052 0 | 0.050 0.026 | 0.027 0.086 | 0.002 0.055 | 0.025 0.087 | 0.085 0.026 | 0.053 0 | 
0.1 0.106 © | 0.090 0.052 | 0.055 0.089 | 0.003 0.103 | 0.049 0.092 ~©.091 0.053 | 0.108 Oo 
0.15 | 0.153 © | 0.135 0.076 | 0.079 0.134 | 0.008 0.158 | -0.078 0.141 | -0.137 0.081 | +©.159 0 
0.2 | 0.208 | 0.179 0.101 | 0.107 0.172 | 0.006 0.210 0.186 0.110 | ~«©.217 0 
0.25 | 0.249 0 | 0.222 0.122 0.135 0.217 | 0.009 0.26% | 0-126 0.237 | 0.233 0.140 | 0.274 0 | 
0.5 | 0.296 © | 9.263 0.142 | 0.168 0.256 | 0.018 0.313 | -0.147 0.291 | 0.282 0.171 | 0.337 0 
0.35 0.51 0 | 0.203 0.161 | 0.196 0.252 | 0.028 0.363 | -~0.165 0.543 | -0.352 0.215 | «0.401 0 
O.4 | 0.300 © | 0.343 0.177 | 0.226 0.725 0.043 0.413 | ~0.181 0.801 | -~0.388 0.255 | 0.473 0 
0.45 | 0.419 © | 0.376 0.191 | 0.257 0.256 0.060 0.860! -0.191 0.860 | -0.438 0.508 | -0.550 0 | 
0.5 | 0.45% © | 0.812 0.204 | 0.267 0.362 0.082 0.504 | -~0.196 0.523] -~0.491 0.361 | 0.63% 0 
0.6 | 0.517 © | 0.475 0.223 | 0.349 0.426 0.133 0.583 | -0.186 0.652 | -~0.608 0.511 | -0.853 | 
0.7 © | 0.529 0.236 | 0.407 0.456 0.197 0.647 | ~0.138 0.779 | 0.688 0.731 | -2-180 
0.8 | 0.617 © | 0.576 0.265 | 0.459 0.877 0.259 0.686 | -0.052 0.680| -0.680 1.057 | -1.7m 
0-9 | 0.654 © | 0.615 0.251 | 0.504 0.429 | 0.316 0.709 | 0.052 0.939 | 0.465 1.357 | «3.420 0 | 
1.0 0.685 0 | 0.649 0.258 | 0.580 0.495 | 0.365 0.718 | 0 .150 0.988 | 0.061 1.853 | | 
1.1 | © 0.677 0.256 | 0.572 0.899 | G.410 0.719 | 9.226 0.930 | 40.232 1.260 | | 
| 1.2 0.737 © | 0.701 0.257 | 0.598 0.500 | 0.481 0.716 | 0.368 0.501 0.29% 1.022 | ----- | 
| 1-3 | 0.758 © | 0.721 0.258 | 0.620 0.500 | 0.468 0.718 | 0.268 0.875 | 0.232 0.869 | ----- 
1.4 0.77% 0 | 0.7 0.258 0.636 0.463 0.710/ 0.296 0.657 0.139 0.806 | ----- | 
1.5 | 0-767 © | 0.758 0.259 | 0.655 ===-= | 0.895 0.709 0.300 0.852| 0.052 0.805 | ----- o | 
1-6 | 0.801 0 | 0.767 0.259 | 0.666 -=--- 0.508 0.709 | 0.308 0.858| 0.010 0.886 | ----- 0 
}1.7 | 0.818 0 | 0.779 0.678 0.520 0.708 0.309 0.857 | 0.037 0.911 | ----- | 
11.8 | 0.823 © | 0.789 0.688 ----- 0.530 0.707 | 0.317 0.862 | ~0.02% 0.930 | ----- 
{1.9 | 0.833 © | 0.796 ----- 0.699 0.539 0.707 | 0.326 0.865 | *0.02% 1.030 | ----- | 
| 2.0 | 0.841 © | 0.607 0.259 | 0.707 0.500 | 0.548 0.707 | 0.338 0.868] 0.085 1.085 | ----- | 
ry 0.873 | 0.642 0.259 | 0.739 0.500 | 0. 0.707 | 0.37% 0.867 0.140 0.933 | 
|= | 1.009 0 | 0.966 0.259 | 0.866 0.5C0 | 0.707 0.707 0.500 0.866 a 0.259 0.966 ° | 


| 
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—)= 
Zo 
c c 
x (34) 
ee 
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5.093 
-5.6% 
3.22% 
“5.040 


4.1/5 
-10.612 
-12.09% 
546 
4.333 -11.603 
-2.153 -10.096 
+374 6.101 
3.683 -5.252 
7.905 -1.916 


paired off and combined. 
according to (38). 

Particular Solutions for Symmetrically Cambered Airfoils. As men- 
tioned before, the values of f,’ and f,’ were actually taken for the 
65-series compressor blade [12] in computing h, B, and 7. How- 
ever, it was readily apparent that the final results would apply 
with excellent accuracy to other similar (symmetrically cam- 
bered) blades as long as Cb is correctly calculated from Equation 
(2) and the correct velocity distribution for the isolated ease is 
used for Toy and Qo in (10). 

Now several simplifications may be made to Equation (32). 
They are: 


Table 3 contains the final g values 


a) The diagonal terms g,,, are very nearly equal to 1.0 forn > 2 
and may be given that quantity. 

b) Nondiagonal terms of g,, may be neglected for n > 2 and 
& > 

c) hy, terms may be neglected for n > 1 and k > 1. 

d) go = gun = Ju = hu = 0; gu = 1 — go. 


e) Since f,'(x) = —f,'(e — 2),f, f.'(9) cos k@ dé is zero for even 


values of k. 
The result is, 


+ Argon = sin + Cb (Aghoo + 


t 
— — (Ch By | (39) 
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Cb 
— go) + Aigu = 


(39) 
tl > 
+ Ch (Agha) — — (CbB, + 71) (conte 


Aogor + = 


for all symmetrically 
cambered blades 


for 65-series compressor 


blade (a = n> 2 = odd 


A = 
1.0 camber line) or 
for circular are | 


A, = 0; n> 2 = odd 
camber line 


The fact that A, > 2 does not feed back appreciably into the first 
three sets of (39) is merely an expression of the physical fact that, 
while A, > 2 results in local induced velocities on a given blade, its 
effect is washed out by the time it is propagated to adjacent 
blades. This is understandable since the integrated vorticity of 
An> 2 (and also A-) is zero and exerts no effect on the airfoil lift. 
Az is equal to —(go2/ge2)Ao and from Table 3 is seen to be fairly 
small. A» would take on considerable importance in the case of 
nonsymmetrically cambered airfoils 

Now (39) may be solved for the A’s and these in turn may be 
partitioned according to (lla, b) The result is 


Transactions of the ASME 


¥ Table 2 Intermediate calculation in determining the double Fourier integral solution 

id ~ ~ ~ ~ ~ 

153.182 2.738 -12.262 -.555 -1-103 «574.777 28g 

4.465 0.559 -793 -.865 1.939 3.353 : 
5.559 5-183 -1.473 .181-1.529 «754 3.815 
-45 6.240 8.838 -6.897 -1.652 -017  -1.606  -.039 5.890 2.657 

55 (7.27% 11.266 -2.387 -1.825 689 8.066 2.096 
-65 7.880 12.866 1.730 -1.849 .666 -1.340 1.0% 8.290 11.200 

7h 10.783 6.087 -2.1bb 1.109 -1.17# 1.418 7.785 -.062 

85 9.164 9.0% 6.009 -2.339 1.663 -.751 -.¥38 1.456 7.087 -2.039 

95 «9.821 5.850 3.083 -3.307 2.984 -.323 -1.176 1.520 5.012 -3.486 

Table Double Fourier integral solutions 

0 1.000 1.000 ~1 .000 0 -052_ -.033 
1.093 .001 -1.096 0% -0.989 0 053 .02% c 

i. 1.514 -.013 BL -0.97€ 0 0 056 -.003 

1.5 1.583 -.046 -1.64¢ 589 =-0.982 0 -062 -021 © 0 

2.0 1.672 -.084 -2.011 Cle -1.002 0 -O72 © 

05 1.084 .001 -1.08 0.990 --.012 .006 -.00€ .035 -002 

1.0 1.290 -.008 -1.309 .204 -0.9 - 036 016 +.020 055 .004 105 

1.5 1.550 -.03 -1.010 +55 -0.9 -.059 024 -.0% -061 -019 
2.0 1.628 -.082 -1.950 -8%6 -0.992 -.084 .032 -.050 Ob) 

30° 1.054 -1.054 054 -0.992 .022 -Oll -.012 -.027 -064 -002 

2.0 1.696 -1.772 -0.962 -.160 .062 -.096 .064 .033 .b62 .072 

ae 065 1.009 .003 ~1.00¢ -0.99 - .026 = - .032 .080 

1.0 1.106 .024 -1.070 -.094 -.050 28 .016 

1.5 1.264 .033 1.255 299 0.92, -.162 -.093 05S 

2.0 1.486 .012 -1.458 0.914 - -..136 .023 .098 

60° 0.5 +955 +001 -0.953 --046 -1.005 - O14 -.013 -.037 -O76 

1.0 -0.893 ~-069 -0.969 -.11z -0568 .056 O45 =-.033 326 -004 

1.5 1.076 -09F “0.96 -088 -0.684 - 196 --lll .009 -59 

2.0 1.210 042 -1.112 -0.860 - -ll2 -.164 -O40 -Oll B22 

: ®00 

| 
Adi 


Table 4 Cascade coefficients 
Ala 


Rot 
0 


Aleb Alt 


-.0/8 -Jl2 0 -657 0 

1.5 0 -.228 bis -608 “0 

0.5 +915 -.078 gi2 -004 837 
1.0 - 163 ° --O45 -.175 -010 588 =.033 
1.5 -.228 608 -004 415 608 -.036 
0.5 915 -.032 -.0/0 720 -005 +920 -.027 

1.0 ° -.082 -.172 Tok -026 605 .056 

1.5 -.112 -.226 621 -052 450 621 -.060 

2.0 -.137 -.282 513 077 513 -.060 
0.5 +905 =.00* -.0/9 -.075 -.011 -.090 
1.0 -7158 = -.121 167 -035 755 -088 

1.5 -.015 148 .22¢ 626 -O19 408 6135 -.069 


0.5 
1.0 
1.5 -.550 _-.072 1.055 pete” 4g -03 448 
2.0 617 0 -.672 -.154 499 229 66% 899 
0. 1.019 -.014 033 O49 - 1.052 1.035 -.175 
1.0 -.060 -. -.002 120 -.032 1.060 -.9 
1.5 4 -.091 --505 1.053 -657 «962 -. 568 
of -.59% -.200€ 489 827 -.3510 


— I (40 Blade Surface Velocity Distributions 
— P, From Fig. 15 it may be seen that 
Py + Ch hyo 
uo / 2 
= (cov a, + )vi + + (41) 

Loe 

P, 


ar & 5 Now the values of uo/V,, and V,, are determined from Equa- 
P, ( b m m i 


ay tions (25b) and (30). (41) then takes the form of Equation 
7 (10) if 
Cb Bo + To 
Au = — 0 = r 1 + cos 0 42 
o = a 
Py + Ch hy — 2m sin 0 


sin 


= (42b) 
lie = Ava 
2 
P, = | cos nO, dO, sin (42c) 
= Ch Ave n=2 7 0 
1 
= (1 + cos (42d) 
_ — ChB, P, tor sin f 
fie = Aw 0 
du 
rz, = T sin? 6 « (42e) 
where we have set Po = gu = Ch he ar sind 0 


1 Ch hy Qo = on (42f) 


Table 4 was computed using these equations and the values 1 z 
from Table 3. It will be seen that the A coefficients contain the Qz = Rf'd ( . ) (429) 
camber term Cb. Because they are invariably multiplied by 0 : 

small coefficients it is valid to interpolate linearly between the ; e 

A’s computed for Cb = 0 and those computed for Cb = 1.0 in *For the 65-series camber line (a = 1.0) 2 . Je'(Ge) con nOe db: 
Table 4 and Figs. 5, 6, and 7. 


tN 


equals 1 /n when n is odd and zero when n is even 
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. 
| 
Co hey Roel 4a Ar 
0 1.000 0 1.000 1.000 1.000 
1 1.000 0 1.000 -.0335 1.000 1.000 -.085 
Oo 
1 
© 
30° 0 0 -.061 -.048 -005 -901 = .056 
-930 -.010 -.108 -.054 950 = +.01/ =. 125 
-780 197 -.160 823 -620 “T9985 
-652 --0580 --257 -.215 -658 -.133 
-561 -.0% ~.299 -.240 5 «547 -.109 
1 -.013 -.127 -.022 -.027 -.154 
83% -.0399 -.278 -.116 -926 -036 - 120 369 .242 
-104 +-.052 -.372 -.i96 150 -506 -760 +.222 
60° Oo 


Blade surface velocity functions 


The last five equations must be solved numerically. (42c, f) are 
independent of solidity and are easily determined. (42d, e, g) are 


of the form 
1 
I(x) = i} R (2 ) d (<) (43) 
c 


where I’ implies either [ or Q and where we have converted back 
to the z/c system with the equation z/c = (1 — cos @)/2. 
Equation (43) may be written numerically 


Im) = a) r (*) a() (44) 


Fig. 17 will serve to illustrate the method of computation. As 
an example, the velocity at 2)/c = 0.4 may be written 


10.4) = [ (03, r) F(O1) +R (01, =, r) F(0.3) 


+R(-0.1 =, F(0.7) + | (0.2) 


for A (x/c) = 0.2. 
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Fig. 17 Illustrating the method of obtaining the velocity functions I and 
Q 


I may be rapidly obtained at any other 2o/c simply by cyclic per- 
mutations of the terms ? and F in Equation (44) as can be seen 
in Fig. 17. The results are recorded in Table 5. 


APPENDIX 1 
Cascade Influence Functions 
The cascade influence functions R and J which are responsible 


for converting the single airfoil equations to cascade equations 
may be written 


R (* 
c 8 


‘ 
—— — nsinXdX 


2 
—nsin r) + n? cos? X 


n cos X 


x 2 
— nsin r) + n* cos? 
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Toble 5 

Py; 

1.0 0 0 ) 0 0 0 

1.0 -110 026 -.059 -.132 -.19% -.218 176 ll -Obl -.0b1 -.11 -.176 
15 197 +.082 -.155 -.207 -.234 202 LUO -.050 -.140 -.202 

2.0 -140 -025  -.09 2.173 =.218 261 -156 056 -.056 -.156 -.219 

1.0 .106  .027 -.055 -.127 -.131 -.21 0399 -.171 
1.5 -.235 -205 -L40 -050 -.050 -.140 -.203 
2.0 .152 .023 -.09% -.173 -.213 -.259 21 153-056 --215 

1.0 .026 -.046 -.116 -.167 -.216 164.105 03% -.036 -.105 
1.5 =.069 =.157 +2209 23s -200 13 -.137 -.200 
2.0 .032 -.090 -.174 -.239 216.153 .056 -.056 -.153  -.216 
60 0.5 -.010 -.017 -.045 -.07%  -.106 070 =.014 -.070 
1.0 -.097 -.166 -.222 -152 -.030 -.091 -.152 

2.0 .13% .039 --.080 280 213.151 057 -.057. =.213 

Table 5 (continued) 

/ 

Qs: 

0.5 -120 -186 -172 lig 

1.5 .256 -410 .299 .202 
2.0 417 +500 +456 - 528 +193 

0.5 127 +1356 L357 -132 

1.0 -263 .257 .250 -189 
2.0 .259 461 427 » 
1.0 116 175 1/0 176 173 

1.5 +229 -255 -261 +265 199 

4 0.5 .008 .005 .00 .026 

0.% -.07% -.076 -.07/ -.072 -.061 4 
1.0 -.007 -.101 =.129 = O71 
yk 1.5 131 -.0351 -.15€ -.102 + .092 

cae 

@ 
1 > 1 
= 

c 8 c= 

8 

‘ 


R and I may be combined to give a siagle complex number. 


— nsin + in cos d 
1 1 8 
~ nein) in cond 
8 
1 l 1 


Now this series is exactly the expansion for the closed form 


—*. 


The real and imaginary parts of this expression may be sepa- 
rated using common trigonometric identities. The result is 


sin a| 


cos \ sinh E 
cosh E cos a] — cos E sin 
& 


R + il = e® coth (= 
8 


=< cos a| + sin sin E 


sin A sinh [2 = — cos N — cos A sin E 3 = sin a| 


cosh E cos — cos [2 sin N 
8 8 


which Scholz has tabulated and which is reproduced in Table 1. 
APPENDIX 2 


dfu 
Correction for Neglecting the = l y- y.| Term in 


Equation (26) 


The greatest contribution to u/V,, is found in the terms 


. 
2r Ay — sinA To: (45a) 
& 


2m A, sin ry, (45b) 
8 


from Equation (10) 
In Equation (17) we noted that a linear approximation to the 
functions in Fig. 3 may be made. 
If (17) is substituted into (45a, b) and (45a, b) into d/dz 
u 


v. y, ) we have 


d 1 


t P 
where 27 Ay + 29 A, = Cp andy,= —f, It is further assumed 
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that § = & = &. Now this term is carried all the way through 
the analysis in the same manner as Ld J,’ ( = in Equation (27). 


After performing the calculations for every c/s and X, it was 
discovered that the main contribution was to increase 7’) and 
T; of Table 3 by an amount 67 and 57), respectively, in such a 
manner that 67')/7') and 67',/7, could be written 


67 t 

—* = 0,07C,¢ — sind (47a) 
T» 8 

67; 


If (47) is put into the Equations (40) we find that 


t - 
= Ont < — sind [007 
C, sc Joo 


+ 0.30 (48) 


which with Table 3 shows that the effect of including + E | 


in Equation (26) is indeed small for airfoils in the order of t/c = 
0.1 or less. 
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DISCUSSION’ 
N. K. H. Scholz® 


The author’s cascade analysis represents, in the writer’s opinion, 

7 Also, discussion of G. L. Mellor, ‘*An Analysis of Axial Compressor 
Cascade Aerodynamics, Part 2—Comparison of Potential Flow Re- 
sults With Experimental Data,” published in this issue, pp. 379-386 

* Aerodynamics Specialist, MAN-Turbomotoren GmbH, Munich, 
Germany. 
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an excellent contribution to the aerodynamical theory of cas- 
cades. He consequently extends the well-established, thin, single- 
airfoil theory established by H. Glauert to airfoils in cascades. 
The computational methods of N. Scholz (direct problem) and 
H. Schlichting (indirect problem) (author's [11] and [3]) are 
based on the same background. The remarkable improvement 
for the direct problem against Schlichting’s method would seem 
to be that the kinematic flow condition at the profile contour is 
now satisfied in integral form so that the entire profile shape 
enters into the equation. In this connection the attention of the 
reader is drawn to the fact that, according to Schlichting, this 
flow condition can only be satisfied for three profile co-ordi- 
nates, each selected at random of the camber line and the base pro- 
file. However, there seems to be scarcely any improvement as 
regards time consumption against Schlichting’s method, in so far as 
possible cascade and profile geometry is concerned. The time 
requirement of 20 hr indicated in Schlichting’s paper refers to « 
cascade profile with six different inflow angles; that is, to the 
computation of six different pressure distributions. 

As also is mentioned by the author, equation (10) gives infinite 
velocities for the velocity distribution for Ag # 0 on the profile 
shape. In the actual flow, however, the height of the suction peak 
depends largely on the shape of the profile nose and the latter in 
turn is decisive for the separation characteristic of the cascade. 
On the basis of the single-airfoil theory of F. Riegels, however, 
the suction peak can be computed by multiplying the velocity of 
equation (10) with the factor 1/[1 + (dy,/dx)?]'/? (see author's 
reference [3]). This is absolutely necessary for a boundary-layer 
analysis.* Against that, the factor 1 + (dy,/dr)* indieated in 
the footnote to equation (10) is not intelligible. 

Appendix 2 shows that the neglect of term d(uy,/V,,)/dz in 
equation (26) is negligibly small for t/e < 0.1. Although the 
writer does not wish to doubt this, the author’s proof is incorrect 
since equation (26) already neglects u # f(y), which is actually 
not true. In the author’s reference [11] the writer has shown how 
this point can be treated more correctly by developing u(y) into 
a Taylor series. 

The author’s statements on the application of the parameters 
c, and @,,, and @ and y, respectively, agree widely with the 
opinion expressed by the writer.” © The only difference is that 
the writer suggests the value AV»/V, = W¢ instead of the variable 
y. It is noticeable that the simple relation can be proved 


=AO+B 


with A and B as constants, which depend only on the caseade 


*L. Speidel and N. Scholz, “Untersuchungen tber die Strémungs- 
verluste in ebenen Schaufelgittern,”” V DI-Forschungsheft, 464, 1957. 

WN. Scholz, “Uber die Durchfahrung systematischer Messungen 
an ebenen Schaufelgittern,”’ Zeitschrift fiir Flugwissenschaften, vol. 4, 
1956, pp. 313-333. 
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geometry. Similar suggestions also are contained in a paper by 
W. Albring."! 

To this meritorious effort to predetermine the separation 
characteristic of a cascade, the writer wishes to add: Attempts 
made hitherto to determine the optimum loading of the cascade 
(A. R. Howell [16] of Part II, O. Zweifel,'* and K. Wichert'*) 
contain only ¢,, s/c, and 8,, as parameters, and no indication as 
to the influence of the angle of incidence a@,, and the profile cam- 
ber Cb. A decisive improvement of the present analysis lies in 
the addition of the two latter parameters, the influence of which 
on the separation is doubtless very important. In spite of this, 
the reliability of all these tests must not be overestimated. The 
occurrence of separation is a very complex problem, a satisfactory 
solution to which can only be obtained by a boundary-layer analy- 
sis. Recently a material contribution to this has been given by L. 
Speidel and N. Scholz.® 


Author’s Closure 


The author wishes to thank Dr. Scholz for his penetrating 
observations. In particular, his mention of F. Riegels’ thickness 
correction provides a simple way to account for the thickness 
singularity at the leading edge. For example, the correction 
1/{1 + (dy,/dxr)?]'/? which approaches zero at the leading edge 
when combined with Tyo = (1 + cos 0)/27 sin @ [see Fig. 2(a) | 
which approaches infinity at the leading edge yields the finite 
value (Ioo)corr. = 1/4 V2R/c at the leading edge. Here FR is 
the leading edge radius. For the 65-series blade this gives the 
value 2.74 which is close to the value 2.97 from reference [6]. 

The author agrees with all of Dr. Scholz’s other comments 
except that concerning computational time requirements and 
this is important. The fact is that compared to Schlicting’s 
method (and apparently all other previous methods) the time 
improvement is tremendous. The time of 40 hours refers in this 
paper to the entire calculation. And this represents all possible 
eascade solutions with only the restriction of low camber and 
thickness (but high enough to include all compressor airfoils of 
interest) and airfoils with symmetrical camber distributions 
(which are currently in use probably 90 per cent or more of the 
time). Actually, then, in so far as most current design is con- 
cerned there is no need to talk further of computational time re- 
quirements since the job is done once and forever. 


W. Albring, Eulerdiagramm zur Auslegung von axialen 
Schaufelridern,’’ Wissenschaftliche Zeitschrift der Technischen Hoch- 
schule, Dresden, vol. 7, 1957-1958, pp. 67-78. 


20. Zweifel, “Die Frage der optimalen Schaufelteilung bei 
Beschaufelungen von Turbomaschinen, insbesondere bei grosser Um- 
lenkung in den Schaufelreihen,’’ BBC-Mitteilungen, vol. 32, 1945, pp. 
436-444. 

18 K. Wichert, ‘Beitrag zur optimalen Schaufelbelastung in 
axial durchstrémten Turbomaschinen,” Zeitschrift Maschinenmarkt, 
vol. 62, 1956, pp. 11-15. 
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An Analysis of Axial Compressor 


part Cascade Aerodynamics 


The theoretical potential flow results of Part I are compared with the large number of 
NACA 65-series compressor blade data. It is found that a single empirical constant 
used to modify the theory permits reasonable predictions of turning or lift coefficient to 
be made for any cascade geometry in the unstalled regions of flow, Furthermore, it is 
demonstrated that the theory allows a considerable number of plus and minus stalling 
angle of attack data to be collapsed to a single empirical curve. Conversely such a curve, 
once established, allows stalling predicticns to be made for any cascade geometry. One 
interesting point on this curve is the loading limit above which the cascade 1s always 


stalled. 


Introduction 


a THE past, potential flow solutions have been an 
extremely useful tool in conjunction with experimental investiga- 
tions and the design application of single airfoils or wings. The 
need for such solutions for cascades has actually been greater in 
view of the fact that there are more variables involved. To test 
enough geometrical configurations to explore all areas of possible 
benefit to designers is a task of gigantic proportions. 

The author has briefly indicated in the introduction to Part I 
the great computational difficulties of obtaining cascade solu- 
tions. It is his claim that these difficulties have largely been sur- 
mounted in the subsequent development of Part I. The effort 
here is, first, to demonstrate the usefulness of the theory and, 
second, to produce design information beyond that given ex- 
plicitly by the data. 

The only data available, which cover the geometric variables 
to any great extent, are the 10 per cent thick 65-series compressor 
blade data presented in NACA Research Memorandum L 51G31 


' The work on which this paper is based was done at the Gas Tur- 
bine Laboratory, Massachusetts Institute of Technology, Cambridge, 
Mass., under the joint sponsorship cf Allison Division of the General 
Motors Corporation, Curtiss-Wright Corporation, General Electric 
Company, Office of Naval Research, and Westinghouse Electric Com- 
pany. The author wishes to thank Prof. E. 8. Taylor and Mr. Kurt 
Schneider for their encouragement and assistance. 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., November 30-December 5, 1958, 
of THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
8, 1958. Paper No. 58—A-84. 
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by Herrig, Emery, and Erwin [12].2— A full description of these 
airfoil shapes is given in reference [12]. The attempt is made to 
predict the lift coefficient data and also bring together the large 
number of stall data to form a single empirical statement of when 
a cascade stalls. 


In this paper the turning data of reference [12] will be con- 
verted to the lift coefficient form, 


Lia/e s AV 
Chia = =2 (5) 
Pas m 


described in Part I. It is probably best to think of (C,)\¢ in 
terms of the right-hand term since AV¢/V,, is exactly related to 
the actual air geometry where AVg = Va — Veo. Ve is the up- 
stream tangential velocity component and Vg is the mixed-out, 
downstream tangential velocity component. 

As in Part I, we will henceforth drop the subscript id, since we 
will only refer to the ideal lift coefficient and never to the actual 
lift coefficient. 

For the most part, the theory-data comparisons will be plotted 
as C, versus sin @,, curves for constant inlet angle 6;. Because 
of the construction of the NACA cascade test apparatus (sec 
reference [15]) the inlet air angle was held fixed for a given blade 
camber and solidity while the angle of attack was varied by chang- 
ing the stagger angle A. Later we will present constant A-in- 
formation which is more suitable for the compressor design 
process. 


2 Numbers in brackets refer to the References at the end of 
either Part I or Part IT. 


(In addition to those given in Part I) ® 

I. L. F. = Impulse Loading Factor y a 
8. L. F. = Smooth Loading Factor ” 
= cascade “flow coefficient” 8 
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= stage flow coefficient 

= cascade “work coefficient” 
stage work coefficient 

= cascade and stage efficiency 
= cascade characteristic slope 


Ad = range 


v*, = nominal value of and @, 
located midway between 
plus and minus stall 
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Analysis 


An Empirical Camber Correction Term. In Fig. 18 «a sample 
velocity distribution and lift coefficient from reference [12] is 
compared with the potential flow solution computed according to 
Equation (10). To force agreement between theory and data 
the following steps were taken: 

(a) Correct the theoretical camber term Cb used in the com- 
putation of Ao, A;, and C, in Equations (11a, b) and (13) of Part I 
by the value 


Cdettective = 0.725 (49) 

(b) Set the Toy normalized velocity distribution of Equation 
(10) and Fig. 2(c) equal to zero. As indicated in Fig. 2(c) this 
function integrates to zero and therefore has no direct bearing on 
the lift coefficient. We are here simply eliminating the abrupt 
velocity changes at the leading and trailing edges. 

The result of performing these steps is shown in Fig. 18 where 
fairly good agreement is shown for both corrected lift coeflicent 
and corrected velocity distribution. It is perhaps propitious to 
point out here that the camber correction agrees not only with the 
lift coefficient data of reference {12], but also with isolated airfoil 
data as discussed in pages 30-31 of reference [6]. All of 
these data will be presented and discussed in more detail below. 

The slope of the 65-series camber line (or a = 1.0 mean line) 
theoretically approaches infinity at the leading and trailing edges 
and therefore the blade edges contribute greatly to the Cb as de- 


fined by the integral 2 7 (dy,/dz) cos 6 d6 [Equation (2a) of Part 


I]. One could therefore achieve the same result in step (a) by re- 
ducing the camber-line slopes at the blade’s extremities in such a 
way that the slopes are maintained constant from approximately 
z/c = 0.05 and 0.95 out to 0 and 1.00, respectively. Step (b) 
would then more or less follow automatically through Equation 
(42c) of Part I since [oz is composed of the higher harmonics 
whose coefficients would be small if it were not for the high blade 
extremity slopes. 

At the moment the author has no clear-cut explanation of the 
camber correction given in Equation (49). Discussion on this 


+ Equations are numbered continuously from Part I. 


Fig. 18 Comparison of velocity distribution and lift coefficient of data, 
theory, and corrected theory. Data are for the 65-(12) 10, c/s = 1.0, 
By = 45°, a, = 12.1° (A = 32.9, sin am = 0.060) cascade geometry. 
Local velocities are determined from pressure measurements and Ber- 
noulli’s equation. 
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point can be focused on the case of a single airfoil at zero angle of 
attack. Since, from reference [6], the correction is apparently 
independent of thickness, one can further restrict attention to the 
infinitely thin airfoil. In this case, one can rule out the possi- 
bility that the correction is due to assumptions made in the 
theory. Since the correction can be rationalized by mathemati- 
cally reducing the camber slope effectiveness in the small region, 
0.05 c, at the chord extremities either local separation or just 
local boundary layer thickening might be the proper physical 
rationalization. This explanation provides little comfort when 
discussing events at the leading edge however. 

Determination of Stall Loading Factors. In Fig. 19 a typical plot 
of C, and Cp versus sin @,, (=a,,) is shown. One point on this 
plot corresponds to the data given in Fig. 18. 

In the future we will not consider the whole Cp variation, but 
will instead define an approximate middle range drag coefficient 
Cp* and also define as stall points those values of a@,, where Cp 
exceeds Cp* by the value 0.01. This definition is simply an 
analytical convenience. Whether (Cp)stan is defined as Cp)* + 
0.01 or as 2 Cp* as Howell [16] did, the stall values of a@,, will be 
nearly the same since the slope of Cp versus q@,, is very high in the 
stalling region. 

The two stall points will individually be termed the plus and 
minus stall points; the minus stall point referring to the lowest 
stall in @,, regardless of whether it is actually a plus or minus 
numerical value. 

In this section the effort is made to determine some pertinent 
loading factors which will correlate the plus and minus stall data 
of reference [12]. 

Now, the point where the blade stalls or separates must be 
some function of the blade pressure distribution or velocity dis- 
tribution. As seen in Equation (10) and in Figs. 2, 3, and 4, the 
main contribution to this velocity distribution for a symmetri- 
cally cambered airfoil is given by the terms 


To: +27rA,- Ta 


c 
(2wAg + 27 sin A-Ts 


where we have incorporated the approximation of (14) for both 
Tyo and T’y;, namely that, 


We have also excluded consideration of the t/c-Q» function 
since it is constant in the present discussion where we are con- 


sidering airfoils of a given profile thickness and — — Qy because it 
cs 


o10 f 


0.05 | 


i 


0.10 0.20 


— 


Fig. 19 Illustration of the middle range drag Cp* and the plus and 
minus stall definition 
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Theory ---- C.* 1.10 
Corrected 10 | 
Theory — 0.83 
Date of 084 \ 
° 
7 
0° | minus plus 
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is a small effect as seen in Fig. 4(b). The term +Cb [oy repre- _ is the decrease in velocity between the mid-chord position and the 

sents the details of the camber shape and integrates to zero. It, trailing edge on the suction surface of the airfoil we would find 

of course, leads to the squared-off velocity distributions which, that 

as we have seen, are not actually present in a real flow. It has 

therefore been excluded in the present discussion. = —— (52) 
First, we will call the term Igo [see Fig. 2(a) ] the impulse load- Pu(z/e = 1/2) — Pa(2/e = 1) 

ing function and its multiplier 247A , the Impulse Loading Factor. 

Therefore, The exact same value of K is obtained between the leading edge 

and the mid-chord position on the pressure surface. This value of 

K can only be considered a rough estimate since I’) gives a 

Thick airfoils do not have the infinite velocity at the leading edge locally sharper slope than 1/2( \/3 - #/¢) and should therefore 

given by T's = (1 + cos 0)/2x sin 0. However, the velocities be more heavily weighted than is indicated by the value of 0.78. 

are indeed large and we simply say that the Impulse Loading We will in fact allow K to be determined empirically, expecting, 

Factor represents a nose loading which is more or less sharp de- however, that the empirically determined value should not differ 

pending primarily on the nose radius and to a lesser extent on the greatly from 0.78. : ; 

entire thickness distribution. When Ay = 0 we have what is _Theery—Dete Correlation end Comparison. What we do now is 

essentially a smoothly entering flow with the stagnation point at simply ask the data for the functional relationship between the 

z/e=0. Impulse Loading Factor 2m Ao and the Smooth Loading Factor 
Secondly, we can build up the remaining part of the velocity orAy + K2n(Ao + A,)&(c/s) ” r to give stall. The results are 

distribution as illustrated in Fig. 20 which is essentially a smooth plotted in Fig. 21. K was determined by trial and error as equal 

or slow velocity (or pressure) change. It is seen that the localities 

of deceleration near the blade suction (convex) trailing edge and 

near the blade pressure (concave) leading edge due to the smooth 277A, 

lift term 29 A, I: [see Fig. 2(6)] are simultaneously aggravated 

by the over-all deceleration term given by 27 (Ap + A,)&(c/s) 

sin A(1/2)(1/2 — z/c) which is, of course, inherently associated 

with a diffusing cascade. It therefore should be possible to form 

an approximate smooth loading term as follows: 


I. L. F. = Impulse Loading Factor = 27Ao (50) 


8. L. F. = Smooth Loading Factor 
= 297A, + K2m(Ag + AiEl(c/s) (51) 


t 
where we have assumed that the blade’s tendency to stall due to 
a smooth velocity or pressure changes is made up of a linear com- 
bination of the lift term and the over-all deceleration term. The 
constant K may be considered a weighting factor accounting for Fig. 20. Mivetration of the wh velocity 


the relative ability of the two terms To, and 1/2(1 /2- x/c) to part due to lift and @ part due to in ies dineainent ‘an dashed 
contribute to airfoil stall. If we say that the important quantity arrows mark the two regions of strong local deceleration. 


20, 


wn 


SMOOTH LOADING FACTOR 


H 


Or 


- 0002 cb impulse Looding Factor —— 


Fig. 21(c) Cp* versus the smooth loading factor. Fig.21(b) The locus of plus and minus stall (or where 
Cp* has previously been corrected by 0.002 Cb which 9 Cp = Cp* + 0.01) as a function of the $ th Locding 
presumably is necessitated by the sharp trailing edge Factor and the Impulse Loading Factor. The dotted line 
slope of the 65-series (a = 1.0 mean line) airfoil. running between the plus and minus stall line is the 
Note: The value given by the turbulent flat plate limit loading line as described in Fig. 22. 

equation Cp = 0.144 Ry~'/s at the test Reynold’s 

Number of 245,000 is 0.012. 
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to 0.55. In other words, for trials using K = 0.50 or 0.60 it was 
apparent that the points began to drift away from the mean value 
line and continued to do so the more K departed from 0.55. 

In Fig. 21(a) the middle range drag C_p* midway between plus 
and minus stall is plotted against the 8. L. F. Here Cp* has been 
empirically corrected by the value 0.002 Cb which in effect 
acknowledges the fact that that part of the velocity distribution 
Cb Tox which theoretically results in abrupt velocity changes at 
the blade’s extremities does, by virtue of the flow’s propensity to 
separate locally and thereby eliminate this condition, contribute 
directly to Cp*. The remaining and much larger variation of 
Cp* (at the mid-range value of I. L. F.) is seen to be a function of 
the 8. L. F. 

In Fig. 21(b), the locus of stall, or where Cp = Cp-p* + 0.01, is 
plotted as a function of the 8. L. F. and the I. L. F. Conversely 
the dashed line gives the functional relationship between the 
I. L. F. and the 8. L. F. for both plus and minus stall. 

It is helpful to note that for an isolated airfoil (c/s = 0) I. L. F. 
= = 2m sin a,, and 8. L. F. = 247A; = Cb. Thus since 
Cy = + the I. L. F. and the 8. L. F. become equal to 
the components of the lift coefficient due to angle of attack and 
camber, respectively. The single airfoil data used in Fig. 21 were 
the NACA 65-009 (page 205 of reference [6]) and the NACA 65- 
410 (page 209) airfoils. It was assumed that the difference be- 
tween a 9 and 10 per cent thick airfoil is negligible. Also the 
cases used were those with roughened leading edges. The 
roughened leading edge insures early boundary layer transition 
where otherwise the blade would be largely laminar when tested 
in the Langley, low-turbulence wind tunnel. It is presumed that 
the cascade tunnel of reference [12] had reasonably high, free- 
stream turbulence, since the resulting drag data do not exhibit 
the characteristic “laminar bucket” of an airfoil with a large 
laminar boundary layer as observed in the single airfoil data of 
reference [6]. 

In Fig. 22 the dashed stall line has been computed for each in- 
dividuai cascade geometry and compared again with the stall 
data on an individual basis. Also in Fig. 22 a full comparison is 
finally made between the lift coefficient theory and data. The 
dashed line running between the plus and minus stall lines is de- 
fined as the line of limit loading above which 


(a) the lift coefficient does not increase with an increase in Cb 
at the rate predicted by theory. In fact, a maximum lift coefficient 
is encountered a little bit above the limit loading line. 

(b) the drag begins to increase rapidly. 
of the Cp* curve will be discussed later.) 

(c) the range between plus and minus stall begins to decrease 
markedly. 


(The peculiar shape 


Although there are some discrepancies in general, the theory 
checks quite well with the data. The discrepancies that do exist 
can, by direct observation or by a mental crossplot, be seen to be 
completely random. The fact that all of the C, data at c/s = 
0.5 are lower than the predicted values is disturbing. However, 
by crossplotting the data against c/s, the reader can verify the 
fact that these particular data must be defective. In reference 
{12] it is stated that a smaller set of blades (c = 2.5 in.) was used 
for the c/s = 0.5 case than was used in c/s = 1.0 and c/s = 1.5 
ease (c = 5.0 in.) which leads one to think that the defect might 
be in the actual blade construction. Of course, in the isolated 
airfoil case, c/s = 0, the airfoils tested were much larger (c = 2 ft) 
and fairly accurate airfoil construction and data collection could 
be accomplished. 

In general, it may be happily concluded that the corrected 
theory can provide a useful analytical tool and, in fact, provides 
information which in certain spots is better than the data. Fur- 
thermore, as seen in Fig. 22, it allows for a clear-cut specification 
of stall for every geometry. This could never be achieved by 
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Fig. 22 Comparison of experimental and theoretical lift coefficient and 
stall points. At the limit loading line, running between the plus and 
minus stall lines, the lift coefficient data begin to fall below the 
theoretically predicted values. 


directly crossplotting and interpolating the data. 
back, the author tried this with discouraging results. 
Some explanation is necessary with regard to the apparently 
peculiar shape of Fig. 21(a) where the C,* values begin to rise 
perceptibly near the loading limit and then flat off until C,,* 
suddenly increases in quite a dramatic way. 


Some vears 


In a sense, this 
somewhat distorts the true picture since the 8. L. F. is computed 
from theory [and Equation (49)] and, as can be seen in Fig. 22, 
above the limit loading line the lift coefficient does not actually 
increase with increases in Cb as predicted by the theory. There- 
fore, if one were to construct a loading factor which was more 
closely related to the actual velocity or pressure distribution on 
the airfoil, the flattened region just before the sudden C p* increase 
would not appear. 

Before leaving this subject, it would be well to point out that if 
we take the loading factor values at the mid-range limit loading 


point in Fig. 21(b), namely, I. L. F. = 0.43 and 8. L. F. = 1.10, 
and combine them, we obtain 
sin 
C, + 0.55 § —— C, = 1.53 (53) 


sin 


since Cy, = 29Ay + 274A, and C, = c/s sin BC, where the over- 
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all pressure coefficient C, = (Vi? — V,2?)/V,,? as described in 


Part I. With & (sin A)/sin @,, set equal to 1.00, this form con- 
forms to the limit loading parameter proposed by Wislicenus [8] 
where the value given here as 0.55 was stipulated by him to lie 
between the limits 0.50 and 1.00 and the value given here as 1.53 
was stipulated to lie between the limits 1.00 and 1.70. 

Other Airfoil Shapes. (', versus sin a@,, curves may be drawn 
for any blade from the solutions of Part I, if the camber line is 
symmetrical, or from further numerical calculations using the 
theory of Part Lif nonsymmetrical. However, it is necessary to 
know the camber correction value which from our experience here 
may be determined from isolated airfoil experiments. Thus from 
reference [6] one can see, for instance, that for the NACA four 
digit series, Chere, = 0.92 Cbineor.. It is also shown that the cor- 
rections are very nearly independent of profile thickness. From 
the single piece of circular arc datum shown in Fig. 8 of Part I 
it may be deduced that no correction is necessary, i.e., Cher. = 
1.00 CDeheor.. This is reasonable when one considers our hy- 
pothesis explaining the necessity of such a correction, since the 
circular are camber does not produce theoretical velocity discon- 
tinuities at the blade’s extremities. 

It is not expected that the stall curve of Fig. 21 will be accurate 
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for any blade whose basic camber line and actual thickness dis- 
tribution differ appreciably from the 65-series 10 per cent thick- 
ness blade family. Of course, if it is assumed that the constant 
K = 0.55 is reasonably universal, then the stall curve may be 
established for a given blade family from data at any value of c/s 
or A or in particular from isolated airfoil data. The low camber 
isolated airfoil data of reference [6] will at least establish the 
stall curve for low values of S. L. F. where the effect on operating 
range of such variables as blade thickness, for example, may im- 
mediately be evaluated. 

From the present results, it would appear that increased atten- 
tion should be given to high, as well as low, camber single airfoil 
experiments. Such experiments transcribed to any cascade 
geometry would, of course, require only a very small fraction of 
the cost of the wide range of cascade experiments necessary to ob- 
tain the equivalent, completely empirical information. 

Design Information. In Fig. 23 (, versus sin @,, curves are 
worked out as functions of Cb, c/s, and constant stagger angle X, 
which is the form directly applicable to the compressor design 
process. It should be recalled that the theoretical predictions 
above the loading limit are bad, but they have nevertheless been 
drawn in up to the point where C,* increases drastically [see Fig. 
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Fig. 23 Theoretically predicted cascade performance for constant stagger angle \ 


21(a)]. It is expected, however, that the loading limit will also 
correspond to the limit of design. 

While the airfoil parameters are most useful for the initial col- 
lection of cascade information, they are not too convenient for 
direct application to the design problem. The author has found 
the variables ¢, W, n defined according to the relation 


r 


> = 7 = cot B,, = cot (A + a@,,) 


y = AVe 


Vom 


e/sC, 


(55) 
2 sin B,, 
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56 
(Ap) idea Cr sip cos ) 


7 = 


to be a most useful choice of cascade parameter to insert directly 
into a machine design system. The relations just given may be 
easily derived by recourse to Fig. 1 and Equations (4b) and (5) of 
Part I. 

If we examine the symmetrical stage diagram in Fig. 24 we see 
that Wi — We = Vi — V2 = AVeand Vi — Wi = V2 — Wi =U. 
Furthermore, for a symmetrical stage it is seen that Ve, = —Wen 
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Fig. 24 Symmetrical stage diagram. V refers to absolute velocities, W 
to velocities relative to the rotor whose velocity is U. 


= U/2. Now from the definition of the stage work coefficient 


UAVs AVe 
and the stage flow coefficient 
V 
= — 
it can be seen that 
1 
= y (57a) 
1 
2? (57b) 


For symmetrical stages the stage efficiency is identically equal to 
7 as just defined. 

In other words, the cascade variables @, y, and 7 bear a direct 
relationship to the actual stage characteristics. They are, in 
part, the values which must be optimized in a good compressor 
design. 

For nonsymmetrical repeating stages, V and ® must be related 
to an average of the rotor and stator W and @, and value according 
to the relations, 


=-—* (58a 

= 58h) 

Vom Wom (5 
58c) 


where the subscripts, s and r, refer to stator and rotor, respec- 
tively. The derivation of Equations (58a, 6, c) may be easily 
derived by the interested reader. 

Nominal values of ¥*, @*, and n* are herewith defined (cor- 
responding to nominal values of (,*, a,,*, and C-p*) as the point 
midway between plus and minus stall. No particular qualities 
are ascribed to the nominal values, and it is not necessarily true 
that the nominal values pertain to a compressor design point. 
They are simply a convenient point of reference. 

The next important quantity to obtain is the range A@ = 
D-stall — corresponding to Aa,, = — (,,)—stall- 
This can be written, 
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Fig. 25 Stage character- 
istic iustrating the varia- 
bles the o 

range A¢/¢* and »* 


Ad = cot — cot (6.° + 


Now, by expanding the cotangent according to trigonometric 

identities and since Aa/2 is small we can set 


d 
and cos—> 


The previous equation then simplifies considerably after rearrang- 
ing terms to 


(59) 


If we recall that @ = V,/Vomn bears a close relationship to the 
machine flow coefficient, we can consider A@ as the change in 
flow between positive and negative stall. However, it is not the 
absolute range in mass flow that is significant for any machine. 
A percentage range such as A¢/@* is the only sensible number to 
ascribe to a stage before actual machine dimensions are specified 
Therefore, 


Ao 
o* 


Aa 
2 
cos B,,* sin 8,,* — cot B,,* (=) 


60 
obtained from Equations (54) and“(49) will, in the future, be used 
to denote the range. 

It is convenient to define a slope s which is 


dy/y* 


= = —— sin 
L 


cos B,,* - 


cos? (61 
where C,’ = dC,/da,,. The pertinent variables are pictured in 
Fig. 25 where it may be noted that the straight line performance 
characteristic equation in the unstalled region is given by 


v = 62) 


y* 
In Fig. 26 pl as functi f and hi 
n Fig. 26 plots o * and 7* as functions of @* anc ave 


been computed from the C, versus a,, curves of Fig. 25. For 
each solidity the limit loading computed at the nominal mid-range 
point provides the upper limit to these curves and thus it is pre- 
sumed to be a design limit. From Fig. 23 it can be seen that this 
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Fig. 26 Plot of Ad/¢* and »* 
J as functions of and The 
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leading line. 


Fig. 27 s versus y*. 
stant s in Fig. 26 would be nearly horizontal lines. 


s is the ordinate emphasizing that lines of con- 


mid-range point does not always coincide with the blade geometry 
giving an abrupt change in range and this fact may be noted in 


Fig. 26 where the 4 values sometimes decrease sharply before 


the upper loading limit is attained. 

In Fig. 27 the value of s is plotted as a function of y* and X, 
and ¢/s since s is a strong function of Y*, a weak function of c/s, 
and a very weak function of \ (or 6,,*). A limiting expression 
may be obtained by assuming that the exit air angle B, is held 
constant while 8, is varied. Therefore from Fig. 1 of Part I 


oe = tan By —k 
and Vom a tan 6 + k 
V, 2 
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where k = tan 3, 


By combining these relations, we obtain 

= 21 — kod) (63 
By starring ¥ and @ and using the starred expression to remove k 
from (63) it may be rearranged in the form of equation (62) where 


—Siconstant exit angle) = y* (64 


Thus we see in Fig. 27 that the values of s obtained from the 
potential flow calculations quickly converge to the limiting ex- 
pression for constant exit angle. This conforms with the results 
shown in Fig. 10 of Part I. It is felt by the author that the 
characteristic slope s is an important design parameter having 
strong effect on the off-design performance of multistage com- 
pressors. 

The use of the parameters Y and @ have been found by the 
author to be a great convenience. They are cascade parameters 
and are functions of the cascade variables only, but they are re- 
lated directly to the significant stage parameters. The necessity of 
numerous little investigations to assess the effect of this or that 
variable on WV, ®, or 7 is eliminated and the choice of a design for 
any given application is greatly facilitated. It should be noted 
that lines of constant tan 8, and tan 6, appear as straight lines on 
the Y — @chart and this is a convenience in later design calcula- 
tions. After an aerodynamic design has been specified, it is easy 
to determine the actual blade geometry by working back to Fig. 
23 through Equations (54) and (55). 
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Loss and Stall Analysis of 
Compressor Cascades 


A simple equation expressing the wake momentum thickness as a primary function of 


the suction-surface diffusion ratio (ratio of maximum surface velocity to outlet velocity) 
of coavertional low-speed cascade blades is derived from bourdary-layer theory in 


conjunction with simplifying approximations. 


The derived equation is utilized to 


gain an insight into qualitative effects on stalling diffusion ratio of such factors as 
Reynolds number, transition location, and extent of local laminar separation. Use 
of parameters suggested by the analysis is shown to result in generalized experimental 
loss and stall correlations and in means for estimating total-pressure loss and unstalled 
range of operation for commonly used blades. 


Introduction 


is of the complexity and three-dimensional 
character of the flow in multistage axial-flow compressors, it has 
been necessary to adopt various simplified means for obtaining 
blade-design data. In particular, experimental investigations of 
low-speed two-dimensional cascade blades have been utilized in 
axial-flow compressor research to determine the aerodynamic per- 
formance of compressor blade elements. Cansiderable cascade 
data have appeared in the literature [1],' for example, and many 
successful compressor designs have been realized based on the use 
of these data. 

A schematic diagram of a conventional low-speed two-dimen- 
sional caseade tunnel is shown in Fig. 1 to illustrate the princi- 
pal components of the setup. The test section contains the row 
or cascade of blades set in a mounting device such that various 
cascade air inlet angles and blade angles of attack ean be ob- 
tained. Measurements of the outlet flow (air angle, statie pres- 
sure, loss in total pressure) are obtained from a traverse along the 
cascade a short distance downstream of the blades. 

Since the aerodynamic performance of cascade blades is largely 
governed by the growth and separation of the boundary layers 
on the blade surfaces, the determination of generalized loss and 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Hydraulic Division and presented at the 
Annual Meeting, New York, N. Y., November 30-December 5, 1958, 
of THe AMERICAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
4, 1958. Paper No. 58—A-91. 
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Fig. 1 Schematic layout of conventional low-speed cascade tunnel 
stall limit characteristics of conventional blades is an impor- 
tant aspect of cascade research. The problem of loss and stall 
prediction in cascades is made difficult by the large number of 
factors that influence the growth of the boundary layers, that is, 
surface velocity distribution, blade Reynolds number, free-stream 
turbulence, and surface roughness. However, it has been possible 
through analysis of experimental data to gain an insight into the 
gross or first-order behavior of blade losses and stall in limited 
cases through the use of various empirical stall coefficients and 
diffusion factors [2, 3, 4, 5]. These correlations were based pri- 
marily on the experimental observation that blade-surface ve- 
locity distributions that result in large amounts of deceleration or 
diffusion in velocity along the surfaces tend to produce relatively 
thick boundary layers and eventual separation or stall. 

In the present paper, the diffusion concept is expanded and 


a = factor in equation for equiva- « = chord length k = factor in momentum-thickness 
lent diffusion ratio c, = local - skin-friction coefficient equation 
Cp = ag coefficie 1 ke surface 
drag at ( wa ev?) l length of flow surface 
C, = total skin-friction coefficient 2 P = total pressure 
C,’ = total skin-friction coefficient for Db... = equivalent diffusion ratio Re. = blade-chord Reynolds number 
flat-plate flow (based on fe = averaging factor for momentum- 
s = blade spacing 
chord-length Reynolds num- thickness variation in mo- 
ber) mentum-thickness equation V = free-stream velocity 


= total skin-friction coefficient for 


flat-plate flow (based on tran- 
sition-distance Reynolds num- 
ber) 
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H = torm factor of wake or boundary 


layer (6*/0) 
factor in momentum-thickness 
equation 


local velocity in wake 
distance along outlet flow direc- 
tion or along flow surface 


Continued on next page) 
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placed on a firmer basis through an ‘‘engineering’’ application of 
the boundary-layer momentum equation to cascade blade sur- 
faces. By means of simplifying approximations, a simple relation 
is investigated for the variation of blade-wake momentum thick- 


ness with blade-surface diffusion for conventional blades. Ex- 
perimental verification of the derived equation over a wide range 
of cascade configurations (i.e., solidity, stagger angle, and cam- 
ber) is conducted from available data from typical low-speed 
blade sections. 

The results of the development are utilized for blade-loss 
analysis in two ways. First, the derived relation between wake 
momentum thickness and surface diffusion is examined in order 
to obtain a qualitative indication of the fundamental effects on 
loss and limiting diffusion (stall limit) of such secondary factors 
as blade-chord Reynolds number and the location and nature 
of the transition from laminar to turbulent flow. Second, the 
derived concepts are utilized to analyze the available experimen- 
tal data in an effort to explain the observed behavior and to es- 
tablish generalized loss and stall correlations. The established 
experimental correlations and stall limits are then applied to de- 
sign use by expressing the variables involved in equivalent 
parameters readily obtained from design quantities. Sample 
calculations are provided to illustrate how values of design-point 
total-pressure loss and unstalled range of operation can be pre- 
dicted as functions of the design parameters of solidity, stagger 
angle, and blade loading for conventional blades. 


Development of Equation 


The objective of the mathematical analysis is to develop a sim- 
ple analytical relation between the blade-wake momentum thick- 
ness and the blade-surface velocity diffusion for conventional 
cascade blades. The development treats incompressible two- 
dimensional flow, and considers that the blade peak suction-sur- 
face velocity occurs close to the leading edge and that the bound- 
ary layer of the suction surface contributes the major portion of 
the wake. These conditions are generally observed for conven- 
tional blade sections in the range of operation from minimum-loss 
to high-angle-of-attack stall (which is the region of interest in 
blade design). Typical surface velocity distributions are shown in 
Fig. 2, a schematic representation of the blade wake development 
is given in Fig. 3, and the definitions of wake properties are pre- 
sented in Fig. 4. 

Basic Relations. In the plane of the blade trailing edge, the 
momentum thickness of the wake can be expressed as the sum of 
the momentum thicknesses of the pressure and suction-surface 
boundary layers at the trailing edge. Theoretically, the growth 
of the boundary-layer momentum thickness 6 on a blade surface 
can be described by the von Karman momentum equation as a 
function of the local-skin-friction coefficient c, and the velocity 
gradient along the surface dV /dz as 


(1) 


where V is the local free-stream velocity outside the boundary 
layer. Integration of Equation (1) from z = 0 toz = 2 can be 
conducied by assuming for simplicity that the maximum free- 
stream surface velocity Vinsx occurs at the leading edge and that 
a mean value of (H + 2)(@/c) can be taken so that 


Cc V max 
(CG) +e 
c te 2 Vie 


j-(H + 20/e) 


where 


C, is the conventional total skin-friction coefficient,? and the 
velocity Vie is the free-stream surface velocity at the trailing 
edge. In the ensuing analysis, however, since there is generally 
little change in wake momentum thickness and free-stream ve- 
locity between blade trailing edge and measuring station location 
{6], trailing-edge values will be taken to be those at the measuring 
station (station 2). 

Examination of surface-velocity distributions of conventional 
cascade blades (as illustrated in Fig. 2) indicates that, as blade 
camber or blade angle of attack is increased, large changes in 
velocity gradient occur on the blade suction surface, but com- 
paratively small changes occur on the pressure surface. Further- 
more, changes in surface friction coefficients will be small com- 
pared to the changes in the suction-surface diffusion term. Thus, 
changes in total wake momentum thickness will result primarily 
from the diffusion contribution of the suction-surface boundary 
layer. Accordingly, for the complete wake (both surfaces), the 
momentum thickness can then be expressed as 


(4) 


where 


1 7 ‘ V 
+ Cpa) + ( (5) 
The ratio at maximum surface velocity to outlet velocity Vmax/V» 
will hereafter be called the surface diffusion ratio. 

It can be shown from calculations of several common averaging 
processes, that for the range of values of H and @/c normally en- 


countered for conventional blades, it is sufficiently accurate to 


2 It is assumed for simplicity in the integration of the local friction 
term in Equation (1) that the blade-surface sength is effectively equal 
to the chord length. 


Nomenclature— 


a@ = angle of attack, angle between o = solidity (chord/spacing) tbh = turbulent 
inlet-air direction and blade ~ ® = total-pressure loss coefficient, te = trailing edge 
chord 1 tr = transition 
8 = air angle, angle between airflow caPy,/Zove x = outlet flow direction or direction 
and axial direction along flow surface 
- Nie change in quantity Subscripts y = normal to axial direction 
AB = air van tig angle (6, — B2) Im = laminar 1 = cascade inlet station 
equation ls = laminar separation 2 = cascade outlet measuring station 
5* = displacement thickness of wake ™** = Maximum ; 
or boundary layer p = pressure surface See 
6 = momentum thickness of wake or s = suction surface — = average value of quantity 
boundary layer st = stall condition * = reference minimum-loss condition 


388 / sepTemMBER 1959 


Transactions of the ASME 


= 
a 
4 
Py 
6 
es) Je J 2 
‘ 
% 


REFERENCE 


MINIMUM “7 


DRAG 
COEFFICIENT, 
Cy 


8 12 16 20 
ANGLE OF ATTACK, a, DEG 


suCTION SURFACE 
PRESSURE SURFACE 
l l l lL l l 1 Jj 
0 20 40 60 60 100 0 20 40 60 80 100 
PERCENT CHORD 
(A) NACA 65-(I2A\9)10; BLADE 1.25 

(REF 1) 


VELOCITY RATIO, V/V, 


Fig. 2. Typical surface velocity distributions in region from minimum loss to positive stall for conventional cascade blades 
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Fig. 3 Schematic representation of wake development in flow across 
cascade blades 
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express j, in Equation (4) in terms of the individual chordwise 
average values of H and @/c such that 


j. = (H, + 2\(0/c), = (A, + (6) 
Now the average momentum thickness in Equation (6) can be 


expressed as some factor times the momentum thickness at the 
measuring station, such that 


(2), -#(2),,- 


where fs is some averaging factor that satisfies the equality. 
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Substitution for (0/c), according to Equation (7) into Equations 
(6) and (4) then gives for the wake momentum thickness 


) 
1 —k, log, ( 


where 


k, = (2 + 4) (9) 


An analytical equation for the variation of wake momentum 
thickness with suction-surface diffusion ratio is thus obtained in 
terms of a factor €, which is a function primarily of the skin-fric- 
tion coefficients, and a factor k,, which involves some mean values 
of H and @ along the surface. It now remains to analyze the € 
and k, factors over the range of diffusions encountered in cas- 
cades, in order to obtain an indication of their magnitude and 
posstble relation to Vinax.«/ Ve. 

Evaluation of Terms. A direct evaluation of the various terms 
in Equations (5) and (9) cannot be made because of the general 
absence of experimental data for the development of the boundary 
layer along the surfaces of compressor cascade blades. How- 
ever, a preliminary indication of the approximate magnitude of the 
e and k, terms can be obtained from an examination of available 
boundary-layer data from similar flow surfaces. 

Theoretically, the case of zero diffusion (Vinsx./Ve2 = 1) is repre- 
sented by a constant velocity on the blade surfaces, as would be 
obtained on very thin uncambered blades set at zero angle of 
attack. The boundary-layer development will 
similar to that of the flat plate, so that 


therefore be 


¢,,’ =C,’ 
where C,’ is the conventional total skin-friction coefficient for the 
flat plate. A zero diffusion on both blade surfaces, however, can- 
not be attained with conventional blades of thicknesses of about 
10 per cent, inasmuch as some variation in velocity will always 
oacur on one or both of the surfaces. Since negative velocity 
gradients and average free-stream velocities greater than inlet 
velocity occur for conventional blades at low diffusion, it is ex- 
pected that the total skin-friction coefficient will be somewhat 
lower than the conventional flat-plate value based on inlet-ve- 
locity Reynolds number. 

As suction-surface diffusion is increased, the cascade data show 
that the negative velocity gradients on the suction surface in- 
crease markedly, while the negative velocity gradients on the 
pressure surface generally decrease by a comparatively small 
amount. A further net reduction in total friction coefficient is 
therefore likely as diffusion ratio is increased to the separation 
value. The third term in the € factor involving the pressure-sur- 
face diffusion ratio [Equation (5)| will also generally tend to de 
crease slightly with increasing suction-surface diffusion ratio. The 
resulting change in the value of €, however, is expected to be quite 
small, since the values of pressure-surface diffusion ratio involved 
are close to unity. Thus, on the basis of these considerations, the 
value of € is expected to be generally somewhat smaller than the 
total flat-plate friction coefficient and to tend to decrease slightly 
with increasing suction-surface diffusion ratio. For the range of 
blade-chord Reynolds numbers normally encountered in cascade 
tests (Re, = 2.0 X 10° to 2.5 X 105), the flat-plate friction coeffi- 
cient C,’ is about 0.0060 for turbulent flow and about 0.0028 for 
laminar flow [6, p. 439]. The factor € in the momentum-thick- 
ness equation should therefore have a value somewhere between 
these limits. 

In evaluating the magnitude of the k, term in Equation (9), re- 
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course was made to data from isolated airfoil sections. Experi- 
mental variations of boundary-layer momentum thickness and 
form factor in predominantly turbulent boundary layers are 
shown in Fig. 5 for the flat plate (constant free-stream velocity ) 
and for the upper surface of several isolated airfoils for which 
flow separation has occurred near the trailing edge (at z = 1). 

Although the specific averaging processes required to make the 
values of fg and 77, in Equation (9) satisfy Equations (6) and (7) 
are not known, it will be assumed for simplicity that the magni- 
tude of these terms can be obtained from the experimental data 
by considering the mean values for fg and A as 


Al = f, Hd(x/l) 


fo = ——— d(x/l) 
J0 


For zero diffusion, from the flat-plate data of Fig. 5,,H = 1.33 
and fg = 0.57. (For the classical flat-plate boundary-layer theory 
with 6 « r/*, fg = 0.556.) Thus, with essentially symmetrical 
boundary layers on both surfaces, (6,/@). = 0.5, and the factor 


ISOLATED AIRFOILS, 
Re, = 10© TO 4x10© (REF 13) 


FLAT PLATE, 
Re, = 11.8x10© (REF I! AND 


ot 4 i 1 
(A) MOMENTUM THICKNESS 


MOMENTUM THICKNESS RATIO, 


2.8 


FORM FACTOR, H 


DISTANCE ALONG SURFACE, 
FORM FACTOR 


Fig. 5 Experimental variation of boundary-layer momentum thickness 
and form factor along several flow surfaces for turbulent flow 
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k,, from Equation (9), will be about 0.95 for the case of zero dif- 
fusion. 

For the case of diffusion resulting in separation (isolated airfoil 
data in Fig. 5), an essentially constant value of fg = 0.33 was 
computed for all airfoils, while an average value of 7, = 1.60 
was obtained. If similar values of A, and fg occur for cascade 
blades (as is most likely, since the suction-surface velocity dis- 
tributions of isolated and cascade airfo*‘ls are generally similar), 
then, since (0,/@.) may be about 0.90 for the stalled condition,’ 
k, values of about 1.07 may be obtained. Thus, it appears 
reasonable to conjecture that k, might tend to increase somewhat 
with Vinax,./V2 or possibly be essentially constant for conven- 
tional cascade blades with turbulent boundary layers. 

On the basis of these considerations, it is now possible to obtain 
x rough indication of the expected variation of wake momentum 
thickness with diffusion ratio by assuming representative con- 
stant values of € and k, (say, by taking € = 0.005 and k, = 1.0). 
As might be anticipated, an essentially exponential variation of 
momentum thickness with diffusion ratio is indicated in this 
case. 

Comparison With Experiment. |ixperimental values of wake 
momentum thickness and diffusion ratio Vimnax,./V2 were 
determined for the commonly used NACA 65(Ajo)-series blades 
{1] and the British C.4 circular-are blades [7, 8]. Both blades are 
low-speed thick-nose profiles of 10 per cent maximum thickness 
and symmetrical mean-camber lines. The data used for these 
sections were obtained from tunnels in which good two di- 
mensionality control was exercised by means of tunnel-wall 
boundary-layer suction. Some of the important characteristics 
of the blade configurations used for the correlation are listed in 
Table 1. 

Since the loss data in the references were reported in terms of 
various drag coefficients, it was necessary to convert the data to 
values of (6/c)2 by means of the conversion equations derived in 
[5]. The suction-surface diffusion ratio was computed according 
to the relation 


3 According to the results of [5], (@/c)2 for conventional blades is 
about 0.004 at zero suction-surface diffusion and about 0.02 at stall. 
Since the pressure-surface velocity distributions change very little 
with increasing suction-surface diffusion, the pressure-surface momen- 
tum-thickness contribution should also change little, and tend to re- 
main of the order of 0.002 at stall. 
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where Vinax,+/V:, 8:, and 8 are obtained from the measured blade 
performance and surface velocity distributions, and (@/c), is de- 
termined as has been indicated. (A constant value of H, = 1.08 
was used, as suggested in [5, 9].) 

The correlation is presented for the reference condition of 
minimum-loss angle of attack, defined as the midpoint of the 
range extending between the values of angle of attack at twice 
minimum loss (see Fig. 2). Values of (@/c)e and Vuax.s/Ve 
at minimum loss were obtained from faired curves of these 
quantities against angle of attack for each configuration.* 

The results of the experimental correlation for the NACA 65- 
(Ayo) and C.4 circular-are blades are shown in Fig. 6. The effec- 
tiveness of the use of the parameters of wake momentum thick- 
ness and diffusion ratio in producing a generalized loss correla- 
tion over the range of solidities, cambers, and air inlet angles 
covered is quite marked. It is noted that a good fit of the ex- 
perimental data can be obtained from Equation (8) with € = 
0.004 and k, = 1.17, as shown by the dashed curve in Fig. 6. 
(Apparently, for these data, the speculated reduction in € with 

‘max, V2 is not significant, or perhaps there is a compensating 
effect between a decreasing € and an increasing k,.) 

Since the boundary-layer flow for the blades of Fig. 6 is pre- 
dominantly turbulent, the flat-plate friction coefficient at the 
Reynolds number of the data should be somewhat less than 
0.006. The experimentally determined value of € = 0.004 there- 
fore appears reasonable, since, according to the previous con- 
siderations, it should be smaller than the flat-plate friction co- 
efficient. It is also noted that the value of k, = 1.17 obtained 
from the data of Fig. 6, although somewhat larger, is fairly close 
to the values deduced previously from the predominantly turbu- 
lent boundary-layer data on isolated airfoils. Actually, a higher 
value of k, for the cascade compared with the isolated airfoil case 
may be expected, since higher average values of H, will occur due 
to the lower Reynolds numbers and the existence of local laminar 
separation in the cascade. The empirical € and k, values there- 
fore appear entirely reasonable, and the derived momentum- 
thickness equation can be considered as a satisfactory approxi- 


4 In so doing, an attempt was made to eliminate some of the obvious 
increases in momentum thickness that appear in the data due to local 
laminar separations. The data thus tend to approach the variation 
for a predominantly turbulent flow without laminar separation 
bubbles. 
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Fig. 6 Experimental variation of wake momentum thickness with suc- 
tion-surface diffusion ratio at minimum-loss angle of attack for NACA 
blades and C.4 circular-are blades. 
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mate representation of the wake thickness of conventional cascade 
blades. 

Application of Results. Although the derived equation is an ap- 
proximate and nonrigorous development,® and therefore incapa- 
ble of yielding accurate quantitative results, it can be utilized to 
provide qualitative insights into the principal factors affecting 
the variation of wake momentum thickness with diffusion ratio. 
This is made possible through the effective use of the flat-plate 
friction coefficient in the evaluation of the € term and of mean 
chordwise values of boundary-layer form factor and momentum 
thickness in the evaluation of the k, term in Equation (8). Thus, 
if the effects on € and k, of such secondary factors as chord 
Reynolds number, surface roughness, turbulence, and so forth, 
can be determined, then the resultant effects on limiting diffusion 
ratio can be estimated. 

The concepts of the diffusion analysis can also be used to in- 
terpret available experimental loss data and to establish correla- 
tions in more generalized forms for purposes of design studies. 
Examples of the application of the results to qualitative evalua- 
tions of secondary factors and to analysis of experimental data 
will now be given. 


Qualitative Evaluations 


According to the formulation of Equation (8), a limiting value 
of suction-surface diffusion rate is reached for each value of k, 
when (0/c), approaches infinity, as given by 


( = 
V2 lim 


‘The prime importance of the state of the surface boundary layer 
in determining the allowable diffusion ratio is thus clearly in- 
dicated. It was found previously that k, may be about unity 
(limit. Vimax../V2 = 2.73) for isolated airfoils with turbulent 
boundary-layer flow at high Reynolds number (order of 10° or 
greater), and about 1.17 (limit. Vinax,./V2 = 2.35) for the con- 
ventional cascade blades [1] at a Reynolds number of about 2.5 
< 10° (predominately turbulent flow.) 

Variations in € in Equation (8) will be reflected as direct varia- 
tions in the magnitude of the momentum thickness and will affect 
only the rate at which the limiting diffusion ratio is approached. 
Since the value of € is approximately equal to or at least propor- 
tional to the flat-plate friction coefficient C,’, it will be a direct 
function of the blade-chord Reynolds number and the surface 
roughness of the blade, values of which can be obtained, for ex- 
ample, from [6, p. 439] and from [6, chap. X XI], respectively. 
For the case of partly laminar and partly turbulent flow, the fric- 
tion coefficient can be calculated as indicated in the appendix. 
Although the proper relation between € and C,’ cannot be ac- 
curately determined from the correlation of Fig. 6, it appears 
that for practical purposes, values between € = 0.8 C,’ and € = 
(,' should be satisfactory. 

Calculated Variations. An indication of the possible variation 
in k, and € with varying boundary-layer state was obtained from 
consideration of hypothetical form-factor profiles representative 
of cascade flow with varying transition location and local laminar 
separation (transition occurs after separation of the laminar 
boundary layer). Fig. 7 shows highly idealized variation of H, 
with chord-length distance along the surface for various locations 
of laminar separation and turbulent reattachment. In the figure, 
laminar separation is shown to occur at the 0, 0.2, and 0.4 chord 
points followed by a turbulent reattachment either immediately 
{(Ar/c)1, = 0, solid line], or after 0.1 chord length {(Ar/c);, = 0.1, 


6 Principal reservation lies in the use of mean values of H and @ in 
the integration of the momentum equation and in the validity of the 
von Karman equation in regions of separation where the normal 
pressure gradients and turbulent stresses may not be negligible. 
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Fig. 7 idealized variations of boundary-layer form factor along blade 
surface for various degrees of local laminar flow. Transition and turbu- 
lent reattachment after laminar separation, and turbulent separation at 
trailing edge. 


dashed line]. Turbulent separation is assumed to occur at the 
trailing edge, as is likely to occur for a heavily loaded blade. 

Average values of form factor /7, were determined by integra- 
tion for each curve in Fig. 7, and corresponding values of fs 
determined from the simplifying assumption that 


where fo, im is taken as 0.63° and fo, ~ is 0.33. Values of k, were 
then determined for each transition location according to Equa- 
tion (9) by assuming @,/@. = 0.90. Values of flat-plate friction 
coefficient C,’ for each case were determined from Equation (19) 
in the appendix for Re, = 2.5 & 105. The results of the calcula- 
tions for k, and C,’ for the illustrative cases of Fig. 7 are listed 
in Table 2. 


Table 2 Calculated values of boundary-layer factors 


(z/c)is (Az/c)is ks C/ 
0 0 1.06 0.0059 
0.1 8 .36 1.23 0.0058 


0 1.36 0.0055 
0.1 2 1.51 0.0051 


0 2.19 1.66 0.0047 
0.1 2.41 1 86 0.0044 


Calculated variations of (@/c)2 with Vinax,./V2 for the transition 
configurations of Fig. 7 assuming that k, and € are constant over 
the entire range of Vimax,./V2 (with e = C,’) are shown in Fig. 8 
for illustrative purposes. (In an actual flow, of course, it is recog- 
nized that k, and € might not be constant, since transition and 
separation characteristics will vary with the diffusion ratio. 
Thus, a wide range of values of momentum thickness and limiting 
diffusion ratio may theoretically be obtained for a given cascade, 
depending on the location of the transition and the behavior of 
the surface boundary layer in the transition region. 

Design Considerations. According to the preceding analysis, for 
a given application in cascade design, the stalling diffusion ratio 
can be increased by designing the blade and cascade in order to 
tend to reduce the total friction coefficient and the extent oi 
laminar flow. These objectives can be accomplished in several 
ways: By utilizing a large value of blade-chord Reynolds number 
and high free-stream turbulence level; by maintaining smooth 


* Obtained from integrations of theoretical variations of laminar 
boundary-layer momentum thickness for the flat plate (/6 = 0.66) 


and for a linearly decreasing velocity resulting in separation (fg = 
0.61). 
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Fig. 9 Experimental variation of wake momentum 
thickness with suction-surface diffusion ratio at angles 
of attack greater than minimum loss 


DIFFUSION RATIO, 


blade surfaces; and by designing for peak surface velocity near 
the leading edge so that the initial boundary layer at the start of 
diffusion is small. 

In axial-flow compressor design, the situation is more favorable 
in some respects than in the cascade. For the same Reynolds 
numbers, the turbulence levels are generally greater in the com- 
pressor due to the wakes and disturbances of preceding blade 
rows. On the other hand, the use of high peak velocities at the 
blade leading edge may not be consistent with good high Mach 
number performance. The maintenance of high Reynolds num- 
ber and low relative surface roughness, however, should likewise 
be effective in increasing the'stalling diffusion ratios of compressor 
blade sections. 

The analysis also indicates the desirability of carefully qualify- 
ing indicated values of stalling diffusion ratio derived from ex- 
perimental data for the blade-chord Reynolds number and tur- 
bulence levels of the tests. 


Analysis of Experimental Data 


According to the derived equation, fundamental parameters for 
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the correlation of cascade loss data should be the wake momentum 
The effective- 
ness of these parameters in producing a generalized correlation for 
the 10-per cent thick NACA 65(Ajo)-series blades and the C.4 
circular-are blade at minimum-loss angle of attack has already 
been shown in Fig. 6. A corresponding plot of (@/c), against 
Vimax../V2 for these blades at angles of attack greater than mini- 


thickness and the suction-surface diffusion ratio. 


mum loss is shown in Fig. 9, revealing a wide spread of the data 
at large values of diffusion ratio. Inasmuch as these cascade 
data were obtained at values of Reynolds number and free-stream 
turbulence for which local laminar separations were present [1], it 
is reasonable to conjecture that the data spread at high values of 
diffusion ratio may be due in large measure to the effects of varia- 
tions in the nature and location of these separations (as illustrated 
in Fig. 8). Furthermore, the data indicate that a significant 
margin of improvement in the general (@/c), against Vinax,./V: 
variation exists for these blades if the factors influencing the data 
spread can be controlled. 

For cascade design use, prediction is desired of the loss in total 
pressure and the stall limit over a wide range of blade solidities, 
air inlet angles, and air-turning angles. Such predictions are now 
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possible for the NACA 65(Ajo)-series blades and C.4 circular-are 
blade considered herein. For example, according to the correla- 
tions of Fig. 6, once the suction-surface diffusion ratio is known, a 
value of wake momentum thickness can be estimated for the 
minimum-loss condition. The corresponding loss in total pres- 
sure at the cascade measuring station can then be computed from 
the relation [10]. 


“\ Js cos \cos 3H, — 1 
~ Le J, cos 


where is the total-pressure loss coefficient / pVi? and H, 


is the wake form factor at the measuring station. (According to 
[5, 9], a constant value of H, = 1.08 can be used for conventional 
configurations. ) 

In the study of blade stall, various concepts and definitions of 
blade stall have been used in cascade practice. In general, blade 
stall refers to the condition where a marked deterioration of the 
flow occurs as a result of the growth or separation of the boundary 
layer on the blade surface. Specifically, blade stall has been de- 
fined to occur, for example, when the loss attains twice its mini- 
mum value, when a relatively marked decrease in turning angle 
is observed, or when a certain rate of increase in loss is attained. 
The correlations of Figs. 6 and 9, however, suggests that perhaps 
a more universal criterion of stall might be adopted in terms of the 
diffusion ratio Vimax.,/V2. From these data at both minimum- 
loss and greater angles of attack, it appears that the rate of in- 
crease of wake momentum thickness may become marked for 
values of Vinax,,/V2 greater than about 1.9. Thus, a stalling dif- 
fusion ratio for design use can be defined as the value above which 
a large rise in wake thickness, and therefore in loss, is possible. 

Equivalent Diffusion Ratio. The indicated 
that the total-pressure loss and the stall margin can be estimated 
Vinax,e/V2 is 
For design purposes, however, since surface velocity 
data may be unavailable, it is desirable to establish an equivalent 
diffusion ratio approximately equal to Vinax.s/V2 that is based on 
readily calculated inlet and outlet conditions. Such an equivalent 
diffusion ratio can be established for the NACA 65( Ajo) and C.4 
circular-are blades on the basis of Equation (10). 

In Equation (10), it is first noted that for simplicity the bracket 
term involving (@/c)s is sufficiently small to be neglected. An 
empirical correlation could be established between Vinax,./V) and 
the circulation parameter (cos? B,/a)(tan 8B, — tan B,) at mini- 
mum-loss angle of attack as shown in Fig. 10.) An empirical 
equation for Vmax. ./Vi is readily derived as 


os? B, 


COs 
= 1.12 + 0.61 
o 


preceding section 


once the design suction-surface diffusion ratio 
known. 


V max, ‘ 


(tan B, 


(12) 


tun 
so that an equivalent diffusion ratio at minimum loss designated 
by the symbol D,,* is obtained in terms of inlet and outlet con- 


ditions as 


= + O.61 Bi (tan — tan | 


cos 
3 (13) 


The corresponding plot of (@/c). against D,,* at minimum loss is 
shown in Fig. 11. 

An empirical correlation for Vmax,./Vi was also obtained for 
angles of attack greater than minimum loss as a funetion of 
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0.0117 for the NACA 65(A,») blades and a@ = 
for the C.4 circular-are blade. 

According to Equation (14), the equivalent diffusion ratio of a 
blade section at any angle (@ — a@*) can be determined for a 
given solidity and air inlet angle, if the air outlet angle B» is 
known. Therefore, let 8. be determined in the following manner: 
If it is assumed that the air turning angle (AB = B. — B,) varies 
essentially linearly with @ in the region from minimum loss to 
positive stall, then 


where a = 0.007 


— a*) 


d( AB*) 
(@ 
da 


B, = B, — AB = B, — Ap* 


(15 


where AB* is the turning angle and d( AB*)/da@ is the slope of the 
turning-angle variation at minimum loss. Representative values 
of d( AB*)/da as a function of o and B; derived from examination 
of available easeade data and values of a* and AB* are given in 
{5}. 

The plot of (@/c). against D.q given by Equations (14) and 
(15) shown in Fig. 12 is similar to the corresponding plot against 
Vinax,«/ V2 at angles of attack greater than minimum loss given in 
Fig. 9. When plotted against equivalent diffusion factor, how- 
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Fig. 14 Calculated variation with solidity of low-speed total-pressure 
loss coefficient at minimum-loss angle of attack for conventi 1 d 
blades of 0.10 maximum thickness ratio 
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The equations developed for equivalent diffusion ratio can also 
he used to obtain an estimate of the low-speed unstalled range of 
operation of conventional cascade blades. At the stalled condi- 
tion, from Equation (14) 


al at)" 


cos? 
+ 0.61 Br, 
o 


(tan By tan | (16 


where (a, — a@*) is the angle of attack range from reference 
minimum loss to positive stall, hereinafter called the half range. 
For cascade operation at fixed air inlet angle, the equivalent dif- 
fusion ratio at stall ean be expressed in terms of conditions at 
minimum loss [from Equation (15)| as 


d( AB* 
COs B (ay, a’ | 
da 
= cos B,* 
cos? B,* 
12 + + O61 


[tan B,* tan (6. (Qin - a) |\ (17 


Thus, for a fixed value of D,,, . and given values of B,* and a, the 
half range (a,, — a@*) can be computed as a function of B,*, and 


consequently AB*. Calculated variations of half range with 
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Fig. 16 Calculated variation of half range from minimum loss to positive 
stall with equivalent diffusion ratio at minimum loss for conventional 
cascade blades of 0.10 maximum thickness ratio 


AB* and o are shown in Fig. 15 for Deg, 6. = 2 and a = 0.0117. 
Also shown in the figure for comparison are values of half range 
determined from calculations of D,, against @ for individual 
blades from [1]. 

The unstalled half range can also be determined as a function of 
the diffusion level at minimum loss, since D,,* [Equation (13)] 


396 / sepremBER 1959 


Data points for NACA 65(A,,) blades. 


can be computed from the quantities in Equation (17). Plots ot 
(as. — a@*) against D,,* for Deg. se = 2 and a = 0.0117 are shown 
in Fig. 16 to illustrate the effect of minimum-loss or “design’’ 
diffusion on unstalled range at fixed air inlet angle. 

It is thus seen that, when the correlation parameters of wake 
momentum thickness and diffusion ratio are used as suggested by 
the derived equation, a significant prediction of the loss and stall 
characteristics of conventional blade section can be obtained. 
These correlations can be used for generalized studies for design 
optimization and initial blade selection. However, when specific 
data exist, it would be well to recheck the resulting design in 
terms of the actual data for the section. 


Summary 


Application of the boundary-layer momentum equation to 
conventional cascade blades has shown, through several simplify- 
ing approximations, that the blade wake momentum thickness 
can be expressed as a primary function of the ratio of maximum 
surface velocity to outlet velocity (diffusion ratio). Analysis of 
available experimental data for the NACA 65-series and British 
C.4 circular-arc blades in terms of measuring-station wake 
momentum thickness (@/c)2 and suction-surface diffusion ratio 
Vmax. s/V2, as suggested by the derivation, produced a significant 
loss correlation at minimum-loss angle of attack that was es- 
sentially independent of solidity, air inlet angle, and blade camber. 
It was further shown that the experimental data variation can be 
reasonably described by the derived approximate relation be- 
tween momentum thickness and diffusion ratio. 

Inasmuch as the two secondary factors derived in the momen- 
tum thickness equation were determined by the blade friction 
coefficient and the type of boundary-layer flow, it was possible to 
gain an insight into the qualitative effects on the momentum- 
thickness diffusion-ratio variation of such factors as blade-chord 
Reynolds number, transition location, and extent of local laminar 
separation. Illustrative calculations made for ranges of values ot 
friction coefficient and transition behavior showed that a wide 
range of curves of momentum thickness against diffusion ratio 
can be obtained for different boundary-layer histories. These 
results indicated that for maximum allowable values of suction- 
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surface diffusion ratio (value above which (@/c), becomes exces- 
sive), blades should be designed for low friction coefficient (high 
Reynolds number and low relative surface roughness) and mini- 
mum laminar flow (high Reynolds number and high free-stream 
turbulence). 

The experimental correlation between wake momentum thick- 
ness and suction-surface diffusion ratio was made applicable for 
conventional blade-design use by empirically establishing an 
equivalent diffusion ratio expressible in terms of only the design 
velocity triangle and the blade solidity. The possibility of blade 
stall at minimum loss and greater angles of attack, as evidenced 
by a sharp rise in wake momentum thickness, occurred when the 
equivalent diffusion ratio attained a value of about 2. With the 
use of the equivalent diffusion ratio, calculations were made of 
the total-pressure loss and unstalled range of operation of con- 
ventional cascade sections as functions of solidity, air inlet angle, 
and air turning angle. 


APPENDIX 


For partly laminar and partly turbulent flow, the flat-plate 
friction coefficient is given by [from 6, p. 434], 


(18) 


Cy’ = — ( — Cs, 1m**) 
c tr 


where (z/c)tr is the extent of the laminar region, Cy’ is the tur- 
bulent total friction coefficient based on the chord-length Reyn- 
olds number, and Cy, im** and Cy, ~** are the laminar and turbu- 
lent total friction coefficients, respectively, based on the Reynolds 
number at tr. 

In order to obtain an equation in which all friction coefficients 
are based on blade-chord Reynolds number, use is made of the 
general relations [6, pp. 108 and 433} 


Substitution in Equation (18) then yields, for partly laminar 
and partly turbulent flow 


\‘’s a \'/2 
1 - ( ) + Cy, tm’ ) 
C Jtr C Jer 


where Cy’ and Cy, j,,' are obtained for the blade-chord Reynolds 
number in question. 


C,' (19) 
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DISCUSSION 
H. C. Eatock’ 


The author is to be congratulated on his ingenious and useful 
work. He has had to make a number of simplifying assumptions 
while carrying his calculations through quite a few steps. His 
work is very well repaid by the excellent experimental agreement 
he has achieved! 

For designers working with a body of experimental cascade re- 
sults this paper will be useful in confirming observed trends and 
in extrapolating beyond the test limits. The curves of unstalled- 
incidence range against blade loading, Fig. 16, are immediately 
useful. They show at once that, even for low-speed compressors, 
the operating range narrows as the design is changed to higher 
work per stage. 

The writer’s company has been collecting cascade data since 
1948.8 Most of our results have been on basic C7, C4, or two-are 
compressor cascades, and on T6 turbine cascades. Our aim has 
been to cover the entire operating field including inlet Mach num- 
ber up to about 1. We have tested literally hundreds of configura- 
tions on a fairly high-speed basis. Inlet conditions are con- 
trolled by upstream air injection and a large number of blades 
are tested in each cascade. No suction is applied on the walls of 
the blade passage so that boundary-layer build-up on these wall 
causes the axial velocity to increase through the cascade in a 
similar manner to the early stages of a compressor. Thus we are 
quite interested in comparing our results with NASA data de- 
duced using fully two-dimensional tests. 

The loss curves of Fig. 14 check well with the analysis of our 
data. We have covered solidities from 2.0 to 0.5 so we cannot 
check the stalls occurring at very low solidities. All the othe: 
trends were checked and with absolute values of loss coefficient 
usually within +0.005 of the author's predicted values 

The limit D..* = 2.0 is of particular interest to the writer. 
This can be taken as a load function which, if exceeded, predicts 
a bad easeade. During our early testing we found some of these 
The writer developed several loading functions 
which distinguished the bad cascades from their brothers. One of 
these was 


bad cascades. 


Cirym < 2.0 


where 


’ Preliminary Aerodynamics Analyst, Orenda 
Malton, Ontario, Canada. 

*F. H. Keast, “High-Speed Cascade Testing Techniques,’ Trans 
ASMF, vol. 74, 1952, p. 685. 
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, 
| 
1.328 0.074 

V Re, , Re,., 

to give 

by 

= = and C,.** = 
c tr c tr 

he 

. 


cos? 


C08 Bem 


Ciam = (tan — tan 


and the vector mean angle, 8,,, is from 


tan B,,, = '/o(tan B, + tan Bp) 


(bey is the lift coefficient based on vector mean direction and outlet 
velocity and is borrowed from Howell.’ C),.», is taken at that in- 
cidence which gives the maximum limiting (stalling) Mach num- 
ber. This incidence is reasonably close to the author’s minimum- 
It was found, entirely 
empirically, that, if this loading function was greater than 2, the 
cascade would be marginal and, if it was greater than 2.2, it 
would be bad. The intriguing thing is that Cyon>/o = 2.0 gives 
limits very close to D..* = 2.0. The author’s loading function 
thus agrees very well with our test results. This function was de- 
veloped in early 1953 and covered blades up to 50 deg camber over 
solidities from 2.0 to 0.5. Our testing since then has not shown 
up any cascade which violates this rule. 


loss incidence except at very low staggers. 


The agreement between 
the author’s rule, solidly based on theory, and this purely em- 
pirical one is remarkable in that it extends to solidities well be- 
those tested. 

\ brief check of the author's theory with our test results has 
shown excellent agreement. This is a further check on his results 
and a'so shows that the NACA 65 series and the C7 profile are 
comparable as far as minimum loss and ultimate loading are 
concerned, 


J. F. Klapproth'’ 


The author is to be commended on this extension and im- 
provement of his original diffusion parameter. The paper is 
clearly written and well organized, characteristic of the high 
standards the author has established in all of his reports. 

The use of a diffusion parameter to evaluate proposed com- 
pressor designs and assist in the analysis of performance is, of 
course, common practice. The earlier diffusion parameter or 
D-factor of the author was quickly accepted and very widely used 
among all designers as a primary design and analysis tool. We 
can anticipate that this latest contribution will be as quiekly and 
as widely used. 

Most useful applications of the diffusion-parameter concept 
are concerned with the compressor rather than the ecaseade 
Reference [5] of the paper, also by the author, contains a brief 
consideration of the deviations from the cascade that will exist 
in the compressor. He lists these as compressibility, changes in 
axial velocity across the blade row, change in radius across the 
blade, seeondary flows, spanwise boundary-layer flows, end 
effects, and so on. These, of course, should be considered when- 
ever possible. The writer’s comments are concerned primarily 
with accounting in an approximate manner for the effects of 
changes in axial velocity and radius through the blade row, in an 
effort to make the proposed diffusion parameter more directly 
applicable to compressors. 

As reference [5| points out, the change in outlet velocity for « 
change in axial velocity ean be correeted by 


V; cos e.1 
cos BiV,,.2 


However, for a given inflow and outflow angle, a change in axial 
velocity also results in a change in circulation. Similarly, a 


change in radius through the blade row will change the cireula- 


* A. R. Howell and A. D.S. Carter, “Fluid Flow Through Caseades 
of Aerofoils,”” NGTE, R6, 1946. 

'© Supervisor, Compressor Development Unit, General 
Company, Cincinnati, Ohio. 
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tion. By following the suggestion of reference [5], the circulation 
parameter is written as: 


cos? B, 


(tan — tan B2) = — 
where V, is the absolute tangential component. When a change 
in axial velocity or radius is assumed, the equation takes the 
following form: 

For stators, 


‘os? 
(tan B, — tan B, (tan B, = tan 6.) 
o o Va 


For rotors, 


cos? B, (tan B, — tan 


cos? 
o 


re Va wri 
tun B, — Va tan B, — 1 — (20 


The effect of the change in circulation caused by changes in 
axial velocity and radius will result, of course, in a change in the 
velocity around the airfoil. If it is assumed that the result- 
ant velocity distribution is similar to that for an airfoil with an 
increased camber to produce the same absolute circulation, then 
Equation (20) can be used to express the circulation parameter. 
The expression for equivalent diffusion ratio corresponding to 
Equation (13) of the paper, but accounting for changes in axial 
velocity and radius in an approximate manner, would then be 

1.12 + 0.61 K 


cos? B, 


where 


K = tan 


For stators, wr is, of course, zero. 

In view of the undoubtedly wide application that this latest 
work of the author will find, it is hoped that it will soon be ex- 
tended to account for compressibility effects. 


L. H. Smith, 


The author is to be commended for an excellent application of 
basic scientific principles to a down-to-earth engineering problem. 

In this discussion the writer will use the results found by the 
author to calculate the efficiency of certain ideal compres- 
sor stages. All of the stages considered here are so-called repeat- 
ing stages, made up of one rotor and one stator with stator-dis- 
charge conditions the same as rotor-inlet conditions. All blade 
rows operate at the reference minimum-loss condition. The 
blade rows are spaced far enough apart axially so that there is no 
unsteady interference between them, but the loss assigned to each 
row is taken as only that which has occurred up to the cascade- 
outlet measuring station so that Equation (11) can be used. 
Equation (13) and Fig. 13 are then used with Equation (11) to re- 
late the blade-row losses to the stage-velocity-diagram properties 
and the solidities. The stage efficiency is defined here as 

(work input) — (rotor loss) — (stator loss) 
work input 

The work input is taken as proportional to the product of rotor- 
blade speed and change across the rotor of tangential velocity, 


according to the Euler equation of turbomachinery. 
Since the »uthor has shown that the equivalent diffusion ratio 


11Compressor Aerodynamicist, General Electrie Company, Cin- 
cinnati, Ohio. Assoc. Mem. ASME. 
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Fig. 17 
xtr: not completely covered by cascade tests. 


extrapolati into regi 


is a good measure of the aerodynamic loading and range capa- 
bilities of a cascade, it is of interest to compare different stages 
while holding this parameter fixed. We then have three further 
independent quantities that can be varied; e.g., flow coefficient 
(ratio of axial velocity to blade speed), reaction ratio (ratio of 
static pressure rise in the rotor to that in the whole stage), and 
either rotor or stator solidity. 

In the first study that was made the equivalent diffusion was 
fixed at a moderate value, D.qg* = 1.64. 
(symmetrical stages) was chosen and a solidity of unity was used 


A reaction ratio of 0.5 
for both rotors and stators. The resulting variation of efficiency 
with flow coefficient is shown in Fig. 17(a), herewith. 
that the efficiency is maximum at a flow coefficient of about 0.55. 
This is in surprisingly good agreement with the classical method of 
C. Keller which predicts, based on the assumption of constant 
drag/lift ratio, that the optimum flow coefficient is just under 
0.5. In Fig. 17(6), the work coefficient (the ratio of twice the 
work input to the squared blade speed) that results from these 
assumptions is shown. 


It is seen 


The effect of reaction ratio was studied by designing stages 
with 75 per cent reaction to have the same work coefficients as the 


50 per cent reaction stages for the same flow coefficients. Since 
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Fig. 18 Effect of solidity on efficiency and pressure coefficient. 
tion ratio = 0.5 and flow coefficient = 0.5. 


the same D,..* was maintained also, the rotor and stator solidities 
were no longer unity. The values of these solidities are shown in 
Fig. 17(c) and the derived efficiency variation is given in Fig 
17(a). It is interesting to note that for the lower flow coefficients 
the 75 per cent reaction blading is more efficient than the sym- 
metrical blading. This occurs because the solidity has been sig- 
nificantly reduced in the rotor, and the consequent reduction in 
drag /lift the effect of the 
skewed velocity diagram. 


ratio overshadows less-favorable 

In order to investigate separately the effect of solidity on ef- 
ficiency, 50 per cent reaction stages having a flow coefficient of 
0.5, Deg* = 1.64, and solidities of 0.5 and 1.5, were examined for 
comparison with the previously discussed stages with unity 
solidity. The result is a plot of efficiency versus solidity, Fig 
18(a). The drop-off in efficiency with increasing solidity is seen 
to be quite significant (the 100 per cent efficiency line is a per- 
tinent reference). Also shown in Fig. 18(a) is a line for stages de- 
signed to have D,.,.* = 1.37. 
more angle-of-attack range than the others. 


These stages have about 50 per cent 
The point at zero solidity requires further explanation. It was 
determined that the author’s Equation (12), giving the ratio of 
maximum surface velocity to inlet velocity, was not applicable at 
solidities near zero. This was determined by expressing the 
iuthor’s circulation parameter in terms of lift and drag co- 
efficients in order to remove the solidity, and then noting that the 
flow angle B continued to exert a significant influence on the 
expression. Since at zero solidity the result obviously must be 
independent of flow angle, it was concluded that it would be dan- 
gerous to use Equation (12), and hence Equation (13), when the 
solidity was lower than 0.5, the lowest value used in the correla- 
Instead, the Bogdonoff measurements'? were used to de- 
and diffusion 


tion. 


termine « relationship between lift coefficient 
128. M. Bogdonoff and H. E. Bogdonoff, ‘Blade Design Data for 
Axial-Flow Fens and Compressors,""”’ NACA ACRL5F07a, L-635 


July, 1945. 
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ratio. (In that memorandum!? tests of isolated airfoils of high 
camber are reported.) For a diffusion ratio of 1.37, a lift 
co-efficient of 0.81 was found, and use of Fig. 13 led to a drag co- 
efficient of 0.0116. The resulting efficiency of 97.22 per cent is 
plotted in Fig. 18(a) and is connected to the rest of the points with 
a broken line. This efficiency is seen to be lower than an extrapo- 
lation of the solid curve would indicate. The zero-solidity point 
was not calculated for D.q* = 1.64 because the highest camber 
tested by the Bogdonoffs'? (Cio = 1.8) was not sufficiently high 
to reach that diffusion value at the (estimated) reference mini- 
mum loss condition. 

Fig. 18(b) displays the pressure coefficients for the stages whose 
efficiencies are shown in Fig. 18(a). The conclusion to be drawn 
from these figures is that the use of solidities much above unity is 
difficult to justify because only slightly higher pressure coefficients 
are obtained, but significantly lower efficiencies are suffered. 
It also appears that range comes at a high price; the 50 per cent 
increase in range obtained by decreasing the equivalent diffusion 
ratio from 1.64 to 1.37 caused the loss, i.e., 1 — 7, to increase by 
15 per cent and the pressure coefficient to decrease by 50 per 
cent. 


Walter C. Swan'* 


I wish to congratulate the author for the outstanding con- 
tribution this paper constitutes in the area of axial flow compres- 
sor design and performance analysis. This new technique of cor- 
relating blade element loading with viscous and wake mixing 
losses offers the compressor designer an extremely practical tool 
for achieving approximate complete radial equilibrium solutions 
for real flows in both the direct and inverse problems. 

This writer has applied Mr. Lieblein’s wake momentum thick- 
ness-equivalent diffusion concept to statistical correlations of 
both rotor and stator row element data and achieved similar 
characteristic curves to those discussed by Mr. Lieblein in the 
two-dimensional cascade case. It was found possible to obtain 
modifications to these curves for such items as compressibility 
and position along the blade span. Applying these results to a 
single stage design, using iterative techniques in a digital com- 
puter, yielded results which were very accurately reproduced 
on actual test. Off design performance was also found to be 
closely predictable, when applying the author’s techniques to a 
stream filament performance method. Rotating stall was ob- 
served by hot wire on test when the calculated equivalent dif- 
fusion reached a magnitude of approximately 2.20. 

I am sure that those who are involved with the task of designing 
axial flow compressors which must accurately achieve both a 
specified design condition and a required range will find this paper 
to be a ren) milestone toward the practical design of turbo- 
machines. 


‘3 Supervisor, Staff Engineering, Transport Division, Boeing Air- 
eraft Corpo ration, Renton, Wash. 
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Author's Closure 


It is indeed gratifying for a researcher to learn of the corrobora- 
tion of his theory or of the application of his results to practical 
design studies. In this respect, the comments of Messrs. Eatock, 
Klapproth, Smith, and Swan are received with sincere apprecia- 
tion. 

The agreement found with the extensive cascade investigations 
mentioned by Mr. Eatock is considered quite significant in that 
it reveals an essential similarity in the minimum loss and loading 
limit. characteristics of conventional cascade sections. It is in- 
triguing indeed that the magnitude of the loading parameter 
Ci.2, used by Mr. Eatock is very nearly the same as the derived 
stalling equivalent diffusion ratio, D,,*. Although the theo- 
retical equivalence of the two parameters is not immediately ob- 
vious, their numerical near equivalence can readily be illustrated 
by sample calculations of limiting cascade velocity triangles as 
indicated in the following table: 


3 
5 5 2.00 
45 0 2 00 
60 5 2 00 
0 2 OO 


The extension of the equivalent diffusion ratio to include 
changes in radius and axial velocity across the blade row derived 
by Mr. Klapproth is most welcome, and the author shares his 
hope for the ultimate inclusion of compressibility and other com- 
pressor effects. In this respect, it is interesting to find, from Mr. 
Swan’s comment, that such an application of the diffusion ratio 
in the prediction of test results from an actual compressor single 
stage has proved useful. 

The results achieved by Mr. Smith in his evaluations of com- 
pressor stage performance based on the diffusion ratio are indeed 
enlightening, and the author is in agreement with the derived 
conclusions. In particular, attention is called to his result 
showing high efficiencies for the higher design D,.*, since it dem- 
onstrates that higher blade loading in itself does not necessarily 
mean lower efficiency. The crux of the matter is the compara- 
tive rates of increase of work input and losses as diffusion ratio 
is increased. 

The author is grateful to Mr. Smith for the caution concerning 
the extension of the equivalent diffusion ratio to solidities lower 
than 0.5. The reason for the difficulty here is that the circulation 
parameter in the expression for equivalent diffusion ratio is in 
reality the circulation multiplied by cos 8;. Thus the 8 depend- 
ence will remain when the circulation is converted to lift and drag 
coefficients. The need for the additional 8, term, as established 
empirically, is not clear from the physics of the situation. How- 
ever, the extension to zero solidity devised by Mr. Smith should 
be entirely adequate 
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= the past several years, an intensive study of 
gas-turbine engines for aircraft propulsion has been conducted 
by the NACA at the Lewis Flight Propulsion Laboratory, 
now the Lewis Research Center of the NASA. One of 
the most important operating limits, which has been ever present 
in the running of these machines, is the phenomenon commonly 
referred to as compressor stall. This general phenomenon of 
compressor stall produces a host of problems, many of which have 
busied researchers at several different laboratories in a search for 
solutions or what we applied research people are prone to term 
“fixes.”’ For clarification, let us define the compressor stall in 
which we are most interested as Mr. Stodola did some 30 years 
ago; that is, “a sudden sending back of the compressed fluid 
through the compressor and into the atmosphere’ [1].! By 
this definition we mean to infer that in this particular paper we 
are most concerned with the compressor stall that results in surg- 
ing and thus represents a positive operating limit for the ma- 
chine. This does not mean that some of the other varieties of 
stall, such as the rotating type in the low-speed regime, are not 
important, but rather that the scope of the work presented in this 
paper is limited to the higher compressor speeds where stall 
generally results in the violent flow oscillations called compressor 
surge. Some of the low-speed stall problems are discussed in 
references {2-5}. 

Compressor stall that results in surge has been accepted gen- 
erally as a simultaneous breakdown of flow in all the stages of a 
multistage compressor. The over-all compressor stall-limit line 
determined by fuel-flow accelerations of a complete engine has 
been found to be the same as the stall-limit line obtained on a 
compressor test rig where the back pressure was slowly increased. 
However, recently it was discovered that, for very rapid dis- 
turbances such as might occur from diffuser buzz or armament 
firing, the compressor was not stalling on the conventional stall- 
limit line as obtained on the compressor rig. When the compres- 
sor was overloaded very quickly, stalls were obtained both above 
and below the stall-limit line that had been defined by making 
slow transients to the stall condition. It was apparent then that 
the rate of disturbing transient on the sequence of events occur- 
ring prior to stall was important to the definition of the compres- 
sor stall limit. Newly developed instrumentation and recording 
techniques made it possible to study transient-stage performance 
during rapid changes in compressor loading on full-scale gas- 
turbine engines. 

The object of this work then is to obtain a better understanding 
of the manner in which stall is propagated through the compressor 
by means of a close study of individual stage action during tran- 
sients to the compressor stall limit. The knowledge of compressor 
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Stall Prediction in Gas-Turbine Engines 


From a study of multistage compressors operating in gas-turbine engines the sequence 
of events which occur during the stall process was determined. By using this informa- 
tion and stage-characteristic curves, it is shown that the compressor stall limit may be 
computed for any disturbance. 


dynamics is then used to describe an engine model that lends itself 
to analytical study from which the compressor stall limit can be 
predicted. 


Method 


The principal means of obtaining multistage-compressor per- 
formance was by a series of altitude chamber tests of full-scale 
turbojet engines. The installation of a typical engine in a test 
facility of the Lewis Laboratory is shown in Fig. 1. An engine is 
pictured in a test chamber where atmospheric and engine operat- 
ing conditions could be simulated with a high degree of freedom. 
At each of the instrumentation locations indicated in Fig. 2 
comprehensive pressure and temperature measurements were 
taken and recorded on a high-speed recording oscillograph. In- 
strumentation technique is of utmost importance to the under- 
standing of the flow phenomena involved during the approach to 
compressor stall. For a study of the flow process, high-response 
measurements significant to 0.001 see must be made not only at 
the entrance and exit of the machine, but at several intermediate 
stations 


Fig. 1 Turbojet installation in altitude wind tunnel 
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Fig. 2 Engine schematic showing location of transient compressor 
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Fig. 3 Typical compressor operating map 


The experimental program usually started with mapping the 
region of “safe operation’’ of the compressor. This consisted of 
locating the steady-state operating line in terms of pressure ratio 
and flow or speed, and then loading the compressor, for instance, by 
closing the exhaust nozzle slowly, to determine where the com- 
pressor was stall limited. The result of such experiments would 
be a map, such as is shown in Fig. 3, where stall-limit and steady- 
state compressor pressure ratios are plotted as a function of flow 
with lines of constant speed. The stall line thus obtained by mak- 
ing slow changes in loading will hereafter be referred to as the 
quasi-steady-state stall limit. Test experience has shown this 
stall-limit line to be the same whether obtained on a compressor 
test rig by making small discharge throttle changes or on a tur- 
bojet engine where the loading is increased by making small 
changes in exhaust-nozzle area. 


Compressor Stall Process 


Compressor Stall Limit. As «a start toward understanding the 
process occurring during the approach to compressor stall, the 
quasi-steady-state stall line for a multistage axial-flow compressor 
is compared with stall points obtained by making fuel-flow throt- 
tle bursts in Fig. 4. The time involved from the increase in fuel 
flow to the point where compressor surging commenced is on the 
order of 0.2 sec. For changes in compressor loading requiring 
tenths of seconds, these data indicate the quasi-steady-state stall 
line to be a good description of the compressor operating limit. 

Now let us consider a type of transient that is different from 
the foregoing in one important respect; namely, instead of requir- 
ing several tenths of a second, let us impose inlet pressure or 
temperature disturbances that can change compressor loading in 
but a few hundredths of a second. Compressor stalls obtained by 
such transients are shown in Fig. 5 where compressor operation is 
again shown in terms of pressure ratio and equivalent speed. 
From these data it is apparent that, when the approach to stall is 
rapid, that is, measured in hundredths instead of tenths of a 
second, the compressor stalls at pressure ratios that do not fall 
on the quasi-steady-state stall line. 

To understand why the rate of loading change affects compres- 
sor performance let us examine slow and rapid temperature 
transients in greater detail. For the slow transient, the inlet and 
outlet conditions of the compressor can be related to each other 
by the usual steady-state equations. However, where the tran- 
sient occurs in a few hundredths of a second, changes occur at the 
inlet so fast that the usual steady-state relations are no longer 
valid. This can be better understood by considering the fluid 
transport time from the front to the rear of the compressor. It 
takes about 0.02 sec for a change in inlet conditions to be felt at 
the outlet stage. If the inlet transient then is rapid compared to 
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this time, the first few stages of a compressor may change radically 
in operating condition, with little or no change at the outlet. 

Stage Mismatch. The stage mismatch that can take place in a 
multi-stage compressor is illustrated by the engine sketch and the 
experimental compressor temperature curves shown in Fig. 6. 
This shows a turbojet engine being exposed to an inlet-tempera- 
ture transient. The temperature-rise rate is 10,000 deg per sec 
(which incidentally is not unusually high for aircraft flying in the 
vicinity of armament exhaust gases), and the time for the heated 
gases to move from the front to the rear of the compressor is 0.02 
sec. Asa result, in 0.02 sec after the initiation of the transient, 
the inlet temperature will have changed from 500 to 700 R. How- 
ever, since the heated gases have not reached the outlet, the dis- 
charge temperature has remained constant, as indicated on the 
curves at 960 R. It is apparent then that, during the initial 
phase of a temperature transient, the design relation between the 
compressor stages is altered considerably, and thus it would be 
reasonable to expect characteristics different from those obtained 
when the machine is operating “on-design.”’ 

Stage Loading. For « further insight into the stage performance 
obtained during the approach to stall in a multistage compressor, 
let us first consider the transients pictured by the oscillograph 
traces of fuel flow, engine speed, and compressor-discharge pres- 
sure in Fig. 7. For the smaller transient (shown on the left of the 
figure) the engine fuel flow increased from the initial to the final 
value in about 0.1 sec, after which there was an orderly increase 
in compressor-discharge pressure and an accompanying rise in 
engine speed. For the larger increase in fuel flow pictured on the 
right of Fig. 7, the compressor-discharge pressure rises to a 
maximum, then suddenly drops off sharply. The decrease in 
pressure signals a flow breakdown somewhere within the com- 
pressor and thus the beginning of the stalling process. This point 
is called the compressor stall limit and represents a point on the 
compressor stall-limit line. After the pressure has dropped to a 
low enough value, flow is re-established and the pressure rises 
again. At this time, if the fuel flow is not reduced, the compressor 
again builds up in pressure to the stall point, and the cycle re- 
peats itself in an action commonly referred to as compressor 
surge. 

During the approach to compressor stall, interstage pressure 
measurements on an expanded time scale are shown in Fig. 8. 
The traces were obtained at the inlet, 5th, 10th, and exit stages 
with high-response pressure instrumentation. The pressure probe 
at the exit indicates the largest increase in pressure prior to the 
stall. Stall in the figure has been labeled “region of stall incep- 
tion’”’ because of the greatly expanded time scale; that is, it 
would be difficult to select a single point on the time scale as being 
the compressor stall point. It is interesting to observe the steady 
and rapid increase in pressure in the exit stage up to a maximum 
where it “tops out’’ (see point A). As this pressure starts to 
drop, there is a rapid build-up in pressure measured in stator stage 
10. A similar action can then be observed in the upstream stages. 
This action may be explained as follows: At high rotor speeds a 
sufficiently large fuel input. will load the rear stages until one stage 
stalls. At this instant there is a rapid drop in airflow through the 
stalled stage, and, therefore, the airflow through the remaining 
stages must decrease to readjust to the new operating condition. 
As the flow is reduced at essentially constant speed, the angle of 
attack increases until other stages stall. The time required for a 
given stage to stall will depend on the flow margin between the 
operating point and the stall point. 

Significant changes in stage loading can be determined most 
readily by evaluating the pressure ratio across individual stage 
groups during the time stalling progresses through the machine. 
Histories of the stage-pressure ratios were therefore constructed 
for several stage groups during the entire acceleration to stall. 
In Fig. 9 are plotted stage-group pressure ratios as functions of 
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Fig. 4 Comparison of compressor stall points obtained from fuel flow 
transients with quasi-steady stall limits 
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Fig. 6 Effect of rapid inlet-temperature transients on compressor tem- 
peratures 
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into surge 
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Fig. 5 Comparison of compressor stall points obtained for rapid inlet 
transients with quasi-steady stall limits 
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Fig. 7 Variation of engine parameters for fuel-flow accelerations 
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time during the stall process. Prior to the critical point, A in 
Fig. 9, the maximum loading change takes place in the exit-stage 
group. Itis this group that stalls first, followed in suecession by 
the upstream stages to the inlet. Progression of the stalling 
process through the compressor requires between 0.02 and 0.03 
sec. It is interesting to note that the loading or pressure ratio of 
the upstream stages does not change materially during the ap- 
proach to stall of the exit-stage group. Although the stalling of 
the stage grouns is shown here to occur in an orderly fashion, this 
sequence need not always be consistent. As was pointed out 
previously, the time required for a given stage to stall will depend 
on where the stage is operating before the stalling cycle begins. 
For example, if when a rear stage stalled (causing a flow readjust- 
ment through the machine) stage 9 were operating much closer to 
its critical flow than stage 13, for instance, then stage 9 may stall 
prior to stage 13. Therefore some stall sequences were observed 
that were not in the geometric order shown in Fig. 9. 

Stage Stall Lines. The stage-group stall points as obtained in 
Fig. 9 are for a fuel-flow transient initiated at one particular value 
of engine speed. The stall points resulting from several fuel-flow 
accelerations initiated over a range of engine speeds were collected 
and are shown in Fig. 10 as a function of speed. These stall 
points do not occur simultaneously, but rather in a time sequence 
as was demonstrated in Fig. 9. For a given stage group, the stall 
points correlate to a single line in an orderly fashion. The fact 
that the stage pressure ratio, during an acceleration to the com- 
pressor stall limit, rises to a unique value at a given speed and 
then drops off confirms that this peak pressure ratio is a stall point 
for that particular stage group. The locus of these peak pressure 
ratios obtained during the stall process then represents the stall 
line for that particular stage group. 

Also shown in Fig. 10 are the respective stage-group, steady- 
state operating lines. The difference in pressure ratio between 
the steady-state operating line and the stall-limit line, commonly 
referred to as the stall margin, can be noted readily in Fig. 10. 
At high speeds the exit-stage group has the smallest stall margin, 
while at low speeds it is the inlet group that has the smallest 
margin, which is typical of multistage, axial-flow compressors. 
It is apparent then that the exit stages will stall first at high rotat- 
ing speeds and that the large stall margin available in the up- 
stream stages suggests the plausibility of a transfer of loading 
to these earlier stages. At speeds below those shown in Fig. 10, 
the problem of rotating stall enters the picture, and the analysis 
of the stage stalling process becomes clouded by strong interaction 
effects. As mentioned earlier, this paper will not deal with that 
problem but will be concerned mainly with the higher speed 
range. 

Some of the trends obtained during transient operation can now 
be explained by reference to the steady-state stage-characteristic 
curves. Typical characteristic curves plotted in terms of the 
commonly used pressure and flow coefficients for inlet and exit- 


STAGE GROUP: 


INLET 


STAGE 
GROUP 
PRESSURE 
RATIO 


Exit 
STEADY-STATE 
OPERATING LINE 
STAGE STALL POINTS 
i00 
EQUIVALENT SPEED, PERCENT 


Fig. 10 Stage-group stall limits 
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Fig. 11 Typical stage characteristics for inlet and exit-stage groups 
stage groups are shown in Fig. 11. The data are from a number 
of engines having different stage designs and matching to em- 
phasize the similarity in characteristics. As is typical for inlet 
stages of axial-flow compressors, the loading (pressure coefficient ) 
increases with decreasing engine speed, Fig. 11(A), which is con- 
consistent with the decreased stall margin for the inlet group at 
low speeds shown in Fig. 10. Stalling of the inlet group is usually 
not violent but is followed by some quasi-steady type of stall 
pattern such as rotating stall, tip stall, hub stall, and so forth. 
This is indicated by the fact that the characteristic curves are 
continuous from normal into stalled operation. Detailed discus- 
sion of the low-speed stall problem is presented in [2-5]. Exit- 
stage groups, Fig. 11(B8), are characterized by an increase in 
loading with increasing speed, again consistent with the decreased 
stall margin for the exit group at high speeds shown in Fig. 10. 
The engine-speed effects shown on these characteristic curves re- 
sult from the flow-continuity requirements in multistage com- 
pressors as explained in [6]. At any rate, the peak pressure co- 
efficient, or stall point, for the exit stage is a definite operating 
limit for it is usually followed by a violent breakdown in flow, 
which generally signals the beginning of a compressor surge 
eycle. 


Stall Prediction 


Stall From Characteristic Curves. The stall point of a stage is a 
unique value when expressed in terms of pressure coefficient a 
nondimensional parameter. That is, a given stage has a single 
value of pressure coefficient at stall regardless of operating con- 
ditions such as rotating speed, inlet pressure, and so forth. By 
using this singular value of pressure coefficient at the stall point, 
the variation of stall pressure ratio as a function of speed can be 
calculated. This relation can be seen by reference to the equation 
of pressure coefficient: 


3600g/c, T, (|: 
v n(1d,,)? Ne 


specific heat at constant pressure, Btu/lb-deg R 
mean diameter, ft 


where 


acceleration due to gravity, ft per sec? 
mechanical equivalent of heat, 778 ft-lb/Btu 
rotor speed, rpm 

number of stages in group 

total pressure, psfa 

stagnation temperature, deg R 

ratio of specific heat 

pressure coefficient 
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For a known value of pressure coefficient Y and a known varia- 
tion of stage-inlet temperature 7',, the stage pressure ratio P,/P, 
therefore becomes a function only of engine speed N. Hence 
from the peak pressure coefficient on a stage-characteristic curve, 
the stage-stall-pressure-ratio curve can be calculated over the 
desired speed range. The important question then reduces to 
whether or not « stage or group of stages stalls at the same pres- 
sure ratio when the loading is imposed transiently as compared to 
the quasi-steady-state condition. To answer this question, the 
stall line for the exit-stage group was computed from the stage- 
characteristic curve for a range of speeds and is shown in Fig. 12. 
Superimposed on this curve are stage stall points obtained during 
accelerations of the compressor by means of transient increases 
in fuel flow. During fuel-flow transients, the initial change in 
compressor loading requires a few tenths of a second because of the 
inherent lag in the combustion process. However, when one of 
the stages has been loaded to the stall point, the stage-stalling 
sequence thereafter is very rapid— requiring but a few hundredths 
of a second to complete, as was demonstrated by the data in Fig. 
8. Stage-stall data obtained in this manner are therefore 
representative of rapid transients. The good agreement between 
calculated and experimental stall points indicates that the steady- 
state characteristic curve for a group of stages is indicative of stage 
performance during transient engine operation. 

Concept for Analogy. To construct a practical picture of dy- 
namic compressor operation then, the following observations 
should be reviewed: That during rapid transients a significant 
stage mismatch is set up within a multistage compressor, and 
that the steady-state characteristic curves constitute a usable 
description of stage performance during transient operation. It 
is apparent then that it becomes impractical to consider a multi- 
stage compressor as a single unit when flow conditions are chang- 
ing so rapidly within the machine. To handle this component in 
any engine calculations requires that it be considered in smaller 
parts, such as single stages, where the entering and leaving con- 
ditions are more closely related. 

A new picture was conceived for this stage analysis. Ordinar- 
ily, if we know the entering conditions to a compressor stage, the 
leaving conditions can be predicted by means of the stage-charac- 
teristic curve that relates the exit pressure and temperature to 
the inlet pressure, temperature, and flow. For any steady-state 
or slowly changing transient, the outlet flow can be assumed equal 
to the inlet flow. However, in the case of a rapid transient, the 
effect of time on the weight flow must be accounted for. The im- 
portant thing here is the time required for the fluid to move 
through the stage. Compressor performance was computed then 
by selecting the model indicated in Fig. 13, which is a sketch of a 
single compressor stage followed by a volume. Knowing the 
stage-entrance conditions, the leaving temperature and pressure 
can be computed from the design curve. The time lag as a result 
of fluid transport may be computed by introducing an equivalent 
stage volume and a mean velocity in series with the stage. If 
conditions at station 2 are considered to be the stage outlet, the 
time variation of flow may now be computed. By using this 
picture, the gas-turbine engine was represented on an analog 
computer in the form sketched in Fig. 14. The compressor was 
considered in four parts; the steady-state performance of each 
part was represented by a stage-characteristic curve, and the dy- 
namic behavior by a suitable volume. The combustor was 
represented by an equivalent volume, and the turbine by a pres- 
sure-flow relation. The details of this calculation method are ex- 
plained in [7]. Before considering the results of transient per- 
formance as obtained by the use of this model and an electronic 
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Fig. 12 Comparison of calculated and experimental stoge-group stall 
limits 
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Fig. 13 Concept used for compressor simulation 
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Fig. 14 Engine model used in analog simulation for stall study 


analog computer, the response of a multistage compressor to a 
pressure disturbance should be considered 

Response Characteristics. Pressures measured at the exit of a 
multistage compressor when the inlet pressure was being varied 
in a sinusoidal fashion are shown in Fig. 15. When the oscillation 
frequency is low, Fig. 15(a), the pressure measured at the com- 
pressor eit is a good facsimile of the inlet pressure, both in fre- 
quency and amplitude as shown. The phase shift is small, and 
the period at the ‘ulet is about the same as at the exit. It is evi- 
dent then that the lag in the compressor is low during such low- 
frequency oscillations. Where the inlet pressure frequency is 
raised to a substantial value, the outlet-pressure oscillations 
no longer follow the inlet pressure in either phase or ampli- 
tude, Fig. 15(b). The complete description of the dynamic 
characteristics of a compressor is defined in what is commonly 
termed the frequency-response curves, which are simply plots 
of the pressure-amplitude reproduction and phase shift as a fune- 
tion of inlet-pressure frequency of oscillation In addition, these 
curves are a convenient method of comparing the experimental 
and analytical compressor performance during changes in loading 
The response characteristics of an experimental engine are 
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Fig. 17 Compressor frequency response for inlet-pressure oscillations; 
phase shift 


compared with those obtained on an analog computer, with the 
engine representation previously described, by the curves in Figs. 
16 and 17. It can be seen that both t) » phase-shift and ampli- 
tude-ratio data obtained on the test engine were reproduced ac- 
curately on the computer for inlet pressure oscillations over a 
wide frequency range. The variation of amplitude ratio with 
frequency, Fig. 16, indicates the attenuation in pressure as fre- 
quency increases. At a frequency of 60 cycles per sec (cps), the 
amplitude of exit-pressure oscillations is only 10 per cent of 
the amplitude obtained at low frequencies. This implies that at 
high frequencies there is essentially little variation in pressure at 
the compressor exit. Similarly, the phase shift, Fig. 17, increases 
markedly at higher frequencies and is also indicative of the lag 
within the compressor. The combination of pressure attenuation 
and phase shift across the compressor can result in stall. At any 
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Fig. 18 Comparison of experimental and calculated stall limits for inlet- 
pressure oscillations 


EXPERIMENTAL 
° CALCULATED 


COMPRESSOR 
PRESSURE 
RATIO 


STEADY-STATE 
OPERATING LINE 


100 
EQUIVALENT SPEED, PERCENT 


Fig. 19 Comparison of experimental and calculated stall limits for fuel 
flow transients 


rate, the agreement of the calculated and experimental data indi- 
cates that engine transients actually can be simulated by means 
of an analog computer having a suitable description of the engine 
geometry and the compressor stage-characteristic curves. 

Compressor-Stall Prediction. Use of this engine-model concept to 
reproduce transient behavior of the compressor-engine combina- 
tion for a very practical problem makes itself manifest in the 
prediction of the compressor stall limit. Two experiments were 
performed involving the compressor stall limit as obtained by dis- 
tinctly different approaches. In the first experiment, the pressure 
at the compressor inlet was oscillated with sufficient amplitude 
until the stall limit was reached. Stalls were obtained in this 
manner over a frequency range from 4 to about 17 eps. This 
problem was then duplicated on the analog computer where the 
inlet pressure to the simulated engine also was varied up to the 
point where some stage group was stall limited. The results of 
these studies are compared in Fig. 18, where inlet-pressure ampli- 
tude required for stall is plotted as a function of pressure-oscilla- 
tion frequency. The calculated inlet-pressure amplitude required 
for stall agrees reasonably well with the experimental measure- 
ments. This is especially apparent when the attainable degree of 
accuracy of transient-pressure measurements of this type is con- 
sidered. 

The second experiment performed to check the ability to pre- 
dict the stall limit of the compressor consisted of making transient 
increases in loading by means of fuel-flow accelerations; that is, 
the compressor stall limit was established by making numerous 
increases in fuel flow sufficiently large to stall the compressor over 
a range of rotating speeds. The process was then duplicated on 
the simulated engine by introducing temperature increases at the 
rear of the compressor. It was found that stall points obtained 
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in this fashion checked the experimental data at several speeds 
as indicated by the results shown in Fig. 19. 

From these experiments then it is apparent that, with a proper 
description of the engine geometry together with the compressor 
stage-characteristic curves, it is possible to predict the compres- 
sor stall limits. The stall may be computed for disturbances at 
the front or at the rear of the compressor, whether the rate of 
loading change is slow or rapid. 


Conclusions 


In conclusion, it is apparent that the surge process in a multi- 
stage compressor is in reality a step-by-step stalling of the in- 
dividual compressor stages. These stages are stalled at the same 
critical pressure ratios during quasi-static increases in loading as 
during very rapid transients in inlet flow. Pressure-ratio limit of 
the entire compressor is only realistic for relatively slow changes 
in loading, where the steady-state stage matching is not upset. 
For rapid transients where a large stage mismatch is set up within 
the machine, no single compressor stall line is a good description 
of the operating limit. The transient operation of a multistage 
compressor operating in a turbojet engine can be simulated ac- 
curately by means of a description of the engine geometry and 
the compressor stage-characteristic curves. Stall may be pre- 
dicted for disturbances at the front or at the rear of the compres- 
sor regardless of the rate of loading change. 
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DISCUSSION 
R. C. Dean, Jr.” 


The material presented in this paper greatly clarifies the process 
of complete stall of an axial compressor. The authors are to be 
complimented for a lucid presentation of a synthesis of results 
from a long NACA program of axial-compressor research. 

The great simplicity and general usefulness of this method de- 
pends critically upon the statement that the performance of each 
stage in the compressor can be reduced to a single universal curve 
of pressure coefficient versus flow coefficient. This curve is im- 
plied to be characteristic irrespective of rotative speed, pressure 
level, and the rate of change of flow conditions. 


? Head, Advanced Engineering Department, Ingersoll-Rand Com- 
pany, Phillipsburg, N. J. Assoc. Mem. ASME, 
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Since this generality is so critical to the usefulness of the method 
offered, it is regrettable that the authors have not documented 
it with test data or references to test data. Definitions of the 
expressions used for flow and pressure coefficients are not included 
in the paper which omission hampers the reader in testing the 
stated generality against test data available to him. Only after a 
diligent search was the writer able to find definitions of these 
terms. Even then the coefficients were not defined in algebraic 
terms. While the definitions of these coefficients may be com- 
monplace to the authors, they are not to the general reader, par- 
ticularly since several different definitions are in widespread 
usage. 

The authors do not mention whether the characteristic stage 
curve is affected by variation of Reynolds number. It is also not 
clear whether these curves can be measured only in a complete 
compressor or whether they may be secured from single-stage 
tests. The writer would presume that single-stage tests would not 
give the required information as a result of significant inter- 
ference effects from upstream and downstream stages. One is 
also tempted to ask whether these interference effeets are inde- 
pendent of rotative speed, Mach number, and Reynolds number. 

The writer hopes that the authors will clarify and carefully 
document this important point in their closure of this discussion. 

The discussion throughout the paper until the very end is con- 
cerned with the approach of a compressor to complete stall. No 
consideration is undertaken of the behavior of the machine when 
the flow actually reverses during surging. Thus Stodola’s 
definition of stall, which the authors have adopted, is not really 
applicable to their treatment. Neither will this treatment serve 
as an analysis of surge with flow reversal. To extend the method 
to full surge would require performance data for reversed flow 
through the stage. When such data are required, can they be ob- 
tained from a multistage compressor? Do such data also form a 
single characteristic curve for each stage independent of rotative 
speed, Mach number, Reynolds number, and so forth? 


J. L. Dussourd* 


The authors are to be congratulated for their detailed analysis 
of the less obvious aspects of the surge phenomenon in a multi- 
stage compressor. They describe and illustrate the process of 
stall propagation across the stages, helping to create a “‘feel’’ for 
the relative magnitude of the controlling quantities. They also 
demonstrate that, even with approximate representation of the 
individual stage performance and individual stall limits, reasona- 
bly accurate representation of the transient compressor behavior 
can be made by means of a simple analog. 

The general concepts formulated in this paper lead to various 
applications beyond those expressed in the paper. They pro- 
vide, for example, the means for establishing experimentally which 
stage or which aerodynamic component reaches a surging condi- 
tion prematurely or belatedly. This can be done by studying the 
stall sequence, taking due note of the stages that surge out of 
turn. Proper corrective measures will then increase the compres- 
sor operating range. The compressor may thus be “tuned’’ by 
readjusting those components which are either under or over- 
loaded. 

The writer wishes to raise the question as to whether the data 
shown in Fig. 10 truly represent stall points for the individual 
stages or groups of stages. As surge is reached and the exit stages 
are stalled out one after another, the peak pressures recorded at 
some intermediate stage may correspond either to the true stage- 
stall pressure ratio or to some higher pressure present because of 
the arrival of a strong pressure pulse initiated at the exit of the 
compressor. 


NACA BM 56B06, p. 82. 
* AiResearch Manufacturing Company of Arizona, Phoenix, Ariz 
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The experimental results presented by the authors answer some 
fundamental qualitative questions about transient response of 
gas-turbine engines that have bothered engine designers for some 
time, and the demonstration of a logical model that generates the 
same kind of results is helpful. It would appear that the model 
could be simplified further to eliminate the need for machine 
computation without sacrificing essential features by substituting 
for the detailed characteristic curves of compressor-stage groups 
and turbine a small number of shape parameters that would 
deseribe the steady-state characteristic curves in the small region 
of interest bounded by normal operating line and stall line. If 
this is the case then the analysis could be more easily applied to 
such problems as predicting whether a proposed change in design 
would adversely affect transient response. 


Authors’ Closure 


The authors wish to express their appreciation lor the interest, 
questions, and comments of the discussers. 

As Mr. Dean points out, the analysis of compressor behavior 
after surging has begun is absent from the paper. As implied in 
the title, it is the approach to and the prediction of stall in com- 
pressors operating in gas-turbine engines that interests the 
authors; the mechanism of flow conditions within the machine 
after surging and flow reversal has commenced is another prob- 
lem. The scope of work involved, however, was concentrated in 
the region of compressor operation where the stall of a stage group 
inevitably resulted in surging of the compressor with attendant 
flow reversal. 

Although the definitions of pressure coefficient and flow coeffi- 
cient vary somewhat to suit individual applications, the terms are 
venerally used by researchers in the compressor field (References 
(2,5, 8,9]). As used in this paper, the pressure coefficient (W) is 
defined as the ratio of useful work input to the square of the mean- 
radius wheel speed. The equation of pressure coefficient, in terms 
that are readily measurable, is stated in the section entitled, 
The 
flow coefficient (@) is defined as the ratio of the inlet axial velocity 


Stall From. Characteristic Curves, in the body of the paper. 


to the mean-radius wheel speed and can be caleulated from 


6OR 
NP, 
where A = stage-inlet flow area, sq ft 


d,, = stage mean diameter, ft 
N = rotor speed rpm 
P, = stage-inlet total pressure, Ib/sq ft abs 
7, = stage-inlet stagnation temperature, deg R 
R = gas constant, 53.3 ft-lb/(Ib) (deg R) 
W, = air weight flow Ib/sec 


* Manager, Flow Corporation, Arlington, Mass. 
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These coefficients are useful as descriptions of stage perform- 
ance, and for the practical range of compressor operation in gas- 
turbine engines they are largely independent of Reynolds num- 
ber, rotative speed, or Mach number variations. This is espe- 
cially true in the region near the design speed, which was of 
greatest interest to the authors (Reference [9] page 105). 

There are generous amounts of experimental data in the litera- 
ture op single-stage performance and on multistage compressors. 
Little information is available, however, on the comparison of the 
performance of a single isolated stage with the performance of the 
More data of this type are 
needed before single-stage data can be used to predict the stall 


same stage as part of a compressor. 


conditions of a multistage compressor. 

The 
proof of whether the peak pressure ratio points obtained tran- 
siently (Fig. 10) are really the stall points requires comparison 
with the stage stall point as obtained in a quasi-static fashion. 
This type of comparison was made for the exit stage group (Fig. 
12), which showed agreement, over the speed range covered, be- 


The question raised by Mr. Dussourd is very appropriate. 


tween the transient peak-pressure ratios and the quasi-steady 
Unfortu- 
nately, the quasi-steady stall points of the inlet and midstage 
groups shown in Fig. 10 were not available. 
tion of the stage-group pressure coefficient (W) from the peak pres- 
sure ratio points of Fig. 10 resulted in a single maximum value for 
a given stage group. This appears to be further evidence that 
the locus of peak pressure ratio points does represent the stage- 
group stall line. 

The authors appreciate Mr. Grant’s concern of simplifying the 


stall point of the stage-group characteristic curve. 


However, caleula- 


analytical model in order to reduce machine computation time. 
It should be stressed here that all the analytical solutions pre- 
sented in the paper were performed on an electronic analog com- 
The elec- 
tronie anelog computer is ideal for problems involving a time- 
The nature of the analog 
computer allowed changes, such as altered stage characteristic 


puter (Reference [7] ) and not a digital-type computer. 
dependent solution, such as our case. 


curves, relatively easily and gave direct time-dependent results of 
simulated engine operation 

The stage characteristic curve can be simplified by some linear 
approximation only if small transient excursions about the operat- 
ing point are desired. For the solutions of problems up to the 
stage stall point, however, the location of the initial operating 
point, the stall point, and the shape of the connecting characteris- 
tic curve are all important 
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A Survey of Stall Propagation— 
Experiment and Theory 


The experimental literature on stall propagation is summarized in terms of an idealized 
compressor which possesses properties typical of the bulk of published data. The pub 


lished analyses are examined and all are shown to have one fundamental restriction or 


J. A. ROCKETT 


Post-Doctoral Research Assistant, 
Harvard University; now Assistant 
Project Engineer, Pratt and 
Whitney Aircraft, E. Hartford Conn. 


= the winter of 1949-1950, while working with 
a single-stage axial compressor at Harvard University, H. P. 
Grant [1]! observed a regular, periodic, and relatively simple type 
of flow pulsation. This particular disturbance, which is now 
called “stall propagation,’ had not been reported previously; 
its importance was recognized immediately. The work which 
followed this discovery was described by H. W. Emmons at a 
meeting of the NACA Compressor Subcommittee in the spring of 
1951 and, at about the same time, the same type of disturbance 
was independently recognized by W. D. Rannie at the California 
Institute of Technology. In September, 1952, W. R. Sears of 
Cornell University, presented this phenomenon to the scientific 
public in a paper [17] presented to this Society.” 

In the 9 years since H. P. Grant first recognized stall propaga- 
tion, a fairly sizable effort has been made to understand this type 
of compressor surge. In the following review paper we will sum- 
marize the experimental work which has been done by describing 
the behavior of a hypothetical compressor whose surge charac- 
teristics are a composite of the various machines which have been 
tested. The theoretical work which has been done on stall propa- 
gation will be summarized as special cases of a general theoreti- 
cal formulation. One important feature of stall propagation, the 
disturbance wave length, cannot be predicted by any of the theo- 
ries published to date. The general formulation used here, while 
relatively simple, offers the possibility of determining all of the 
important features of stall. 


Experimental Observations 


A number of people working in various parts of the world have 
studied stall propagation in a variety of machines [1-16]. Rather 
than reciting here what each experimenter has done, we will de- 
scribe the stall behavior of a hypothetical research compressor, 
using a composite of all their experience as a basis for the de- 
scription. Let us imagine our hypothetical compressor casing as 
a smooth, annular volume formed by a pair of concentric surfaces 


' Numbers in brackets indicate References at end of paper. 

2 A chronology of the early work on rotating stall is given in {7}. 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulics Division and presented at the Annual Meeting, New York, 
N. Y., November 30-December 5, 1958, of Tue American Society 
or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Sep- 
tember 10, 1958. Paper No. 58—A-150. 
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another which makes them unable to predict all of the relevant features of stall propaga 
tion—most notably the number of stall cells. 
is constructed which offers the possibility of a complete prediction. 


of revolution, Fig. 1. At one end the two surfaces flare out and 
roll back on themselves to form an annular inlet; at the other end 
the gap between them is covered by an axisymmetric, adjustable 
throttle. There are no support struts or vanes of any kind inside 
the annulus between the inlet and throttle nor are there any ob- 
structions outside the casing near enough to its ends to cause any 


significant disturbance inside the casing. In a constant-diameter 
section near the inlet, provision has been made for installing in 
various combinations (a) an axial-flow-fan rotor, (b) a stator at 
any of several distances downstream of the rotor, (¢) inlet guide 
vanes at any of several stations ahead of the rotor, and (d) at 
various adjustable spacings additional rotors and stators, with 
accompanying fairings on the inner and/or outer casings to vary 
the flow area. 

As the first experimental configuration let us imagine only a 
single rotor installed in the casing; there is neither a stator nor an 
inlet guide-vane assembly. This configuration reproduces as 
closely as possible the one assumed by all the existing caseade- 
stall theories. Strictly speaking, such an arrangement has been 
tested only by Grant [1], Stenning [9], and Kriebel [16]. How- 
ever, other single-stage tests have approximated this geometry. 
As a reference for correlating the stall performance of the rotor we 
choose the conventional performance map; curves of total pres- 
sure rise as a function of mass flow for various constant rpm, 
Fig. 2(a). For convenience we also plot a second set of curves 
on the map—total pressure rise as a function of mass flow for con- 
stant throttle setting. If the map were replotted giving the total 
pressure coefficient 
Total pressure rise across rotor 


” Dynamic pressure corresponding to rotor-tip speed 
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Fig. 1 Hypothetical research compressor 
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A relatively simple mathematical model 


Z 

| 
‘ 
: 
Tur 
TTT TT SUPPORTED sig 


Cc 


CONSTANT 
THROTTLE 


TOTAL PRESSURE RATIO 
RECEIVER PRESSURE/INLET PRESSURE 
COEFFICIENT 


PRESSURE 


/ COMPRESSOR 
OVERAL | 


COMPLETE STALL 


PERFORMANCE 
B900 RPM 


E4000 RPM 


LIMIT OF STALL’ FREE FLOW 
THROTTLE CLOSING 


FREE 
FLOW 


STALL 
PROPAGATION 


PRESSURE COEFFICIENT, Co 


CONSTANT 
THROTTLE AREA { 


4. 
5 10 20 25 
MASS FLOW POUNDS PER SECOND 


@ OVERALL COMPRESSOR PERFORMANCE 


FLOW COEFFICIENT, Cy 
b DIMENSIONLESS COMPRESSOR PERFORMANCE 


6 
FLOW COEFFICIENT, C, 


COMPRESSOR PERFORMANCE WITH 
DISCONTINUITY AT SURGE LIMIT 


Fig. 2 


as a function of the flow coefficient 


Mass flow 


~ Flow when mean axial velocity equals tip speed 
constant rpm data for Mach numbers below about 0.4 would 
collapse approximately to a single curve, and data for any one 
constant throttle setting to a single point, Fig. 2(b). If quite pre- 
cise measurements were made we probably would find a slight 
Reynolds-number effect on the surge limit together with some un- 
avoidable data scatter since the pressures throughout the range of 
surge flows vary irregularly.* 

The pressure-rise curve at the surge limit might take either of 
two forms; we could not predict which in advance. In one case 
the onset of surge is marked by a significant, discontinuous drop 
in both C, and C,, the discontinuity in C, perhaps exceeding 20 
per cent of the peak pressure coefficient, Fig. 2(c). The dis- 
continuous drop in pressure at surge inception would occur at a 
smaller throttle opening than the discontinuous rise in pressure at 
surge cessation. The C, — C, characteristic shows a “hysteresis 
loop” at the surge limit. The discontinuity in C, is related to 
that in C, since the change in the mode of operation—stable to 
surge—occurs at constant throttle. In the other case the onset 
of surge is marked by no significant discontinuity in the pressure 
rise—mass-flow curve, Fig. 2(b). The pressure coefficient reaches 
& maximum at the surge limit and then falls steadily as the flow is 
reduced. If there is any discontinuity at all in this case it is very 
small and has gone undetected. 

When a compressor goes into surge the effects can be quite 
dramatic. The drop in pressure is accompanied by an increase in 
noise indicative of pulsating air ow and mechanical vibration. 
Commonly, only a small number of predominant frequencies is 
superimposed on a high background noise. The lowest fre- 
quency components are usually associated with a Helmholtz-type 
resonance of the machine with its inlet and/or outlet volumes. 
These may or may not be measurable with conventional pressure 
probes depending upon the frequency. The higher frequencies, of 
the order of the rpm, associated with stall propagation, cannot be 
measured with conventional probes. Thus, until the adaptation 
of the hot-wire technique to compressor testing, little of a quanti- 
tative nature could be learned about the stall operation of rotating 
machines. When hot-wire anemometer probes and rapid-response 
pressure transducers are installed at various locations ahead of 
and behind the rotor, the general flow patterns existing during 
surge operation can be inferred from their outputs. 

The details of the flow below the surge limit are strongly con- 


Since Reynolds number based on blade chord is typically in excess 
of 10° and Reynolds number based on blade thickness in excess of 104 
the effect of Reynolds number is slight. 
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nected with the gross behavior indicated by the pressure-rise 
curve. They will be considerably different for a blade row which 
has the performance shown in Fig. 2(b) than for one which has the 
performance shown in Fig. 2(c). 
the former case. 


For the present we will consider 
First setting the throttle for operation just on 
the high flow side of the surge limit, the hot wires indicate a 
regular pattern of alternating high-velocity jets separated by 
uniformly narrow blade wakes. In the blade wakes the minimum 
velocity observed is of the order of half that in the jets. The 
pressure transducers indicate a nearly constant static pressure rise 
across the rotor, although there are small amplitude pressure 
fluctuations at the blade frequency. If the throttle is now closed 
slightly, putting the compressor into surge, the hot-wire outputs 
reveal that, although most of the blades, to judge from the shape 
of their wakes, are operating normally, there are periodic dis- 
turbances during which the mean flow through one or more blade 
passages is very strongly retarded, the minimum velocity occasion- 
ally going to zero. The retarded flow is quite turbulent with a 
strong component at the blade frequency. There may be several 
retarded-flow “stall cells” on the wheel at any instant. These 
cells are more or less uniformly spaced around the rotor and 
move relative to the rotor and also relative to the casing at ap- 
proximately constant speed. The static pressure rise across the 
rotor at a cell is much reduced. However, the regions of static 
pressure fluctuation are not as sharply localized as those of ve- 
locity fluctuation. This is stall propagation. 

One of the most important unsolved problems of propagating 
stall research is that of predicting the number of stall cells which 
will be found at a given flow. After the stall-initiating transient 
has died out we would find several stall cells on our hypothetical 
rotor. By opening the throttle carefully after stall propagation 
has been established, the number of cells can be reduced. Con- 
tinuing to open the throttle eventually will give a single, small 
cell. Although the machine can be run indefinitely at this throttle 
setting with one-cell stall it will, in the absence of stall, run equally 
indefinitely at the same throttle without stalling. By closing the 
throttle after stall propagation has been established the number of 
cells can be increased. The maximum number of cells a given 
rotor can support is a moot question of propagating-stall re- 
search but, with the smooth, unobstructed casing we have 
postulated, the rotor might exhibit as many as one cell for every 
three blades.‘ Further throttling after the maximum number of 
cells has been attained results in an amalgamation of the stall into 
fewer, larger cells. This amalgamation may occur in gradual 
stages or quite abruptly, but eventually a very large single cell 


‘In this connection see the tests of Stenning in a radial-flow cir- 
cular cascade [13]. At low solidities only 1'/3: blades were asso- 
ciated with each cell. 
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is observed. fhis may extend over more than half the rotor. 
Within the large stall cells, reverse flow is found; air passes up- 
stream through some of the stalled-blade passages. Across these 
blades there is a static pressure drop; i.e., the static pressure 
upstream exceeds that downstream.’ At the same instant, across 
the unstalled blades the pressure rise is observed to be that as- 
sociated with steady, unstalled operation near the surge limit. 
At extremely low net flows, the regular, periodic, propagating- 
stall pattern gives way to completely turbulent flow. 

In general, a stall cell can be lost by decay, i.e., weakening in 
intensity and decreasing in width, or by amalgamation with an 
adjacent cell. Similarly, a cell can be added by the nucleation 
and growth of a new cell between existing cells or by the splitting 
of an existing cell. All of these processes occur singly and in 
various, sometimes quite complicated, combinations with a 
particular rotor. The only detailed data on the cell number 
changing process is reported by Rockett in a companion paper 
{10}. Two of the most interesting features of a cell number 
change are (a) changes in the number of cells occur at constant 
rpm and constant throttle, and (6) under certain operating con- 
ditions the spacing between cells oscillates steadily with a 
definite frequency. Both of these features suggest that, at cer- 
tain fixed operating points, the mechanism determining stall 
wave length is weak. 

Many of the actual configurations tested are sufficiently close 
to the isolated rotor to make a correlation of the data reasonable. 
One of the fundamental quantities is the velocity of stall propaga- 
tion, and its dependence on wave length. To nondimensionalize 
the propagation velocity, we use the inlet tangential velocity 
(wheel speed for no inlet guide vanes). For any particular ge- 
ometry this has been universally found to give a constant dimen- 
sionless quantity. To nondimensionalize the wave length, we 
have chosen the axial projection of the chord. All quantities are 
taken at the mid-span of the blades. The data for six comparable 
blade rows is given in Fig. 3. The correlation is only fair, but this 
is understandable, since none of the geometric nondimensional 
variables (thickness ratio, camber, stagger, and solidity) has been 
included. As the table in Fig. 3 indicates, these variables cover 
a considerable range in the cases reported; thus one may con- 
clude that their influence on the propagation velocity is relatively 
weak. Note that the minimum wave length, measured in pro- 
jected chords, is remarkably uniform for this assortment of blade 
rows. On the other hand, the maximum wave length varies 
greatly, for in every case (except the radial cascade) this cor- 
responds to the one-cell pattern and the wave length is set by the 
circumferential length of the blade row. Probably two different 
mechanisms predominate in setting minimum and maximum 
wave lengths; in the first case the mechanism is linked to blade- 
chord length and in the second case to circumference length. 

Throughout the range of mass flows where stall propagation is 
observed, the fraction of the annulus area covered by the stall 
cells varies almost linearly with mass flow. Extending the line 
to zero flow gives 100 per cent coverage, Fig. 4. This has led to 
the conjecture [15] that the unstalled blades are operating at the 
flow associated with the surge limit point while the stalled blades 
are operating blocked (zero flow). While this conjecture is an 
oversimplification, it is a reasonable first approximation to con- 
ditions in the multicell regime. At high stalling flows, close 
to the surge limit, there appears to be a significant flow through 
the stall cells while at low stalling flows (the large single-cell 
regime) there is undoubtedly reverse flow in the cells.? These 

5 For details see [5, 6, 10]. 

® Rockett [10] and Fabri [15] found a linear relation but Tura and 
Rannie [2] did not. 

7 At Harvard, hydrogen-sulfide tracer gas injected downstream 
of a stator which was itself six chords downstream of the rotor was 


clearly detected a chord length ahead of the rotor. The cell wave 
length was in excess of 35 chords; see also [8]. 
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Fig. 4 Per cent of rotor annulus stalled versus mass flow 


remarks are supported by deviation of the actual data for frac- 
tion covered from the simple linear relation, Fig. 4. At very high 
stalling flows there is also a tendency for the cells to be more in- 
tense at one end of the blade span than at the other. The details 
of this three dimensionality (i.e., radial variation) of course will 
depend on the particular rotor design; we probably may ignore 
it in evaluating a two-dimensional stall theory. On the other 
hand, the reverse flow in the large cells is a fact with which al- 
most certainly we will have to reckon in any adequate theory for 
that regime. 

Thus far we have been considering a rotor with the pressure 
rise-flow curve of Fig. 2(b). A rotor which behaves as in Fig. 
2(c) in general will show practically none of the small cell and 
multicell behavior. When such a rotor is throttled beyond the 
surge limit it will pass abruptly to the large-cell regime, exhibiting 
typically one, or perhaps two large cells covering close to one 
third of the annulus area. The propagation velocities correspond 
roughly to the data of Fig. 3 when nondimensionalized in the 
same way. Because the flow coefficient is not far below the surge 
limit the implication is that the stall cell may pass a significant 
through flow. However, there may be regions of reverse flow 
within the cell itself. 

The addition of stationary blading can cause major alterations 
in the stall behavior. For a rotor with the characteristic of Fig. 
2(b), the addition of a stator a few chords downstream has two 
effects: (a) The maximum number of cells is decreased; (b) the 
amalgamation of cells into larger units begins at a higher flow 
coefficient. Decreasing the distance between rotor and stator 
strengthens the effects, and if the coupling is very strong all multi- 
cell patterns may be suppressed. At the same time the pressure- 
rise curve has come to be more like Fig. 2(c¢), but the actual 
changes may be slight. 
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From these remarks one might conclude that for an isolated 
rotor which possesses no small multicell behavior the addition of 
a stator would produce no significant change in stall behavior. 
For at least one such rotor tested at Harvard, this is not the case. 
The addition of the stator at a moderate (six chord) spacing 
served to produce a multicell regime where none had existed for 
the rotor alone. Moving the stator close to the rotor suppressed 
the multicell regime [1, 10]. 

Placing inlet guide vanes upstream of the rotor has no marked 
effect on the small multicell behavior. However, as would be 
expected, if the stall disturbance is large enough to be felt a 
considerable distance from the rotor, then its behavior is in- 
fluenced strongly by the adjacent vanes. Fixed blading de- 
creases the stall-propagation velocity relative to the fixed blades 
and increases the cell size, the extent of these effects increasing 
with the relative amount of fixed to rotating blades and their 
proximity. 

Adding more stages to a rotor-stator pair produces a complex 
variety of behaviors that cannot be assessed systematically with 
our present limited knowledge. One principle seems to apply 
when downstream stages have a favorable stall margin compared 
to a leading stage. In this case a high flow stall disturbance in 
the head stage may damp out in the subsequent stages, giving a 
satisfactory over-all performance for the machine [14]. 

To conclude this section some mention should be made of true 
surge as distinguished from stall propagation. One characteristic 
of stall propagation is that the flow passing through the annulus, 
integrated over the entire area, is steady in time; that is, the 
propagating disturbances merely serve to redistribute the flow 
over the area. Surge is an oscillation of the total (integrated) 
flow through the annulus. Surge frequencies are typically lower 
than stall-propagation frequencies by more than an order of 
magnitude so that during a surge cycle the compressor will travel 
up and down the performance curve in quasi-steady state. The 
inception of surge and its frequency are set by the shape of the 
performance curve (including reverse-flow performance which is 
usually not measured) and the volumes in the flow ducting to 
which the compressor is connected [12]. Thus there is no 
fundamental connection between stall propagation and surge 
except that the falling pressure characteristic which is necessary 
for surge excitation may originate in the stall-propagation regime. 
A hot-wire record of a surge cycle shows that, as the flow oscil- 
lates between its maximum forward and maximum reverse limits, 
stall propagation occurs at the appropriate flow values. His- 
torically, “surge limit’’ has been the term used to denote the 
transition from regular to disturbed (noisy) flow. Usually the 
disturbance so observed will be stall propagation rather than 
true surge, but the common acceptance of the term has led to its 
retention here. 


Fundamental Blade-Row Theory 


The study of the flow through an axial-flow blade row, steady 
or nonsteady, may be approached at several different levels of 
detail. In the most complex evaluation one must consider the 
individual blades with their individual boundary layers, span- 
wise velocities, secondary flows in the end-wall boundary layers, 
and so on. Because of the alternation between moving and 
stationary blade rows in a turbomachine it has been found con- 
venient and sufficiently accurate for many purposes to replace 
the detailed inlet and exit flows by mean conditions, defined gen- 
erally as circumferential averages. With mean velocity, flow 
angle, and pressure’ so defined, the steady blade-row performance 
can be expressed in terms of two nondimensional coefficients. 

* For a compressible fluid, density or some other thermodynamic 


variable also would be required. We consider the incompressible 
case for simplicity, both here and in what follows. 
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One set of coefficients commonly employed consists of the turn- 
ing angle and loss coefficient. Sometimes loss coefficient is re- 
placed by pressure coefficient and turning angle by deviation 
angle; i.e., exit flow angle. In either case a condition of mass 
conservation through the blade row is required to complete the 
specification of exit quantities in terms of inlet quantities. 

Through the device of circumferential averages the blade row 
in imagination can be replaced by a plane across which the co- 
efficients apply (the “actuator disk”). This technique has been 
proved through satisfactory quantitative prediction of multi- 
stage performance from experimental data taken on cascade or 
single-blade rows. If this were not the case, the problems of 
axial-flow design would indeed be horrible. It is not now possible 
to predict with acceptable accuracy the detailed performance of a 
single-blade row from fundamental fluid equations, and the inter- 
actions between blade rows with relative motion are even more 
difficult. 

When performance at low flow rates (stall regime) is considered, 
the same coefficients used in the same way are still reasonably 
successful as a basis for multistage design. However, the blades 
are now subjected to periodic excitation from the moving stall 
cells; the exciting forces are an order of magnitude larger than 
the forces due to impinging wakes from the upstream row and fall 
in an entirely different frequency zone. The structural integrity 
of the blade row is jeopardized and it becomes important for the 
design analyst to know the number of stall cells, their size, shape, 
and the speed with which they move. Implicit in the numerous 
analyses which have been offered to date [11-21] is the hope that 
a suitable correlation of these important quantities can be based 
upon the coefficients which describe the mean performance of a 
blade row; augmented perhaps by some additional geometric 
parameters (such as blade chord, camber, solidity) and possibly 
by some simple parameters peculiar to unsteady motion (such as 
a phase lag or time delay associated with stall). As yet no en- 
tirely suitable correlation has been found, but the hope still 
flourishes. Considering the analyses as a whole, it appears that 
almost any reasonable physical model predicts the occurrence of 
stall propagation and gives a value of propagation velocity (in 
terms of average coefficients) of correct general magnitude. A 
few analyses [15, 18] give an explanation of the shape of the small 
multicells, and one [13] offers a prediction of the wave length 
first observed when the flow is throttled. It appears to the 
present authors that a fusion of suitable features of this previous 
work can lead to a model which has the capability of describing 
all the relevant properties of stall propagation, although complete 
success cannot yet be reported, 


Generating a Stall Model 


A model of stall performance must contain three parts: (a) An 
upstream flow field (perhaps including an upstream blade row); 
(b) a downstream flow field (or blade row); (c) a set of conditions 
relating upstream and downstream properties at the row under 
investigation. All previous analyses have treated an infinitely 
long two-dimensional airfoil cascade between upstream and 
downstream fields which extend to infinity.? Mean rotor (or 
stator) circumference is introduced later as a constraint on al- 
lowable wave lengths. For reasons described previously the blade 
row is generally treated as an actuator disk and we will continue 
this practice.” For some experimental observations, notably 
those of Stenning [13] in a very low-solidity cascade this ap- 
proximation is highly suspect, but for the bulk of the reported 


* Special assumptions sometimes replace the downstream field 
{11, 13). 
10 This assumption does not eliminate the influence of blading di- 


mensions. Their effeets will enter through the cascade characteris- 
tics. 
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Fig. 5 Representation of stall flow in a cascade 


data it is probably quite reasonable. Finally, the flow is assumed 
incompressible, an entirely reasonable assumption since most of 
the observations which require explanation were obtained at low 
to moderate Mach number. In all of these features we will 
follow previous practice. 

Fig. 5 pictures the cascade stall flow just described with the 
addition of appropriate conditions far upstream and far down- 
stream. Neglecting any reverse flow in large stall cells, the 
fluid approaching from far upstream is irrotational and remains so 
(by Helmholtz theorem). Thus upstream disturbance velocities 
can be derived from a potential at every instant of time, 


u = @,, v=, (1) 
where 
+ = 0 
The z-momentum equation is 


Pr 
= ([ i+ + (V; + Dy) Pry + (2) 


where p is the disturbance pressure and p the density. Equation 
(2) may be integrated in z from far upstream to the caseade inlet 
(station 1, z = 0). 


Py 


2 2 
= + Vidy + + ou (3) 


. 


If any one of the variables, «;, 1, pi, or most conveniently @y, is 
known as a function of position along the cascade inlet y and 
time ¢, the entire upstream flow is known. Observe that the dis- 
turbance velocities are not required to be small in these equations. 

The downstream field disturbances cannot be defined by a 
potential since they contain vorticity shed by the cascade airfoils 
as their lift changes. This vorticity is convected downstream 
with the fluid. The disturbance velocities u and v are not in- 
stantaneously specified by values given at the cascade exit (sta- 
tion 2) but depend on the past history of the flow as carried by its 
vorticity. The same is true of the pressure. If the downstream 
disturbance is postulated to be small compared to the mean 
velocity and equations of motion are linearized, it turns out that 
the pressure (but not the velocities) is then specified at each in- 
stant by velocity values given at station 2. The pressure itself is, 
in this case, a potential function. 

The only attempts at nonlinear downstream solutions are those 
of Kriebel [16, 20] who uses a vortex-shedding model and com- 
putes a velocity of stall propagation, and Fabri [15] who views 
the stall zone as a wake of “dead fluid” and obtains, in addition 
to a propagation velocity, the ratio of stalled to unstalled blades 
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and the pressure amplitude of the disturbance. In both cases the 
flow has been assumed to be steady in a co-ordinate system moving 
with the stall cells. For reasons to be given, this assumed steady 
motion makes it inherently impossible to predict the number of 
stall cells. Since it is extremely difficult to describe the down- 
stream field with equations which are both nonlinear and non- 
steady, and since it appears to the authors that much new, useful 
information is still to be gained from the linearized downstream 
field, this linearization will be adopted. In this we follow many 
previous authors [14, 15, 17, 18, 19}. 

The linearized momentum equations for the downstream field 
are 

= Uy, + Vauy + uy 


= Uw, + Va, + % 


Continuity requires 
u,tv, = 0 (5) 


and by direct differentiation of (4a) and (46), using (5), we find 
+ Py, = (6) 


If we use a superscript * to denote the harmonic conjugate fune- 
tion, defined by 


we may rewrite (4a) as 


py* 


= —Up, + + (8) 
p 


This equation applies everywhere in the field, and in particular 
at z = 0 (station 2). Integrating (8) along z = 0 from y = 0 
gives 

= + Vow + 

pP 0 


— Cb) (9) 


Cis an arbitrary function of time. The conjugate of equation (9) 
is 
, 
> = + + 
0 


— C'(b) (10) 


Here the conjugates of the functions u:(y) and p(y) are them- 
selves specified only along the line 2 = 0 (station 2),"' and C’ is 
another arbitrary function of time. Equation (10) determines p 
everywhere at station 2 when the velocity components there (ve, 
ry, and ue) are known. Therefore, using equation (6) we could pro- 
ceed to find p everywhere in the downstream field. The conjugate 
functions, u2*, v2*, and up*, are taken to have by definition zero 
average value (averaged in y) and therefore C'(/) is the average 
value of p/p. If p were to vanish as 7 —> ©, as is often assumed, 
C’(t) would be zero. However, the disturbance pressure, p, need 
not vanish as z—> ©; we can only require that it be uniform in y. 
Since the cascade characteristics are not necessarily linear, a 
change in stall configuration at constant mass flow (constant U), 
in general, would result in a change in the over-all pressure rise. 
Thus C’(t) cannot be zero; it must be free to change with a change 
in stall configuration. 


1 The definition of the harmonic conjugate for a field function, 
equation (7), is exact. The harmonic conjugate of a function speci- 
fied only along a line is defined only when the line is part of a region. 
We take the region to be z > 0 for exit functions (e.¢., uz and v2) and 
x < 0 for inlet functions (e.g., vu; and m). Care must be taken when 
transforming across the cascade (e.g., 1) = ve implies wm* = — ue*). 
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In a test compressor operating at constant rpm, and fixed throt- 
tle, a transient change in stall configuration will change the down- 
stream pressure which, in turn, will result in the change in mass 
flow appropriate to the particular throttle characteristic. In 
formulating a time-dependent stall theory we have multiple 
choices; for example, we can hold the mean axial velocity con- 
stant implying a throttle with infinite impedance, or we can make 
the throttle “elastic” to simulate the effect of a compressible 
fluid in a large receiver. If we use either a finite impedance 
throttle or an elastic throttle, we must admit time-dependent 
mass flow and therefore must change the boundary conditions on 
u at © shown in Fig. 5. It is obviously simpler to hold mean 
axial velocity constant; this we shall do. A theory of true surge 
of course would have to grapple with the alternatives. 

We now have w, »);, and p, expressed in terms of a single varia- 
ble, @, and a single relation coupling us, v2, and ps, equation (10). 
At this point the cascade characteristics enter. Three charac- 
teristics are needed to determine three independent variables (one 
Different theories have intro- 
duced different assumptions to fix these variables. Two papers 
{11, 13] eliminate the need to consider the downstream field by 
assuming p, = const, an assumption of questionable validity in 
view of more recent data. 


upstream and two downstream). 


With the exception of the two papers just mentioned (where the 
question does not arise) all authors assume continuity across the 
cascade in the form 
(11) 


uly, t) = uly, t 


which we accept here. Since vu, = @,; and u;* 


= 


equation (10) becomes 


= — dn — C'(t) (12) 


The second characteristic commonly used is a geometric one—a 
relation for the exit flow angle. Emmons [11], Stenning [13], 
Marble [18], Sears [19] (in his channel theory), and Fabri [15] 
take the exit angle to be fixed. This is experimentally a fairly 
good assumption. Sears [19] in his airfoil theory takes airfoil 
circulation to be linear in incidence angle with a phase lag similar 
to that used in flutter theory. This is indirectly equivalent to 
making exit flow angle a linear function of incidence, with a phase 
lag. It appears to the authors that for the bulk of stall-propaga- 
tion data the exit-flow-angle changes are sufficiently small that 
either the exit angle should be taken constant, in which case 

Ve 


(13) 


can be used to eliminate »,* from (12), or else ve* should differ 
from this value by a small amount which is linear in the inlet ve- 
locities @,, and @y;. A time lag or phase lag might be attached to 
this small difference. 

The third cascade characteristic must be a momentum con- 
dition. In the papers by Emmons [11] and Stenning [13] this 
purpose is served indirectly by an area ratio which describes the 
contraction of the jets of high-energy fluid discharging from the 
passages between blades with varying thickness of wake. Area 
ratio is taken linear in the incidence, and a time delay is incor- 
porated to deseribe boundary-layer-growth time. Marble [18] 
assumes a pressure rise which is discontinuous at a critical inci- 
dence angle—a normal rise through good flow blades and no rise 
across stalled blades. Fabri [15] uses two different linear rela- 
tions between loss and incidence, one for stalled and one for un- 
stalled blades, with a critical incidence angle demarking the two 
regions. These two theories involve no time lag. In his channel 
theory, Sears [19] takes loss coefficient proportional to incidence 
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with phase lag. Sears’ {19] airfoil theory is loss-free and, as re- 
marked previously, incorporates a phase lag in the geometric con- 
dition. It is the opinion of the authors that the momentum 
condition can be expressed most conveniently in terms of a loss 
coefficient which is a function of incidence. This function should 
be strongly nonlinear to describe actual blade behavior, although 
the discontinuous (piecewise-linear) model of Fabri is quite ex- 
treme. A time delay in the change of the loss le.el seems im- 
portant, for reasons which follow. 

Combining the three cascade conditions with the two field rela- 
tions (3) and (10) yields a single equation relating various 
derivatives of @ evaluated at z = O (station 1). This is es- 
sentially the form of all previous theories: A potential function 
in the region z < 0 defined by a differential boundary equation 
atz = 0. The theories can be classified according to whether or 
not the boundary equation is nonsteady (involves time derivatives 
of @) and/or nonlinear.'? The two theories of Sears [19] are both 
linear and steady (written in the co-ordinate system moving at 
stall speed), those of Emmons [11] and Stenning [13] are linear 
and nonsteady, and those of Marble [18] and Fabri [15] are 
steady and nonlinear (through the discontinuous cascade-mo- 
mentum condition). The boundary condition formulated in this 
paper is both nonlinear and nonsteady. The ability of the 
theories to predict the various features of stall propagation de- 
pends on the foregoing classification. 

If the general nonlinear, nonsteady boundary equation given 
previously is linearized in the customary way, we obtain a system 
whose solution may be expressed as an integral (superposition) of 
simple waves of the type ao exp (kx + jky + wt) where do is the 
initial wave amplitude and & is the wave number (k is real and 
20). The quantity w is complex; the real part of w is the rate of 
growth or decay for the wave and the imaginary part the fre- 
queney. The ratio of the imaginary part of w to & is the negative 
of the propagation velocity, Vp. Inserting this simple wave into 
the linearized boundary equation gives a polynomial in k and w 
(There can be mul- 
tiple solutions.) In general there will be ranges of k for which the 


the roots of which determine w for a given k, 


waves decay in time (stable regions) and ranges of k for which 
For the linearized system 
there is no process to limit the growth and it is not possible to say 
which of the unstable waves the actual, nonlinear system will 
finally select. Under certain critical conditions there may be onl) 
one wave number which will grow [13] but this is not significant 
since the rate of growth of such a wave is vanishingly small 
A linear, steady theory can be shown to be a special case of this 
linear, nonsteady theory, equivalent to constraining w to be 
purely imaginary. Thus the linear, steady theory will yield the 
pair of values (k,w) which mark the boundary points between stable 
and would that neutrally 
stable waves are not as significant as the waves which possess 
high growth rates. 

In contrast to the foregoing linear analysis, we can form 4 non- 


the waves will grow (unstable regions). 


unstable waves. It seem these 


linear, steady theory from the general, nonlinear, nonsteady 
theory by replacing every partial time derivative in the boundary 
equation by V, times the partial derivative in y. Thus for @,, $,;, 
$y, and so on, we write V,@,, V,6,,, V,*@,,, and so forth, re- 
spectively. The analysis of nonlinear equations is not as well 
developed as that for linear equations, but it is well understood 
that relatively simple equations (the Van der Pol equation for ex- 
ample) possess finite oscillatory solutions which the system ap- 
proaches asymptotically. We expect that if our mathematical 
description of stall is reasonably accurate the steady, nonlinear, 
boundary equation will possess as a solution a finite disturbance, 
periodic in the y-co-ordinate which is one of the asymptotic solu- 


tions of the nonsteady equations. The wave length, wave shape, 


2The Laplace field equation for ¢ applies at each instant and is 
inherently linear. 
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and amplitude of the steady solution are all determined by the 
selection of V,. The relative stability of the asymptotic situa- 
tion obtained compared with that of other possible solutions can- 
not be determined. In general there will be ranges of V, for 
which such solutions can be found, and ranges of V, for which they 
will be excluded (only a zero amplitude solution is permitted). 
We are once again confronted with the question of which V, and 
which solution the system ultimately will achieve. The two 
published theories of this type [15, 18] are rather special cases of 
this general description. In both cases the range of V, is pre- 
Wave shape (fraction of stalled blades) 
is also uniquely determined. However, wave length is com- 
pletely unspecified in these theories. 

From these considerations the authors conclude that an ade- 
quate prediction of stall propagation can be achieved only through 
a theory which is both nonlinear and nonsteady. The nonlinear- 
ity is required to provide a growth-limiting mechanism for un- 
stable waves and the nonsteady description is required to permit 
a stability analysis of steady solutions, thereby giving a criterion 
for selection between them. This is the point of view taken in a 
companion paper by Kronauer [21]. 

Even a nonlinear, nonsteady analysis is not, in itself, suf- 
ficiently general to guarantee prediction of a wave number. To 
illustrate this let us suppose that the cascade characteristics 


dicted unequivocally. 


were so chosen that the final boundary equation contained only 
and @, in various nonlinear combinations. Since @, 
and @, have the units of a velocity, @ must have the units of a 
length squared divided by a time, and @, then has the units of 
velocity squared. The boundary equation, regardless of its de- 
gree of nonlinearity, can only involve a ratio of velocities: it cannot 
give a length. This case is not an unusual one; it follows from 
the model developed in the foregoing if exit flow angle and loss 
coefficient are both taken to be instantaneous functions of in- 
cidence. The theories of Marble [18] and Fabri [15] are both 
(steady) examples, 

Because of the difficulties inherent in a nonlinear, nonsteady 
analysis, Kronauer’s work is restricted to systems where the 
Admittedly, 
this is not particularly accurate for the wave forms observed in stall 
propagation, except possibly in the case of weak multicell 
stall. One significant result of his analysis is the prediction that 
when an existing stall-cell pattern becomes unstable (through a 
change in throttle setting) the instability will manifest itself as a 
slowly growing phase modulation of the pattern, the wave length 
of the modulation being the longest permitted by the system 
(cireumference length). This prediction is confirmed by data of 
a new kind presented in another companion paper by Rockett 
[10]. 
this type of phase modulation'® and give an unusual insight into 
the subsequent process of cell-number change. From the modula- 
tion data, it is also possible to separate the influences of throttle 
setting (mass flow) and cell number on propagation velocity. 


wave shape may be approximated by a sinusoid. 


Here, long-time records of stall propagation show clearly 


Previous data always have associated a particular cell number 
with a particular mass flow; thus the influence of the two variables 
could not be separated. 


Conclusions 


From both experiment and theory we find that the stability 
mechanism determining wave length in the multicell regime is 
weak. Very small changes in system parameters can make sig- 
nificant changes in cell number.'* Moreover, the circumference 


length plays a vital role in determining cell number. This ex- 


13 The experimental and analytic discovery of phase modulation 
were completely independent and virtually simultaneous, December, 
1956. 


4 This is supported by the audio hot-wire data of Sovran [8]. 
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plains why a stator located several stall wave lengths downstream 
of a rotor, remote inlet guide vanes, or even relatively small 
casing-support spiders can influence the number of cells. Blade 
rows are ‘“‘widely spaced”’ only when the spacing is of the order ot 
the circumference length. 

The general theoretical considerations given here show that a 
complete description of stall propagation can be provided only 
by a model which is both nonlinear and nonsteady. Further, 
though these are necessary conditions, they are not sufficient. 
In addition, the cascade characteristics must be such that the 
final boundary condition will contain terms of enough dimensional 
yariety to permit the extraction of both stall velocity and wave 
length. Characteristics which depend directly on only the inlet 
velocities and pressure result in a boundary condition involving 
only ,, ¢,, and ¢, which, as we have seen, is not sufficient 
Stenning’s inclusion of the inertia of the fluid in the cascade in 
the momentum condition [13] adds @,, to the set. Viewed cli- 
mensionally, this term makes a wave-length prediction possible, 
but in his (linear) theory this does not happen. The analysis 
simply shifts the boundary of the upstream momentum-field 
chord length; it does not introduce length in a significant way. 

A more promising dimensional diversity is afforded by the idea 
of a time delay or phase lag in the response of the cascade to inlet 
conditions. Of the two, time delay seems preferable since phase 
lag implies a sinusoidal disturbance shape. Stenning's experience 
shows that under appropriate conditions the inclusion of a time 
delay predicts a band of unstable wave numbers. The band width 
shrinks to zero at the flow corresponding to stall inception. It 
follows from our previous remarks that a nonlinear, nonsteady 
theory incorporating a time delay has all of the requisite features 
for a complete prediction of rotating stall behavior. Whether the 
predicted results will agree with experiment is still an open ques- 
tion. 
the cascade characteristics depend on spatial gradients of the 
inlet velocities as well as on the velocities themselves. 

Regarding the appropriate manner of including nonlinear ef- 
fects, it is well known that cascade-loss coefficients (time average) 
rise quite abruptly at the stall point. This is support for the 
piecewise-linear assumption of Marble [18] and Fabri [15]. In- 
deed, except for the inability to predict wave length, these 
studies give a remarkably accurate picture of stall propagation 
at high flows; narrow, widely spaced stall regions; a high axial 
velocity as the blades enter the stall cell; the fraction of annulus 
occupied by stall cells increasing linearly with decreasing flow 
from the stall-inception flow. A quasilinear analysis, e.g., Kro- 
nauer [21], is fundamentally unable to describe these “spiky” 
stall cells. With suitable modification to include both transients 


An alternative to the time-delay hypothesis would make 


and a time delay in cascade response, the piecewise-linear treat- 
ment seems & most attractive way to handle the complexities of a 
nonlinear system. 
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DISCUSSION 
A. H. Stenning’® 


This elusive and fascinating problem has remained unsolved for 
several years, and many of us have given up for want of fresh 
ideas. The authors are to be congratulated for their persistence 
and their ingenious analytical and experimental work. 
must agree with their conclusions about the ingredients required 
for an adequate theory. At M.1.T., we had originally hoped 
that the inclusion of a time lag and the inertia of the fluid in the 
cascade would supply these ingredients, but the resulting theory 
did not give the right wave patterns. It appears that a satisfac- 
tory theory must include a characteristic dimension of the cascade 
(to fix the cell width) and that we still lack some part of the 
physical picture of cascade stall which would enable us to intro- 


One 


duce the characteristic dimension properly. Perhaps, the funda- 
mental work now being done on unsteady boundary layers will 
lead us to a better understanding of the phenomenon. 

teferences [4] and [13] are now out of print in their original 
form, but are available as NACA TN 3823 and NACA TN 3580, 
respectively. 


1 Assistant Professor of Nuclear Engineering, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 
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Modulation Phenomena in Stall Propagation 


Recent experimental work on stall propagation in a single-stage research compressor is 
described. At certain fixed operating points, several different stall patterns were found 
to exist. Transitions from one pattern to the other occurred spontaneously, reversibly, 
and fairly frequently. 


JOHN A. ROCKETT' 


Assistant Project Engineer, 
Pratt and Whitney 
Aircraft, E. Hartford, Conn. 


These transitions were studied in detail. A regular modulation 


of the stall-propagation velocity is associated with the transition process. The modula 
tion ts used to determine stall frequency as a function of both wave number and mass 
flow. Stall-cell size measurements, static-pressure surveys, and a study of the region 
downstream of the stall-propagating rotor are described. 


ae instability has been studied at Harvard 
for a number of years. Stall propagation, in particular, has been 
explored intensively. In a companion paper [1]? we review the 
experimental work which has been done on stall propagation both 
at Harvard and elsewhere; in this paper we will present the most 
recent experimental findings on stall propagation in the Harvard 
single-stage axial compressor. 

The general layout of the single-stage axial compressor, desig- 
nated HX-1, is shown in Fig. 1. The rotor is 14 in. diam, has 
hub-tip ratio of 0.572, and, in the configuration tested, is fitted 
with 34 NACA-409 airfoils tapered, cambered, and twisted to 
give approximately “‘free-vortex”’ flow at the design point. The 
HX-1 is a particularly fortunate design as it has no inlet guide 
vanes, struts, or other obstructions permanently fitted in or near 
the inlet. Further, the stator ean be located at various positions 
from close behind the rotor to six chords downstream or removed 
completely. All the tests reported here were run with the stator 
at the extreme downstream position, six chords, and no inlet 
guide vanes. The HX-1 is driven by a 600-hp induction dy- 
namometer. Compressor rpm is controlled by manually varying 
the resistance in the motor-armature circuit. Very precise speed 
control is not possible with this system, especially at low power, 
fluctuations of 1 to 2 per cent being common. However, as shown 

' Formerly, post-doctoral Research Assistant, Harvard University, 
Cambridge, Mass. 

? Numbers in brackets designate References at end of paper 

Contributed by the Fluid Mechanics Subcommittee of the Hy- 
draulics Division and presented at the Annual Meeting, New York, 
N. Y., November 30-December 5, 1958, of THe AMERICAN Society 
or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Sep- 
tember 11, 1958. Paper No. 58-—-A-152. 
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in Fig. 2, the dimensionless compressor performance is quite in- 
dependent of rpm and it is, therefore, hoped that these small! 
rpm fluctuations are not important. The diffuser is a long 
smooth horn and the exhaust throttle a movable plug rather like 
t trumpet mute. When running stalled the machine is sensitive 
to throttle position. It has been necessary to reproduce the 
throttle setting to 1/10 per cent in area in order to reproduce 
the various stall phenomena. A 25 per cent decrease in throttle 
area from the peak pressure-rise setting covers most of the in- 
teresting stall operation. 

The principal instrument for the investigation of rotating stall 
has always been the hot-wire anemometer. The Harvard Project 
has six identical frequency-compensated, constant-current 
anemometers. They are reliable and easy to use. These pat 
ticular units have limited low-frequency response (down 3 db in 
amplitude at 10 eps) giving some wave-form distortion in certain 
of the stall configurations reeorded However, a constant-re 
sistance, hot-wire anemometer and an additional constant- 
current unit, both with response to 0 eps have been used to 
check the interpretation of these records. For the tests reported 
here the outputs of the hot-wire ancmometers were fed either to a 
DuMont Type 322-A dual-beam oscilloscope or, through com- 
pensating power amplifiers, to a Westinghouse Type PA seven- 
channel recording oscillograph. With the compensation pro- 
vided by the power amplifiers the string galvanometers of the PA 
recorder could resolve the individual compressor-blade wakes 
quite well, Owing to the large amount of frequency compensa- 
tion introduced by the hot-wire amplifier, power-amplifier-sy stem 
noise pickup was a serious problem. To obtain clear records re- 
quired care in every detail of the instrumentation and was a test 
of patience. 


The only camera available to us for use with the PA oseillo- 


A = stall-perturbation amplitude FE = constant in stall frequency-wave w = muss flow 
: ber correlati = linear co-ordinate measure 
B = stall amplitude number correlation y linear co-ordinate measured along 
g = acceleration of gravity mean rotor circumference 
total pressure rise across h = blade height 6 = angle relative to compressor casing 
a compressor k = integer measured in plane of rotor 
F dynamic pressure corresponding L = linear distance between stall cells A = stall-wave number 
to mean rotor speed l = width of stall cells A = stall-perturbation-wave number 
mass flow through compressor pP fluid densit) 
Cc. - N = number of stall cells o = stall-perturbation-growth rate 
mass flow when mean axial veloc- , 
2 n = integer @ = phase angle 
ity equals mean rotor speed . ) . 
R = mean rotor radius Q, = rotor angular velocity 
D = function of mass flow in the stall t = time Q, = stall angular velocity 
frequency-wave number correla- u = axial velocity wo = w, = 2, +, 
tion V, = tangential velocity of rotor = RQ, w, = stall-perturbation angular velocity 
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Fig. 2 Single-stage compressor; over-all performance 

graph exposes a 12-in. film strip at virtually any film speed de- 
sired. Most of our data have been obtained with the compres- 
sor turning at 4000 rpm and a film speed of 28 to 30 ips.? Thus 
each record covers about 30 revolutions of the compressors. A 
film speed below 20 ips is impractical owing to the limited optical 
resolution of the oscillograph. By using film rather than paper 
we have largely escaped the problem of record shrinkage during 
processing. However, some correction has had to be made on 
some of the records for changes in camera speed during the ex- 
posure. 


Phase Modulation of Stall Spots 


The number of stall spots and the stall-propagation velocity 
associated with a given flow condition are relatively easy quanti- 
ties to measure and are of basic importance. They have been 
measured by numerous investigators. At Harvard most of the 


3 When studying the flow downstream of the rotor and for certain 
other special purposes, film speeds of 50 to 120 ips were used. 
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past work has been done by photographing cathode-ray oscillo- 
graph traces. The author has taken numerous records by this 
method. While doing this, a low-frequency oscillation of the cell 
spacing was frequently noticed; it was sufficiently large in ampli- 
tude to interfere with accurate stall-velocity 
This oscillation was a transient condition, usually lasting only a 
few seconds, but would recur at frequent intervals. Although the 
oscillation of the stall spots could be observed using the cathode- 


measurements 


ry oscilloscope, the PA oscillograph provided a more convenient 
means of recording it. The PA records although of limited length 
contained sufficient information to permit quantitative analvsis 
of the transient oscillation of the stall-cell spacing. 
analysis was necessary if accurate stall-propagation measure- 
ments were to be made. 


Such an 


If the stall spots were uniformly spaced, and propagated with 
uniform velocity, the angular position of the nth spot relative to 
the casing would be given by 


0, = (6 +2 


and the propagation velocity by 


where 
angular position, radians 
total number of spots on wheel 
propagation velocity, radians per sec 
time, sec 
radius at probe 
If the propagation velocity varied periodically with time, the 
foregoing suggests that an appropriate expression for the velocity 


would be 


10 
R = + w, A cos (wt + 


0, = (a + 27 + + A sin (w,t + >) 


frequency of perturbation, radians per sec 
amplitude of velocity perturbation, radians 
phase angle. We will assume a specific form for this, 
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showing later that the assumption is justified; 
n 


i.e., 


Then, if the kth probe is mounted at an angle 6,, the mth passage 
of the nth stall cell will be recorded by the probe at a time 
ke Qiven by 


= (¥, + + + A Sin +O) (2) 


Rearranging this equation gives 


A sin [ov + )| 


Note that, in this equation, ¢,,,,, i8 a discrete, not a continuous 
variable. Thus, if # and Q, are known, a plot of the right-hand 
side of (3) against ¢,,,,,, should reveal the amplitude and fre- 
quency of a periodicity of this type. 

4 and Q, can be determined quite easily by fitting a straight 
line to the observed ¢,,.,,., using the method of least squares. To 
do this the total time interval recorded must be long compared 
with the period of the oscillation, and the correct numbering of the 
stall cells, n, must be determined. 


0, — 


With only two probes it is not 
certain that the correet numbering ean always be done; in prac- 
tice the data have been such that no difficulty has arisen. With 
the numbering fixed and @ and Q, determined, the number of stall 
cells and their mean propagation velocity are known 
the quantities we originally set out to measure. 


These are 


Observations of Stall-Cell Number and Velocity 


The stall behavior of the single-stage compressor has been 
studied carefully using the foregoing method of data analysis. It 
has been found that the rotor stalls initially with a three-cell 
pattern. Opening the throttle slightly after 
established produces a stable two-cell pattern. 
of the throttle results in a single stall cell. 


stall has been 
Further opening 
The single-cell pattern 
persists over long periods of time and is a stable stall configuration, 
but it is associated with a very narrow range of throttle settings 
about | per cent of the throttle area at stall. 
stall the machine will run indefinitely 
settings without stalling. 


In the absence of 
at these same throttle 
Still further opening of the throttle 
restores the machine to the unstalled condition. Phase modula- 
tion of the stall pattern as described in the foregoing, i.e., periodic 
oscillation of the propagation velocity, has been observed with 
The amplitude of the modu- 
lation is smell, usually less than 2 per cent of the cell spacing 


both the two and one-cell patterns. 


This modulation was recorded on films obtained with the camera 
drive motor off. Thus the film-speed 
oscillations induced by the motor governor was eliminated. The 
records were corrected carefully for ‘‘coast,’’ the camera slowing 
down about 10 per cent during the exposure. 

Closing the throttle after one-cell stall has been established, 
causes reversion to the two and three-cell patterns Further 
closing of the throttle produces a four-cell pattern. This is al- 
most invariably phase modulated, often with large amplitude 
A portion of one of the more spectacular records of modulation is 
shown in Fig 3. On this record a practiced eye can pick out the 


possibility of periodic 


*An initial two-cell pattern is also found. The range of throttle 
settings between the stall margin, throttle closing, and that where 
the three-cell pattern is the more stable is so narrow that a special 
throttle control was needed to establish this 
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Fig. Part of an oscillograph record of phase-modulated stall propage- 
tion 


modulation. Note that the cell spacing alternates between widely 
spaced cells and closely spaced ones. Fig. 4 presents the plot of 
the right side of equation (3) for each of the four stall spots. The 
modulation is decreasing in amplitude* The 
just assumed would give, with n = 0, 1, 2, 3: 


phase relation 


Cell No. 1 = 0 
Cell No. 2 1 
Cell No. 
Cell No. 4 = 3 


A sin (wl + dy) 
A cos (w,t + gr) 
—A sin (wt + 
—A cos (wt + dy) 


Thus the plots for cells 1 and 3 should be 180 deg out of phase, the 
plots for cells 2 and 4 also 180 deg out of phase and shifted 90 deg 
with respect to the 1, 3 plot. This is indeed the case. Modu- 
lated 1, 2, 3 and 4 cell records have been obtained, all of which 
verify the assumed phase relation @, = @) + 2mn/N. Through- 
out the range of throttle settings where four-cell patterns are ob- 
served three-cell pattern also are found, some modulated, 
unmodulated. With the throttle fairly well closed several records 
have been obtained which show five stall cells. The five-cell 
pattern was not stable, lasting, in one case, only 4'/, revolutions 
of the rotor. Again, plotting the data referred to a uniformly ro- 
tating co-ordinate system, we are able to follow the history of the 
extra cell, Fig. 5. This extra cell might be considered as an 
aberration of the basic four-cell pattern 
tions are fairly common 


some 


However, such aberra- 
Upon closing the throttle still further 
a large two-cell pattern is formed, and eventually a large one-cell 
pattern. The large stall cells involve strong reverse flow. 

In addition to the phase modulation there appears to be some 
amplitude modulation of the pattern. Jn this case the cells seem 
to be smallest when they are farthest apart. The cell width is 
somewhat more difficult to determine than its position since the 
trailing edge of the cell does not produce quite as sharp a signal 
as the leading edge 
has been proved 


To date no consistent amplitude modulation 


The regular periodic cell movement shown in Fig 4 is by no 
means universally observed. Fig. 5, for example, while indicating 

6 Tura and Rannie [2] reported considerable error in the phase dif- 
ference measured for a single cell. Grant and others at Harvard [3] 
including the author, have found a similar scatter in individual phase- 
difference measurements. A possible source of this scatter is clear 
from Fig. 4. Due to the large amplitude modulation, in- 
dividual phase-difference measurements using a single pair of probes 
and a short record could produce a wide variety of results quite apart 
from the random scatter inherent in all data. 


phase 
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Fig. 4 Stall modulation 


perturbations in cell position up to 30 per cent of the mean spac- 
ing, shows no regular trend. Vigorous nonperiodic perturbations 
also are found when there is no evidence on the record of a 
change in the number of cells. As our records are all short, 12 in. 
being the film length available, it is not possible to show the com- 
plete development of the modulation pattern. Visual observation 
of the CR oscilloscope indicates that the modulation becomes ir- 
regular just prior to a change in the number of stall cells, regaining 
a regular form shortly after the new pattern is established. Thus 
the record of Fig. 4 was possibly but not necessarily obtained 
shortly after a change from three to four cells had occurred. 
While the foregoing experiments were being performed, Pro- 
fessor Kronauer was developing, independently, a quite general 
theory of stall behavior. He assumed that a homogeneous, quasi- 
linear, partial differential operator on the cascade-inlet velocities 
could be obtained from the equations of the upstream and down- 
stream flow fields and the cascade characteristics. Kronauer, 
however, did not attempt to derive an explicit operator. Rather, 
making use of the general theory of quasi-linear processes, he 
drew several conclusions about the kind of stall behavior to be ex- 
pected. These conclusions are discussed in detail in a companion 
paper [4]. Kronauer’s model predicted the phase modulation 
observed by the author. He gave it the following interpretation: 
Let us suppose that, at a certain mass flow, a particular stall 
pattern, for example, three cells, is stable and propagates at a 
steady velocity. Further, suppose that by changing the mass 
flow a small amount this pattern becomes unstable. At the new 
® The first quantitative experimental data were obtained in Novem- 
ber, 1955. Kronauer did not see these until after his theory had 


been developed. The author had been taking modulation data about 
6 months when he first learned of Kronauer's study. 
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Fig. 5 4-5 cell stall patterns 


operating point, the theory indicates that both two-cell and four- 
cell patterns can grow, provided they appear simultaneously 
and grow, initially, at the same rate. Considering the three stall 
patterns to be represented by three cosine waves, a phase- 
modulated superposition wave would be produced if the three 
cosines are reluted by 


B cos (Ay — Q,t) 
+ Ae*}cos((A + — (Q, + w,)t] 
— cos [((A — Ajy — (Q, — @,)t]}} 


where @ is the initial growth rate of the perturbation stall pattern, 
A the wave number, and 2, the frequency. <A is proportional to 
the number of stall cells. This representation will satisfy the 
linear part of the partial differential equation only if the three 
(A, Q,) pairs are close together and lie on the tangent to the 
Q,(A) curve at the point (A, Q,). Accepting this interpretation, 
the records of modulated stall become especially valuable. From 
each record of steady stall propagation, a single (A, Q,) pair may 
be obtained; this gives one point on the Q,(A) curve. But, from 
each record of modulated stall propagation, three (A, Q,) pairs 
may be obtained; these determine a short segment of the {2,(A) 
curve. If we know this curve, we know at least something about 
the form of the associated quasi-linear operator. 

A large number of stall records has been obtained and analyzed. 
Considering only those records which showed steady stall pat- 
terns, or periodic, modulated patterns, and disregarding those 
which were nonperiodic or which showed the actual stall-cell- 
number change, three quantities were measured: The number of 
cells N, the fundamental propagation frequency {,, and the 
modulation frequency w,. The observed stall-propagation fre- 
quencies were plotted versus mass flow as follows: 
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Fig. 6 Stall-propagation frequency versus mass flow 


1 A characteristic symbol was used for each N-value. 

2 For steady propagating stall, a single point corresponding 
to the observed frequency was entered at the appropriate mass 
flow. A flag was attached to the symbol. 

3. For periodic modulated-stall propagation, three points were 
plotted. One, corresponding to the mean observed frequency Q,, 
was entered at the appropriate mass flow and the symbol flagged. 
Two additional points were entered at the same mass flow and 
frequencies corresponding to the upper and lower side bands, 
w, = Q, + w,; the symbols had no flags. For one-cell modulated 
patterns only the upper side band was used. 


This plot is reproduced in Fig. 6. It revealed that the large- 
amplitude disturbances propagated at the same frequency as the 
small-amplitude perturbations with the same N and mass flow. 
The plot also showed a small, but definite dependence of stall 
frequency on mass flow. This mass-flow dependence of stall fre- 
quency could be separated from the cell-number dependence in a 
simple way. It was observed that a curve, faired through the 
data for one wave number, could be fitted to the data for another 
wave number by a simple translation parallel to the w axis; the 
translation required was proportional to N. From these faired 
curves, values of w for fixed mass flow were read. Fig. 7 is a cross 
plot prepared in this way. It is the frequency-wave number 
curve corresponding to a flow coefficient, C,, = 0.489. The five 
data points are very nearly on a straight line. 


*= D+ EN (4) 


Q 
Q 


where D is a function of mass flow and E = 0.380 is a constant in- 
dependent of mass flow. The dependence of D on mass flow can 
be determined by translating the data in Fig. 6 by an amount 
—EN, Fig. 8. 

D(C,) = A(N, C,) — EN (5) 


Note that this separation of effects is not possible with the data 
obtained by earlier experimenters, since, if the separation is to be 
accurate, the data for different numbers of cells must overlap 
This overlap is achieved by using the additional information 
provided by the modulation frequency. The separation is es- 
sential in determining the frequency-wave number relation. 


Journal of Basic Engineering 


2.3 


Ns 
Ar 


uw 


STALL FREQUENCY/ROTOR FREQUENCY = 
fe) 


2 3 3 
WAVE NUMBER / RADIUS = A 


Fig. 7 Stall frequency versus wave number 


For our compressor the stall-propagation velocity is given, with 


considerable accuracy, by 
D 
V, E (6 
+#) 


where V, is the rotor velocity, E a constant, NV the number of stall 
cells, and D, as we have shown, a slowly varying function of mass 
flow. None of the existing stall theories obtains an expression of 
this form. 


Observations of Stall-Cell Size 


The size of an individual stall cell varies with time. Generally, 
however, the average width of all the stall cells on the rotor is 
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Fig. 8 Stall propagation; frequency dependence on mass flow 


nearly constant. By averaging the widths of all the stall cells for 
a series of measurements made at different times a fairly repro- 
ducible measure of the stall-cell size may be obtained. With our 
compressor the stall cells grow steadily as the machine is throttled. 

Fig. 9 shows the per cent of the annulus blocked by stall versus 
mass flow. Even with the averaging used, there is considerable 
data scatter. At the highest mass flow at which stall is ob- 
served (throttle opening) a single stall cell is found; the cell 
width indicates that 1'/; blade gaps are blocked by stall. Closing 
the throttle slightly produces a two-cell pattern, each cell being 
the same size as the single-cell pattern observed previously, the 
total amount of the annulus block is doubled. Further throttling 
produces either three cells similar in size to the initial single cell, 
or two slightly larger cells each of which extends over two blade 
gaps. A four-cell pattern with cells as narrow as those observed 
with 1, 2, and 3 cells has not been recorded as yet. The narrow- 
est four-cell pattern measured shows 23 per cent of the annulus 
stalled which, since the rotor has 34 blades, means an average of 
Once a three-cell pattern is established 
When the 


two stalled blades per cell 
the stall! cells grow in size as the throttle is closed 


throttling has progressed to the point where each cell covers four 
to five blades, patterns with one or two large cells become more 
stable than the smaller three or four-cell configurations but the 
total stalled area seems to be independent of the number of cells. 
At low mass flows a single large cell is found which may embrace 
more than half the blades. 

For all the stall patterns a single approximate rule seems to 
hold; the stall width varies linearly with mass flow, 


(7) 


where 
stall-cell width 
stall-cell spacing = 27h/N 
mass-flow coefficient 
Cu a reference mass-flow coefficient 
A similar relation was noted by Fabri [5]. Marble’s theory 
gives a relation equivalent to (7). His argument is similar to the 
one given later if we transpose static pressure and velocity. 
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Fig. 9 Per cent of rotor annulus stalled versus mass flow 
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lura and Rannie [2] found that, in their compressor, cell size in- 
creased as mass flow decreased but not in a linear fashion, the in- 
crease being more rapid at low flows. 

Equation (7) may be given a simple interpretation. Assume 
that the axial velocity through the unstalled blades is a constant, 
uo, for all mass flows and that the average axial velocity through 
the stalled blades is u;, then the average mass flow per unit length 
is given by 


h 
UL — Dee + 


where 
h = blade height 
wy) = pghLuo = a reference mass flow 
But the experimental line gives //L = 
us = 0 is indicated. 


1 when w = 0; therefore 
Thus the linear relation between cell size 
and mass flow with complete blockage at zero flow suggests that 
no net flow is passed through the stall cell regardless of cell size 
and a constant axial velocity is associated with the unstalled 
blades for all values of mass flow at which rotating stall is found. 
There are several difficulties with this simple model. There is 
evidence (discussed later) that there are local regions of strong 
reverse flow in the large single-stall cells. Thus u,, the average 
axial velocity through the stall cell, could be negative at low 
enough mass flows. Further, the weak stall cells observed at high 
mass flows do not seem to cause the same degree of flow blockage 
as the large cells observed at low mass flows. Emmons [3] ob- 
served that the stall cells found at high mass flows were narrower 
near the blade roots than at the tips. Iura [2] also reported 
tapered stall cells. Our high mass-flow stall records (obtained 
from the same compressor configuration tested by Emmons) 
suggest uniform-width cells of decreasing intensity between the 
blade tip and root. This is a slightly different conclusion from 
Emmons’ but the result is the same; u, the average flow through 
the stalled blades could be positive at high enough mass flows. 
If the assumption of constant axial velocity past the unstalled 
blades is retained (we are developing instrumentation to check 
this) then the variation of us with mass flow would require a 
curve lying above the line at high mass flows and below the line at 
low mass flows. Such a curve may be fitted to our data, see Fig. 9. 


Pressure Measurements 


A few qualitative measurements of the static pressure rise 
across the stalled rotor have been attempted. The pressure 
transducer used was a constant-temperature hot wire mounted 
across the diameter of a small tube. To measure the static pres- 
sure rise across the rotor, one end of the tube was connected to an 
OD static tap close ahead of the rotor, the other to an OD static 
tap one chord downstream of the rotor.?’ A hot-wire probe was 
mounted close behind the rotor to record the axial velocity at the 
mid-span point in the azimuth plane of the static taps; thus a 
rough check on the pressure-transducer response was possible. 
The operation of this pressure instrument requires that the flow 
through the short tube be proportional to the static pressure dif- 
ference across it. No pressure calibration of the instrument was 
attempted. Theoretically, the signal should be a nonlinear fune- 
tion of pressure.* 


7 These tests were to check the frequency response and phase shift 


of the transducer. Measurements close behind the rotor are possible. 
§ For a discussion of the instrument see [7]. 
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Tests were run with varying length connecting tubes to check 
the phase shift and attenuation characteristics of the transducer. 
For the length connector normally used between the upstream 
static tap and the hot wire, less than 5 deg phase lag was found 
when the other end of the transducer was left open to the at- 
mosphere. If a length of tube was then connected to the open 
end and a sharp pressure pulse applied at the static tap (rotor 
stall) not only the pulse but also an echo was recorded. As the 
open-end tube was shortened, the echo moved toward the exciting 
pulse and decreased in amplitude; the interval between the 
initial pulse and its echo corresponded to the “organ pipe’’ fre- 
quency of the open-ended tube. For the length tube used be- 
tween the transducer and the downstream static tap a small 
echo remained and is visible on some of the records. It is not 
large enough to alter significantly the pressure wave forms asso- 
ciated with stall. 

Fig. 10 shows the pressure-transducer wave form and the 
associated hot-wire, axial-velocity trace for a relatively high mass- 
flow stall. The velocity trace is inverted, a velocity decrease 
producing an upward displacement of the trace. The average 
vertical position of the velocity trace is arbitrary. The pressure 
trace is deflected downward by a decrease in velocity through the 
tube; zero velocity, i.e., zero pressure difference, corresponds to 
a scale reading of 45. Thus the record shows that there is a de- 
crease in static pressure rise across the rotor during stall, but a 
significant residual pressure rise is found in the stall portion of the 
cycle. The maximum pressure rise recorded is the same as the 
steady pressure rise associated with unstalled operation at the 
surge limit. 

Fig. 11 shows the same pair of signals at a relatively low mass 
flow. The pressure signal drops to 45 at two points near the cen- 
ter of the record and to 48 at a nearby point. Between the two 45 
points the flow past the transducer wire probably has reversed 
direction, indicating a higher static pressure upstream of the rotor 
than downstream. Comparing a number of simultaneous records 
of static pressure across the rotor and axial velocity close behind 
the rotor suggests that reverse flow through the rotor might occur 
at those blades where the upstream static pressure exceeds that 
downstream. 

The existence of reverse flow during the rotating stall has been 
conclusively demonstrated by Professor Kronauer. He inserted 
an absorbent probe moistened with lead acetate upstream of the 
rotor. Then with the machine throttled to give a large single 
rotating-stall cell, hydrogen sulfide was admitted downstream of 
the stator (at a point more than six chords downstream of the 
rotor). Immediately after admitting the gas the leaded probe 
was removed, It was found to be blackened, indicating that an 
appreciable amount of the sulfide had been convected upstream. 
The hydrogen-sulfide tests were useful but not popular, and have 
not been repeated by the author. 

The pressure measurements illustrate several additional fea- 
tures of rotating stall: 

1 The records reproduced in Figs. 10 and 11 both indicate a 
decrease in static pressure rise with time during the unstalled 
portion of the stall cycle. This is quite characteristic although 
only a few records have been obtained in which the fall-off is as 
pronounced as in Fig. 11. The concomitant decrease in axial 
velocity is not as large as indicated on this record due to the low- 
frequency phase distortion introduced by the anemometer ampli- 
fier; there apparently is some velocity decrease 

2 The maximum pressure rise, attained just prior to blade 
stall, is the same for all stall configurations and equal to that 
associated with unstalled operation at C, = 0.552. (Note that, 
due to the relative motion of the blades with respect to the stall 
cell, the blade-stalling edge of the cell is the right edge on the 
record.) 

3 The pressure records of large, single-cell stall frequently, 
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Fig. 10 Pressure fluctuations during high flow stall propagation 


Fig. 11 Pressure fluctuations during low flow stall propagation 
but not always, show an extra pulse at the left edge of the stall. 
The stall cell at the center of Fig. 11 shows such a pulse; the 
pressure drops to 48, rises to 55, and then drops to 45. After 
noting this pressure behavior the multichannel hot-wire records 
were examined in search of an explanation. The only clue to the 
double pressure pulse given by the hot wires is a frequently oc- 
curring double velocity pulse. Between these pulses it may be 
that stall is much less severe. These double pulses may represent 
a latent tendency for the cell to split. While investigating this it 
was discovered that many of the large stall cells showed a small 
cell just to the left (destalling side) of the main stall. This fraying 
of the left edge of a stall cel! is caused by certain unco-opera- 
tive blades which do not recover from stall as promptly as they 
should. 

4 Although the absolute static pressure measured one chord 
downstream of the rotor is quite constant during small multicell- 
stall propagation (the fluctuation is an order of magnitude less 
than that measured across the rotor), the static pressure fluctuates 
violently during large single-cell stall. This is not surprising in 
view of the reverse flow associated with the large stall cells. 
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Changes in Number of Stall Cells 


The process by which a stall cell is lost or added to the pattern 
on the stall-propagating rotor has been observed frequently by 
the author. Short but detailed records of various parts of this 
process have been obtained with the PA oscillograph. By supple- 
menting these with a familiarity with the hot-wire traces as they 
develop and change on the cathode-ray oscilloscope face, the en- 
tire transition may be followed. Three phases of the process may 
be distinguished: Beginning with steady stall, the pattern first be- 
comes modulated. This is quickly followed by a period, which may 
last as much as half a second, of cell splitting and recombination. 
Finally the new pattern emerges with large-amplitude phase 
modulation; the modulation slowly decays leaving the new 
steady pattern. A complete transition sequence takes roughly 
4 to 5 see. 

To date no records which can be identified positively as showing 
the premodulation have been obtained. Thus if there is any 
regular, periodic, increasing-amplitude phase modulation at this 
stage, we cannot demonstrate it. Visual observation indicates 
that it is possible for a periodic modulation to grow to quite large 
amplitude and then decay without any change in the number of 
cells occurring. 

Fig. 12 shows the first stages of splitting and recombination for 
an unstable three-cell Here the three-cell pattern 
propagates at 43.7 per cent rotor speed during the first 8 revolu- 
tions of the rotor. This propagation frequency is plotted in Fig. 
6 (furthest three-cell point to the left) and falls close to the 
faired curve. Beginning with the twelfth revolution, cell No. 2 
slows down relative to the rotor to 40.3 per cent rotor speed and 
is overtaken and absorbed by cell No. lt. Shortly thereafter « 
new cell erupts from the other side of No. 1 just as though No. 2 
had moved steadily through it. 


pattern, 


The behavior shown on this 
record has a characteristic appearance when watched on the 
cathode-ray oscilloscope. It reminds the author of the interweav- 
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Fig. 12 Stall-cell-number change 
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ing pattern of railroad tracks viewed from the window of a fast- 
moving train; the apparent motion of one stall cell through several 
others resembles the track pattern as one passes a pair of inter- 
locking switches. 

The small stall cell which separates from cell No. 3 in. Fig. 12 
at the 18th revolution might survive, crossing cell No. 1 just 
beyond the edge of the record. Details such as this cannot be 
picked out readily on the swiftly changing oscilloscope stall pat- 
tern (this cell needed only 1/8 sec to separate from No. 3, move 
across the intervening blades and be absorbed in No. 1); never- 
theless, on occasion we have seen what appeared to be two small 
cells moving in unison across three larger cells. The portion of 
the transition recorded on the short film strip used by the PA 
oscillograph camera is a matter of chance. So far, although many 
records have been obtained, none has shown the end of the 
splitting and recombination phase. 

Oscilloscope watching seems to indicate that either the splitting 
stops, leaving a pattern with one less cell, or the small, slow-mov- 
ing cell grows with successive collisions (and probably speeds up 
also). Eventually it turns away from an approaching cell leaving 
a pattern with one more stall cell. In either case the new pattern, 
once established, evens out through a decaying phase modulation 
such as that shown in Fig. 4. The total number of stall cells 
need not change as a result of the transition sequence. The final 
number of cells depends on the net number of cell divisions and re- 


combinations. Variants of the sequence described previously have 
been observed. Thus a cell may split and the slow moving piece 
be absorbed by the succeeding cell without further splitting or any 
significant modulation, Fig. 5. On other occasions, the piece 


may turn away from the succeeding cell establishing immediately 


a pattern with one more cell. Cells are sometimes added by 


nucleating an extra cell between existing cells, and cells are some- 
times lost by decay (without amalgamation). In both these cases 
there seems to be a regular modulation in the process of equalizing 
the cell spacing after the change in number of cells. 


An exponential decay fitted to the phase modulation shown in 
Fig. 4 is attenuated 50 per cent in 24 revolutions. This is a much 
slower growth rate than would be associated with the initiation of 
stall from the unstalled condition, The initial multicell stall ap- 
pears virtually instantaneously and, using a different test con- 
figuration single-cell stall over 35 per cent of the rotor can de- 
velop in only 12 revolutions. However, the disappearance of stall 
with increasing flow is quite gradual, requiring 1/2 to 1 see for 
the stall pattern to disappear from the oscilloscope. The agree- 


ment between this and the decay rate observed in Fig. 4 may be a 
coincidence, but it is interesting 


Wake Studies 


The six hot wires also have been used to study the flow down- 


stream of the stall-propagating rotor. For these tests two 
probes were mounted directly behind the rotor so that the stall- 
cell number and propagation velocity could be determined; the 
remaining probes were distributed along the axis of the machine 
ahead of and behind the rotor. It was found that, for the small, 
multicell-stall patterns observed at relatively high flows, the 
rotor stall was not synchronized with the stator stall. In fact, the 
stator carried three cells while the rotor carried two, and the 


propagation velocities relative to the casing were different. Close 
behind the stall-propagating rotor was found a series of high- 
velocity jets separated by “dead” fluid. In the region of the stall 
cells the dead wakes occupied nearly all the interblade passage. 
Downstream of the rotor mixing were slow, individual blade wakes 
maintaining their character well downstream; an especially 
prominent stall wake or an especially narrow one could often be 
followed through the entire rotor-stator gap. While mixing was 
slow, static-pressure equalization was rapid. For small stall cells, 
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the static pressure one chord downstream was essentially con- 
stant, although there was a considerable pressure fluctuation 
close upstream of the rotor.’ The pressure fluctuations decay 
roughly exponentially with distance from the rotor. 


Conclusions 


The most significant experimental result is the discovery and 
analysis of the oscillation of the stall-cell velocity. From this we 
have been able to deduce the stall frequeney-wave number charac- 
teristic of the machine and to separate the stall-frequency expres- 
sion into two parts, one dependent solely on the number of stall 
cells, the other dependent solely on mass flow. Of secondary 
importance are the wake study and the information we have 
gathered about the stall-number transition process. The wake 
study seems to justify the assumption of inviscid flow downstream 
of the stalled rotor since no appreciable mixing was discovered in 
the region where static-pressure equalization was occurring 

A number of features of stall propagation have still to be clari- 
fied. The cell-number transition process can be studied by the 
data-handling technique developed for the phase-modulation 
analysis. For this, an oscillograph camera capable of recording, 
with good detail, the flow pattern over a period of at least 1000 
revolutions of the rotor will be needed. The reduction and 
plotting of the data on such a film is an awe-inspiring task but, at 
the moment, we see no short cut which will vield the same amount 
of detailed information. Tedious though this will be, it is perhaps 
the most valuable test that can be made 

A “constant-resistance-ratio hot-wire anemometer” has been 
developed recently. This instrument automatically compensates 
for instantaneous temperature fluctuations in the main stream 
giving an output which is related to the fluid velocity only, With 
such an instrument it should be possible to make the quantitative 
measurements needed to establish the operating point of the 
unstalled blades. This will require patience. Grant, prior to 
1950, attempted, with only limited success, to make similar quan- 
titative velocity measurements on the unstalled compressor. At 
that time the hot wire had not been developed to its present form, 
but the calibration difficulties he encountered should not be un- 
derrated. Ultimately these quantitative measurements might be 
recorded on the long films with the qualitative, time-phase data 
from the constant-current anemometers, to give a more complete 
description of the flow 
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1. voce | Studies of Jet Compression—l 


SUZANNE S. EICHACKER 


___ riske Apparatus and Methods. Results With 
Air at Room Temperature 


Engineering Center, Natick, Mass. 

An experimental jet compressor (ejector) employing gases at subatmospheric pressures 
is described and data are presented showing efficiencies obtained with air used as both 
the driving and the driven fluid. <A technique is described by means of which efficiency 
may be determined as a function of outlet pressure and entrainment ratio. Curves are 
presented showing that efficiency passes through a maximum as oullet pressure ts in- 
creased. The compression ratio of the driven fluid likewise passes through a maximum 
as the outlet pressure is increased, but the maximum of efficiency occurs at a slightly 
higher pressure than the maximum of compression ratio. The highest efficiency 
achieved was 20.6 per cent, at an entrainment ratio of 1.3 and a compression ratio of 
1.14. The ratio of pressure of driven stream to pressure of driving stream at time of 
contact has been determined. The value of this pressure ratio corresponding to maximum 
efficiency was found to increase linearly with entrainment ratio, over most of the range 
of the measurements. 


Introduction geometrical design and by proper choice of operating conditions. 

Experimental studies of jet compression have been made by 
Keenan, Neumann, and Lustwerk [1],! by Keenan and Neumann 
{[2], by Kastner and Spooner [3], by Royds and Johnson [4], and 
by others. The results have been analyzed with the aid of basic 
thermodynamics and fluid mechanics, using the equations of 
energy, continuity, momentum, and state. Fliigel [5] appears 
to have been the first to develop this type of analysis. These 
analyses contain simplifying assumptions such as “constant pres- 
sure mixing”’ or “constant area mixing,” which have complicated 
the problem of comparing theory with experiment. The picture 
of the mixing process is not very clear, and in spite of the rather 
extensive published investigations of various sizes and shapes of 
nozzles, mixing throats, and diffusers, the design of jet pumps re- 


Bas sImPLiciry of jet compression makes it at- 
tractive for many applications from an engineering standpoint. 
In spite of the low efficiencies ordinarily achieved, jet compression 
has been rather widely employed in steam-jet refrigeration, in air 
ejectors, in mine and tunnel ventilation, in mercury diffusion 
pumps, ete. If higher efficiencies could be achieved, a number of 
practical uses for jet compression would be opened up, particu- 
larly in applications to refrigerators, heat pumps, and fluid 
circulators. The present paper is the first report on a program to 
determine to what extent the limitations on efficiency are funda- 
mental, and to what extent efficiency can be improved by proper 


Contributed by the Hydraulic Division and presented at the 
Semi-Annual Meeting, Mich., June 15-19, 1958, of THe — on primarily 
Asmnican Society or MucnanicaL EXGIVEERS. The present paper contains a description of our apparatus and 
Note: Statements and opinions advanced in papers are to be of the method of taking and analyzing the data. It also contains 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
February 28, 1958. Paper No. 58—-SA-13. 


the experimental results obtained with room-temperature air 


1 Numbers in brackets designate references at end of paper. 


Nomenclature and Dimensions 


efficiency of the jet compressor, 
defined by equation (1) tropic compression — of 

maximum efficiency attained for driven fluid to pressure at 
a fixed value of m/M final state 8 

flow of driven gas, lb per hr 


state corresponding to isen- 


state at sonic velocity 


10 = state corresponding to isen- 
flow of driving gas, lb per hr = initial state of driving fluid tropic expansion of driving 
pressure, mm Hg = state corresponding to isen- fluid to pressure at final 
temperature, deg F abs tropic expansion of driving state 8 
enthalpy, Btu per lb fluid to pressure at state 5 ...i = taps for pressure measure- 
entropy, Btu per lb deg F = initial state of driven fluid ment; refer to Fig. 2 for 
velocity, ft per sec state of driving fluid at be- locations 
specific heat at constant pres- ginning of mixing 

sure, Btu per lb deg F ) = state of driven fluid at be- The following dimensions refer to the 
flow per unit area, lb per br ft? ginning of mixing apparatus used in the present experiments: 
cross section area, ft* state at completion of mixing Driving-fluid nozzle No. 2 (the only 
gas constant, 0.068549 Btu per = final state, at compressor nozzle used): 

lb air deg F abs exit 


(Continued on next page) 
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utilized as both the driving and the driven fluid. Only one driv- 
ing-fluid nozzle (No. 2) was employed. The observed inlet and 
outlet pressures, together with the corresponding temperatures, 
have been used to compute the over-all efficiency of the jet com- 
pressor as influenced by the conditions of operation. 


Apparatus and Procedure 


A diagram of the apparatus is given in Fig. 1. Ordinary at- 
mospheric air supplied both the driving and driven streams. The 
pressure difference motivating the jet is obtained by means of a 
large vacuum pump (15 cfm capacity) attached to the jet-com- 
pressor outlet. The use of lowered, as against elevated pressures, 
offers the advantage that all pressures are readily measured by 
mercury manometers. Reduced pressure offers also the advan- 
tage of reduced density, making possible a nozzle diameter of 
convenient size without excessive quantity of flow. Such a sys- 
tem makes it possible to use much higher pressure ratios than 
could be conveniently reached in a system in which atmospheric 
pressure is the low, rather than the high, limit. 

The driving and driven streams are measured at atmospheric 
temperature and pressure by two ordinary (dry) gas meters. 
The two lines connecting the meters to the jet compressor each 
contain a simple needle valve (V;, V2) to control the flow rate. 
The pressure drops across these two valves were always more than 
sufficient to produce sonic flow. Hence a valve could be ad- 
justed to give a particular flow rate, which would remain constant 
except for the small changes due to variations in room tempera- 
ture and barometric pressure. The nondependence of flow rate 
on downstream conditions proved to be a great convenience in 
taking data. The lines from the meters to the jet compressor 
passed through thermostated heating baths designed to control 
the stream temperatures. Thus far these baths have not been 
used. 

Three thermocouples are placed inside the jet compressor, to 
measure, respectively, the inlet temperature of the driving and the 
driven streams, and the outlet temperature of the mixed stream. 
Temperature measurements were made with these couples on a few 
oecasions, to see whether there was any net heat transfer from the 
apparatus to the gas flowing through it. In one case (run 70) the 
outlet temperature was about 2.5 deg F higher than the weighted 
average of the inlet temperatures, but mostly the changes were 
less than 1 deg F and are considered small enough to be neglected 
in the present paper. 

The pressure at the outlet of the jet compressor is controlled by 
valve V, in the line leading to the vacuum pump. This valve 
consisted of a length of heavy-wall rubber tubing (°/, inch ID) 
clamped between two boards that could be drawn together by 
screwing down on a hand wheel. Adjustment of the outlet pres- 
sure to any desired value required only a few seconds. 


Nomenclature and Dimensions 
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Fig. 2 Cross section of jet compressor with enlerged view of entrance 
to mixing tube 
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The central element of the experimental equipment is shown in 
Fig. 2. It is an assembly of brass parts composing an ejector 
system. The major part, indicated as ‘‘jet compressor” in Fig. 1, 
The driving- 
fluid nozzle may be moved axially with respect to the rest of the 


consists of entrance cone, mixing tube, and diffuser. 
apparatus. It is the function of the bellows to permit movement 
of the nozzle without loss of gas by leakage past the gland. Nozzle 
position is controlled by rotation of the adjusting knob, one 


throat diameter = 0.0595 in 

exit diameter = 0.0710 in. 

throat-to-exit distance 0.122 in. 

angle of outer conical surface with 
axis = 25 deg 


Diffuser: 


length 
“ntrance cone for driven fluid: 


diameter at upstream end = 
angle of wall with axis = 35 « 


Distance of planes of pressure-tap open- 


Mixing tube: ings, ¢ 
diameter = 0.1875 in 
length = 1.67 in. 

length + diame cr = 8.9 


flow, 
of flow: 
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diameter at tap g 
diameter at tap h 
diameter at outlet 
1.80 in. 
angle of wall with axis = 3.0 deg 


. from junction of entrance cone 
and mixing tube, measured : 
with distances increasing in direction 


beginning of entrance cone 

in. 
tap b 
tape 


= ).1891 in. 
0.2544 in. 
0.3755 in. 


0.48 in. 

0.18 in. 

junction of entrance cone and mixing 
tube = Oin. 

tap d +0.03 in. 

tape = 0.65 in. 

tap f 1.15 in, 

junction of mixing tube and diffuser 

1.67 in. 

tap g 1.69 in. 

tap h 2.31 in. 

end of diffuser 


ilong axis of 
3.47 in. 
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graduation of which corresponds to a nozzle movement of 0.001 
inch. 

Provision is made for pressure measurements at 9 different 
points within the jet apparatus. 
lettered a, b, .. . 


The various pressure taps are 
. iin the diagrams, and each is connected to an 
arm of a mercury manometer. Two mercury manometers are 
used, each with a reference arm in which a vacuum is maintained 
by a mercury-diffusion pump. 
absolute, 


The pressure readings are thus 


When the flow of driven fluid is equal to or greater than the 
flow of driving fluid, the amount of compression produced is 
small. That is, the compression ratio is only slightly greater than 
unity. Under these conditions changes in pressure within the 
jet compressor could not be measured with sufficient accuracy 
with the mercury manometers. An oil manometer was therefore 
added, and was connected in parallel with the mercury manome- 
ter, to all taps except tap a, at which the pressures were too high 
The oil manometer can be used 
The ratio of 
the densities of mercury and oil, as determined by a comparison of 
column heights when both were relatively large, is 14.813. The 
use of the oil manometer appears to have increased the accuracy 


to be read on the oil manometer. 
either as a differential or as an absolute manometer. 


of the data at least tenfold in the regions where the mereury 
manometer was unsatisfactory. 
Definition of Efficiency of Jet Compressor 


The jet compressor receives two streams of fluid, one at a 
relatively high pressure and the other at a relatively low pressure, 


and delivers them as a single stream at some intermediate pres- 
sure. Useful work is done in compressing the low-pressure stream, 
and the source of this work is the expansion of the high-pressure 
stream. The process may be conveniently followed by reference 
to the enthalpy-entropy diagram of Fig. 3. This is an actual 
representation of some of the experimental data plotted to seale, 
but our present concern is only with the qualitative aspects of the 
Point 1 represents the initial state of the driving fluid, 
and the condition line 1-5 represents states that are passed 


diagram. 


through during expansion and acceleration in the driving-fluid 
nozzle. The positions within the apparatus at which the various 
states are reached are shown in Fig. 2 by a series of points num- 
bered to correspond to the points in Fig. 3. The points numbered 
3 represent initial states of the driven fluid. 
consider only the one referring to observation 79k. 


For definiteness, 
The condition 
line 3-6 represents states along the path of expansion and ac- 
celeration of the driven fluid before it meets the driving fluid 
The point 6 is enclosed in parentheses because, unlike the other 
points on the diagram, it is not plotted to seale. The mixing 
process cannot be represented on the diagram, but after mix- 
The condition lines 
7-8 represent states along the path of final deceleration and com- 


ing, the moving stream is in some state 7. 


pression to the outlet pressure P,. 

In the jet compression process, driving fluid has decreased in 
pressure from state 1 to the outlet pressure P,. If such a process 
were to occur in a lossless turbine the maximum work that could 
be performed by unit mass of driving fluid is equal to the isen- 


tropic enthalpy drop h; — hw. We will aceept the same definition 


130) 


79k 
*20.0 


\ t26.66 
T#530° 


ENTHALPY, 8STU/LB 


h, 


| 4 


70 


s, ENTROPY, BTU/LB 


Fig. 3 Enthalpy-entropy diagram showing condition lines for observations 79a, 79k, and 79p. Drawn 


to scale except for point 6 which is schematic. 
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for the maximum work that could be done by unit mass of driving 
fluid in passing through a hypothetical lossless jet compressor. 
If we similarly imagine a lossless compressor compressing driven 
fluid from state 3 to the outlet pressure Ps, the minimum work re- 
quired per unit mass is equal to the isentropic enthalpy rise hy — 
hs. We will accept hy — hy as the amount of work done when unit 
mass of driven fluid passes through the jet compressor. Let m 
be the rate of flow of driven fluid in pounds per hour, and let 
be the corresponding rate of flow of the driving fluid. Then the 
work actually done within the apparatus in one second is m(hy — 
hs) and the maximum work that could be done in a lossless process 
is M(h, — hw). The efficiency 7 is defined as the ratio of these 
quantities or 


m hy — hy 


In the actual jet-compression process the two streams are 
mixed and delivered in state 8, whereas in the idealized process 
used for comparison the turbine exhaust is in state 10 and the 
blower output is in state 9. It is reeognized that states 9 and 10 
are not in general “dead states.’’ If point 8 represents the dead 
state, the temperature differences 7’, — 7's, and 7's — Ty could 
be used to operate Carnot engines and perform work as the fluids 
were brought from states 9 and 10 to state 8. It is customary to 
disregard such quantities of work in defining the efficiency of a 
steam turbine [6], and it appears desirable to follow the same 
practice for jet compression, even though the quantities of work 
disregarded may be relatively more important in the jet compres- 
sor. If we were to include these quantities of work in the com- 
putation we would obtain a quantity based on changes in available 
energy that Keenan [6, p. 297| has called the effectiveness, to dis- 
tinguish it from the conventional efficiency. 

Having defined the efficiency 7 in the conventional manner, 
one must keep in mind that 7 refers to only one step in the com- 
plete process in which thermal energy is used to do useful work of 
compression. To obtain high over-all thermodynamic efficiency, 
we must first learn how to design a jet compressor giving a high 
value of 7. Then such a compressor must be incorporated into a 
system that is thermodynamically efficient in the over-all sense. 
That is, heat must be absorbed at the highest practical temperature 
and rejected at the lowest practical temperature. All irreversible 
processes must be reduced in importance. The last condition re- 
quires that 7's, 7's, and 7) should not be widely different, and in 
part establishes the optimum location of state 1 relative to states 
3 and 8. 


Experimental Results 


In a typical run, the mass rates of flow m and M were set to the 
desired values and held constant throughout the run. The outlet 
pressure /’s was set at some desired value and the 9 pressures were 

sad and recorded. Then Ps was set at another value and the 
process repeated until the run was completed. In all the data 
now being reported, the position of the driving-fluid nozzle was 
held constant. The nozzle was advanced until it touched the 
entrance to the combining tube. It was then backed off 0.175 in. 
at which position the tip was 0.05 in. upstream from the entrance 
to the mixing tube. The circular insert in Fig. 2 is a scale drawing 
of the nozzle in operating position. All measurements reported 
here were taken with this setting. In several preliminary meas- 
urements, efficiency was measured as a function of nozzle posi- 
tion. These measurements indicated that, so long as extreme 
settings were avoided, the effect of nozzle position on efficiency 
was not large. The accepted setting is an intermediate one that 
is believed to be reasonably suitable for all the data reported. 
The observed volume rates of flow were converted to mass rates 
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Table 1 Experimental data for three typical runs 


Pressures, am Hg, at various taps 


(Py) Pg) P+) ‘ 
fun m/M = M = 1.57 lb per hr 

MleS 1368 13.40 13.53 13.39 15.02 12,65 1.66 
339.5 13.5 13.47 13,10 15,02 18,34 21.80 5043 
339.2 14.17 13.73 31,68 44.38 6.16 
16,0 16.00 28.12 37.60 34.79 
e 341.3 2267 22.7% 22.36 49.16 5023 
Sool %.00 33.80 48.99 4.22 
i 1.2 62.7 62.7% 62.56 85.25 71.59 81-05 2.9% 

34209 139.53 161.60 164.10 163.29 1.92 

Run 47. ® 0.42 = 1.57 ld per or 

390.5 25010 26.52 2.39 = 14.15 30.64 dell 
343.28 30.43 25.30 2.71 27.09 42,48 
342,0 35.7 35.63 34.55 42.99 55.08 
52.1 52.00 30.08 58,48 71.85 86075096 78019 
4 34501 7502 75017 7395 86.58 96.87 96.37 100.31 101.93 12.98 
i 108.6 108.57 107.72 128.11 190.71 129.76 132023 133.48 1.7 
4523 153.1 153.07 152,53 170.15 172.98 172.31 175.14 943 
a 179.66 179.53 196.20 197.96 197.35 198.97 199.85 *.2t 


4202 6162 60.80 50.06 47.55 65.77 5.5@ 
342.6 65.6 65.26 56.01 54060 56.96 61.96 68.16 
332.3 69.5 69.16 60.93 60,25 65.06 76.399 Lae 
4 337.2 2.16 64.33 022 «681695 16.41 
u 34307 The? 66087 67.56 15-5 782.68 06,01 990.67 18,03 
68.84 69.99 78.70 68.69 93,01 16,58 
r 9.8 M9 72.58 The Te 4026 8686.14 93.30 97.28 9.17 
44.0 83.66 77.18 80.29 29.91 98.45 102,19 7.60 
n B4e7 84.359 95 61.22 70,88 92.40 99.35 102,96 19.67 
3426 86.66 80.55 85.32 95.17 102.12 105,90 19.79 
5 89.5 89.23 83.2 69.50 99.09 105,09 108.3% 19.97 
i Valeo 3 9208 92053 86679 9505 103,60 102.15 108,56 19.71 
101.6 191,34 96.23 109.33 113.85 111.49 117.84 120.% 19.5% 
° ole 132.0 131.86 128,09 134.55 143.85 148.47 150.67 18.27 
158.7 158.56 155.60 165.59 171.32 170.62 174.43 176.32 17.43 


of flow on the assumption that the air passed through the gas 
meters at 70 deg F and 760 mm Hg, under which conditions a flow 
rate of 1 liter per min is equivalent to 0.1587 lb per hr 

The efficiency n corresponding to each setting of the outlet 
pressure P, was computed from equation (1), using enthalpies 
obtained from the gas tables of Keenan and Kaye [7|. The 
enthalpies h, and hs remain constant at 126.66 Btu per Ib in conse 
quence of the assumption that the inlet air was always at 530 
abs. Data selected from three typical runs are given in Table 1, 
and in Fig. 4 the efficiencies found in these runs are plotted against 
the outlet pressure Ps. About half the experimental data have 
been omitted from Table 1, but the plotted points in Fig. 4 repre- 
sent all the data taken in the three runs. As the outlet pressure 
Ps is increased, the efficiency first rises, then passes through « 
maximum, and finally decreases. The height of the maximum 
and the general shape of the curve clearly depend on the entrain- 
ment ratio. Ina run such as those shown in Fig. 4, a change in P, 
is accompanied, in general, by changes in all the other observed 
pressures except P,. Since the flow at the throat of the driving- 
fluid nozzle is sonic, changes in conditions downstream from the 


P, «343 mm Hg 
' 


73mm Hg 
Other pressures wth 
| fun 79,| 
| 
| 
| 
ly . | 
/ 
Run 47. m/M+ 0421 
Run 84, m/M*DOT44 
OUTLET PRE 


Fig. 4 Efficiency versus outlet pressure for three typical runs 


september 1959 / 429 


it 
, 
o/h = 1.5@ 1b per br 
‘ 
4 
4 
25 1 
| 
q 
‘ Ky 
a 
Be 
q 


T Table 2 Conditions at efficiency maxima 
20-- | 
k The values of 7) max were determined from the curves 
‘ [ ] of Fig. 4 and from similar plotted curves for all the 
| other runs, Data in the table refer to comiitions et these maxim. 
Run Py P3 Pe Pa/P) 7) ms 
15} = m Hg m Hg 
59 17.0 48.0 041395 24820 1.59 0.0559 
a 340.0 45.0 06132 20915 1.57 
58 346.8 17.0 46.9 041326 24700 1.59 0,085. 0.22 
52 34265 0.1285 2.680 1.56 0.104 7.61 
> 57 346.7 18,0 4705 0.1370 2.638 1.59 0.115 8.60 
S 6 34240 1967 47.0 0.137% 2.385 1.58 e262 0.28 
347.0 2502 55.0 0.1585 2.180 1.59 0.190 1160 0433 
= | 34500 vol 48,0 061387 1.995 0.241 12630 0.32 
| 45 32.8 60,0 0.1732 1.828 1.57 0.294 Ube 
| 34660 38.5 6420 0.1850 1,662 1.58 0.361 0,50 
| 0.56 
68.0 0.1978 1.553 1.57 15030 
} $007 7640 062204 1.498 1.58 0.495 17030 0.65 
87 34301 53.3 771.0 1.58 0.553 17677 0.68 
50 34205 81.0 0.2365 1.397 1.57 0.620 18.40 0.76 
Run 79,m/M=1.00 78 1.5 92.0 0.2665 1.287 1.58 0,806 19.10 
| 19.90 1.13 
89.2 108.0 043135 1.58 1.00 y 
3360910803 122.0 0.3621 1.159 1.58 1.20 20.50 1.38 
} 333.0 106.9 122.0 1-56 20.50 
7.0 10645 121.0 0.35 
° 1 a 124.0 0.3681 1.117 1.57 1.52 19.60 1.39 
ele) uo (20 1.34 
.079 1.58 1.63 15480 
COMPRESSION RATIO, R,/P3 e2 124.0 0.3592 1 wi 
69 515.8 15.5 5605 0.1095 2.38 
Fig. 5 Efficiency versus compression ratio 402.8 16.65 0.62 
for @ typical run 7820 0.2566 1.328 1:40 0.85 
25508 688 0.3186 1.185 118 1,01 13,00 
throat cannot affect P;, which remains substantially constant p 
throughout a run. 
Many investigators have analyzed their data using the com- poe Bae 
pression ratio, Ps/P;, as an independent variable where we have 2 . 
used the outlet pressure Ps. Fig. 5 shows how one of the curves e Ft 
(run 79) of Fig. 4 is transformed when compression ratio is used A 
as the abscissa instead of outlet pressure. The high-pressure arm “i y 
of the original curve is folded over and lies above the low-pressure 210 ey | 
arm. Hence there are in general two different modes of operation ° j 
corresponding to the same compression ratio, and the mode in aR eae 
which both Ps and P; are larger gives the higher efficiency. It has / 
sometimes been assumed that, for a given entrainment ratio, maxi- 
mum efficiency is synonymous with maximum compression ratio. of = ; 
. 0 6 
A look at equation (1) shows that this is only approximately true. ENTRAINMENT RATIO. m/M —e 


The maximum value of hy + h; will occur when Ps/P3; is maxi- 
mum and if, changes in the denominator of equation (1) are 
negligible, maximum efficiency will coincide with maximum 
compression ratio. However, changes in the denominator can- 
not be entirely neglected. As Ps increases, hy increases and the 
denominator decreases. This displaces the point of maximum 
efficiency to a higher value of Ps than that corresponding to 
maximum compression ratio. For example, in run 79 the maxi- 
mum compression ratio (2?5/P3) occurred at Ps = 97 mm Hg 


Fig.6 Maximum efficiency versus entrainment ratio 


Further study will be required to establish their cause. It is be- 
lieved that the accuracy of Fig. 6 is not seriously affected by the 
existence of these irregularities. 

The relationship between the pressures of the driving and the 
driven streams as they come in contact is a matter of considerable 
interest. If the driving fluid has a higher pressure than the 
driven stream it is said to be underexpanded. Conversely, the 


whereas the maximum efficiency occurred at Ps = 108.0 mm Hg. 

To find the relation between entrainment ratio and efficiency, a 
large number of runs was made and the results plotted in the 
manner of Fig. 4. The maximum efficiency was then read from 
each curve and recorded. The maximum efficiencies thus found 
are given in Table 2, together with the values of Ps and other im- 
portant parameters that correspond to the maximum value of 7. 

For most of the data in Table 2, M is approximately equal to 

1.587 Ib per hr (101 per min). All the data for which M has this 
value are represented in Fig. 6, in which maximum efficiency is 
plotted against entrainment ratio. Starting at zero with zero en- 
trainment, the curve rises to a maximum efficiency of 20.6 per cent 
at an entrainment ratio of about 1.3 and then starts to fall. The 
last part of the curve is dotted, to indicate a rapid decrease in 
accuracy above an entrainment ratio of about 1.35. 

Efficiency curves such as those shown in Fig. 4 sometimes 
showed irregularities, which often took the form of sharp drops in 
efficiency covering a range in Ps of 5 to 10 mm Hg. These irregu- 
larities were at first attributed to experimental error, but later it 
was found that in many cases they were highly reproducible. 
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condition in which the driving stream has the lower pressure is re- 
ferred to as overexpansion. Royds and Johnson [4] suggest that 
an air ejector should be operated with a moderate amount of 
underexpansion. In the discussion on their paper, and elsewhere 
in the literature, a number of opinions on this question are ex- 
pressed. Our data give an experimental answer to this problem. 
The pressure P; of the driving fluid as it leaves the driving-fluid 
nozzle cannot be directly measured in our apparatus. However, 
if a reasonable value of nozzle efficiency is accepted, this pressure 
can be calculated with an error that probably does not exceed 10 
per cent. Such a calculation has been made, using methods de- 
scribed later in this paper, where the plotting of points on the h-s 
diagram is described. The pressure Pe is the pressure of the driven 
fluid when it first comes in contact with the driving fluid. Con- 
tact occurs at a point somewhere between the two pressure taps 
e and d, Fig. 2. The pressure Pa at tap d, the first tap on the 
mixing tube, was taken to be Ps. This procedure requires some 
justification. Reference to Table 1 shows that Pa was always 
somewhat lower than P.. The percentage difference in the 
neighborhood of maximum efficiency was 3.4 for run 84, 5.3 for 
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run 47, and 6.7 for run 79. Hence within an error of 10 per cent 
or less, the pressure at either tap can be taken to represent Ps. It 
is not considered possible that a pressure widely different from P. 
or Pa could exist between the two taps because the flow of driven 
fluid was always subsonic in this region. 

For each point of maximum efficiency in Table 2, the pressure 
ratio Ps/Ps has been computed and included in the table. When 
this ratio is plotted against the entrainment ratio m/M, the curve 
of Fig. 7 is obtained. The value of P./P; at maximum efficiency 
increases with m/M. Within the experimental error the relation 
is linear up to m/M = 1.0. In this region P./Ps appears to rise 
slightly above the straight line. Near m/M = 1.2 the curve levels 
out and appears to diminish slightly at the highest entrainment 
ratios investigated. The linear portion of the graph in Fig. 7 
does not pass through the origin but it comes rather near it. Now 
a straight line passing through the origin of Fig. 7 corresponds to 
a simple variation of conditions inside the jet compressor. With 
P; and M held constant (this was the case with Fig. 7) a straight 
line through the origin corresponds to the acceptance of a con- 
stant volume-rate of flow of driven fluid. Under such cireum- 
stances, when the entrainment ratio is increased both the pressure 
and the density of the driven fluid increase in proportion, and 
there is no change in the velocity of the driven fluid. This picture 
does not exactly correspond to the situation shown in Fig. 7 but it 
is not a bad approximation for a considerable range of m/M. 

At an entrainment ratio of approximately 0.88, Ps/Ps reaches 
the value 1. For all lower entrainment ratios, maximum efficiency 
requires the driving fluid to be underexpanded (P./P; < 1). Con- 
versely, if the entrainment ratio is greater than 0.88, overexpan- 
sion of the driving fluid (P¢/Ps > 1) is required for maximum ef- 
ficiency. These results refer, of course, only to the apparatus 
used in the present experiments. One would expect that, if 
another apparatus were used, a curve of the same general shape 
as Fig. 6 would be obtained, but it would not necessarily pass 
through the same numerical values. It must also be borne in 
mind that both Ps and Ps are uncertain by perhaps 10 per cent, so 
that the ordinates in Fig. 7 are uncertain by 15 or 20 per cent. 
The internal consistency is much better than this figure, of course. 

In the theory of constant-pressure mixing, the driving and 
driven streams are assumed to be at the same constant pressure 
from the moment of contact until mixing is complete. In Fig. 7, 
constant-pressure mixing is probably approximated most closely 
when P,/P; = 1, since in this case the assumed conditions are at 
least satisfied as mixing begins. The efficiency maxima of runs 
84, 47, and 79 were compared with Fig. 11 of Keenan, Neumann, 
and Lustwerk [1], which is based on the theory of constant pres- 
sure mixing. Using the experimentally observed abscissa (our 
P,/P;) and the curve corresponding to our area-ratio (=9.93) the 
ordinate (Ps/P; in our notation) can be obtained and compared 
with the experimentally observed value. 


The results of the comparison are as follows: 


Run S84 47 79 
m/M 0.0744 0.421 1.00 
A,/A* 9.93 9.93 9 93 
P,/Ps 22.021 7.851 3.863 
P,/P. 2.915 1.553 1.211 
(P./P;) eale from KNL’s 
Mig 1 33 1.9 13 
P./P;) obs/(P./P) eale 0 79 0 82 0.93 
P./Ps 0 21 0.56 113 
The agreement is slightly better near P./Ps; = 1 than elsewhere. 


If, instead of using the area-ratio curve of Fig. 11 of Keenan, et 
al., we ignore it and use the entrainment-ratio curves correspond- 
ing to experiment, the agreement between observed and calcu- 
lated values of P,//’; is much worse than that shown in the table 
above. Since our data were not taken under conditions that 
would provide an optimum test of either constant-pressure or 
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Fig. 7 Mixing pressure ratio at maximum efficiency versus entrainment 
ratio 


constant-area mixing, a full-scale comparison with these theories 
has not been included in this paper. 


Plotting Experimental Data on the h-s Diagram 

A few typical sets of observations from the experimental data 
have been plotted to scale in the h-s diagram of Fig. 3. The con- 
dition lines are helpful in visualizing various parts of the compres- 
sion process, and the increases in entropy indicate where the ma- 
jor losses occur. The data plotted in Fig. 3 are observations 79a, 
79k, and 79p, all from Table 1. Referring to Fig. 4, one observa- 
tion corresponds to a point near the maximum of the efficiency 
curve, and the other two correspond to points near the two ends. 
The condition line 1-5 represents passage of the driving fluid 
through its nozzle and is the same for all the observations. The 
mixing process cannot be represented in the diagram. Three 
arrows point from state 5 to the three states 7, indicating that 
after mixing is complete the mixed stream is in state 7. The 
points 7 correspond to pressure tap f. The three states 3 repre- 
sent the initial condition of the driven fluid. Arrows indicate that 
during the mixing process the driven fluid is transferred to the 
appropriate state 7. A part of the path from 3 to 7 (3-6) can be 
plotted if the necessary data (pressures and cross-section areas) are 
available. The paths 3-6 have not been plotted to scale in Fig. 3 
but for one observation (79k) the path is shown schematically 
The three lines 7-8 represent states along the path of deceleration 
and compression of the mixed stream between the last tap on the 
mixing tube and the outlet. These lines all show a small over-all 
increase of entropy in the direction of flow, as they should. The 
fact that the curves exhibit a few decreases of entropy between 
successive experimental points must be attributed to the cumula- 
tion of errors in the flow rates, cross section, and observed pres- 
sures. Fig. 3 shows clearly that the large entropy increases, and 
hence the large losses, are associated with the mixing process 
This conclusion comes as no surprise, of course 

The method by which points on the condition lines may be lo- 
cated on the h-s diagram will be briefly described. There is, of 
course, no trouble with the points 1,3, and 8. In these states the 
fluid is at rest, and measurements of pressure and temperature 
permit the enthalpy and entropy to be determined from the Gas 
Tables [7]. The pressures of these states were measured and the 
temperatures were assumed always to be 530 F abs (70 F 
Hence hy = hy = he = 126.66 Btu per Ib. The assumption that 
7, is the same as 7’; and 7; is easily justified by the law of conser- 
vation of energy, provided heat transfer to or from the gas within 
the apparatus is negligible, and provided it is permissible to treat 
h as a function of temperature only. These conditions were 
adequately satisfied in the present experiments 

The points representing states in which the fluids are in motion 


may be located with the aid of Fanno lines. Using the equations 


september 1959 / 431 


/ 


i 

Bie 
Ag 

: 

| 

tg 

ah 

oo 

hie 


of energy and continuity, the ideal gas law, and the approxima- 
tion h, —h = ¢,(T; — 1), the equation of a Fanno line may be 
put in the form 


pr \'/2 
GR? c,P? 


where G is the mass flow rate per unit of cross section area and 7) 
is the temperature of the fluid when at rest. Since the mas: flow 
rates m and M are known G can be computed for any point at 
which the cross section has been measured (cf table of dimen- 
sions). Substituting observed values of P into equation (2), 7’ is 
obtained. All other thermodynamic properties may then be ob- 
tained from the Gas Tables {7 |. 

This procedure was used for the points on the condition lines 
7-8 using 7; = 7, = 530 F abs. Unfortunately it could not be 
used for the point 5. The pressure at point 5 (driving-nozzle exit) 
is of particular interest because it is at this point that the driving 
and driven streams first come in contact. The nature of the ap- 
paratus did not permit 7, to be experimentally observed, so it 
was necessary to compute 7, on the basis of some reasonable as- 
sumption regarding losses. The losses were assumed to be 
negligible in the subsonic part of the nozzle and to be 10 per cent 
in the supersonic part. By trial it was found that a temperature 
drop from 530 to 441.5 F abs was sufficient to impart sonic 
velocity to air at the lower temperature. The temperature and 
enthalpy at the throat are 7* = 441.5 F abs and h* = 105.47 
Btu per lb. The velocity of sound at this temperature [8] is 
1030 ft per see and the pressure P* = 0.528P, with the assump- 
tion of no losses. Referring to Fig. 3, the assumption of 90 per 
cent efficiency in the supersonic region of the nozzle requires that 
point 5 should satisfy the condition h* — hs = 0.90 (h* — hy) 
where point 2 lies on the isentropic through point | and the con- 
stant-pressure line through point 5. Using equation (2) it was 
found by trial that the condition was satisfied when 7, = 350.3 F 
abs, hy = 83.64 Btu per Ib, and P;/P; = 0.213. These values 
are independent of ?; under the assumed conditions and to the 
accuracy of the gas tables used. The velocity at point 5 is found 
from the enthalpy drop to be 1468 ft per sec. The velocity of 
sound in air at 7; = 350.3 F abs is 918 ft per sec [8]. Hence the 
Mach number is 1.60 if the assumed losses are correct. 


Conclusions 


The results presented in the present paper show how the con- 
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dition of maximum operating efficiency of a jet compressor may 
be found, when entrainment ratio and outlet pressure are varied. 
The changes in these two variables automatically introduce 
changes in many other variables, including the initial pressure of 
the driven fluid and the compression ratio. However, some of the 
important parameters could not be varied because of the nature 
of the apparatus, and others that could have been varied have so 
far been held constant by choice. The variables that we have 
thus far not fully investigated include the expansion ratio of the 
driving fluid, the position of the driving-fluid nozzle, the tempera- 
tures of the input streams, the geometry of the inlet, diffuser, and 
other parts of the apparatus, and the molecular-weight ratio of 
the driving and driven fluids. These facts leave plenty of reason 
to hope that efficiencies substantially above 20.6 per cent (which 
is the highest value now being reported) are not out of the ques- 
tion. Present plans call for systematic study of the variables 
thus far not investigated. 
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